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ON THE RIESZ-DUNKL POTENTIALS
FETHI SOLTANI

Abstract. In this paper we obtain pointwise and integral estimates for
Riesz potentials in terms of maximal and fractional maximal functions
associated with the Dunkl operators on R?.

1. Introduction

We consider R? with the Euclidean inner product (.,.) and norm ||y :=
V{y,y). For a € RI\{0}, let o, be the reflection in the hyperplane H, C R?
orthogonal to a:

. 2(a, y)
Tl =Y T

A finite set ® ¢ R?\{0} is called a root system, if ® N R.a = {—a,a} and
oo = R for all @ € R. We assume that it is normalized by ||a||> = 2 for
all « € R. For a root system R, the reflections o,, @ € R generate a finite
group G C O(d), the reflection group associated with R. All reflections in G,
correspond to suitable pairs of roots. For a given 3 € R%\ Uaen Ha, we fix the
positive subsystem R4 = {a € R : (a,) > 0}. Then for each o € R either
a ey or —a e Ry.

Let k : R — C be a multiplicity function on R (i.e. a function which is constant
on the orbits under the action of GG). For abbreviation, we introduce the index:

v=q= Y k(a)
acRy

Throughout this paper, we will assume that the multiplicity is non-negative,
that is k(«) > 0 for all @ € . Moreover, let wy denote the weight function:

wi(y) = [] Neww)* ™, yeRr?,
0469?4_

which is G-invariant and homogeneous of degree 2.
We denote by gy the measure on R? given by dux(y) := wi(y)dy, and we
introduce the Mehta-type constant cg, by

om [ )]
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The Dunkl operators Dj(k); 7 = 1,...,d, on R? associated with the finite
reflection group G and multiplicity function k£ are given for a function f of class
C' on R?, by

9 f(y) — floay)
Dik)fly) = =—f(y) + kla)a; —————==.
i (k) f(y) ayj() ;()J )
aediy
For y € R%, the initial problem D;(k)u(.,y)(x) = yju(z,y); j = 1,...,d, with
u(0,y) = 1 admits a unique analytic solution on R¢, which will be denoted by

Ei(x,y) and called Dunkl kernel (see e.g., [1] and [3]). This kernel has the
Laplace-type representation [11]:

Ei(x,z) = / e dl,(y); = eR?, zeCl,
R4

where (y, z) := Z‘ijzl yiz; and T', is a probability measure on R, such that

supp(ly) € {y € RY : |lyl| < [}

We denote by LP(u), 1 < p < oo, the space of measurable functions f on RY,
such that

1/p
)| <oo, 1<p<oo,

sy = [ [ 17 @P ity

[ f1l oo (ug) := ess sup |f(y)] < oo.
y€ER4

For f € L'(u) the Dunkl transform is defined (see [2]) by

Fr(f)(@) = ck /Rd Ep(—iz, y) f(y)duw(y), = €R™

The Dunkl transform allows us to define a generalized translation operator
on L%(uy) by setting Fi(12.f)(y) = Ex(iz,y)Fr(f)(y), y € RY. It plays the role
of the ordinary translation 7,f = f(x +.) in R?, since the Euclidean Fourier
transform satisfies F(7,.f)(y) = eV F(f)(y).

Let 8 be a real number such that 0 < 8 < 2v + d, the Dunkl-type Riesz
potentials I, g f are defined by (see [15]):

haf(e) = (s [ ), e R

where
— 2—7—g+[3 I'(8/2) ‘
Ly + %57)
For 0 < 8 < 27 + d, the Dunkl-type fractional maximal functions My gf are
defined by (see [10]):

di,8

Mipf@)=swp {—— [ lfiwdnw}. «ere

>0 () T,

where B, denotes the ball with center the origin and radius r.
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If 8 =0, then M}, = My is the Hardy-Littlewood-Paley function associated
with the Dunkl operators on R? (see [12, 13, 14]):

M f(z) = sup{uk(lBT) /B Tl l)dmG)}, e R

r>0
From [10, 14, 15], we have

pi(By) = myr?7 e,

where
d/2 d -1
my = 2T (y + 5 + 1)] )

Note that the maximal function, associated with the Dunkl operator was first
introduced and studied (LP boundedness) by S. Thangavelu and Y. Xu in [14]
2005 and by Guliyev and Mammadov in [4] 2006 (on the real line) independently.
Also the fractional maximal function and the Riesz potential associated with
the Dunkl operator on the real line was first introduced and studied ((LP; L)
boundedness) by Guliyev and Mammadov in [4] 2006, see also [5, 6, 7, 8, 9] and
[15].

In this paper we study the pointwise estimates of Riesz potentials I}, 3 in terms
of maximal and fractional maximal functions M} and Mj g. Throughout the
paper ¢ denotes a positive constant whose value may vary from line to line.

The results of this paper are given in the following theorems.

Theorem 1.1. (i) Let 0 < f < 2y+d. For 0 <e < min(8,2y+d — ),

1/2

Bslfl@) < o(Mipef(@) " (Mipiet@) . werl @)

where ¢ = ¢(g) > 0 is a constant independent of f.
(ii) Let 0 < B < 2y+d. For 1 <p<\/(,

Bp 1—8p
Lglf\(@) < e(Myaf@) " (Mif(2)) *, @ eRY (12)
’p
where ¢ = ¢(p) > 0 is a constant independent of f.

In the paper [9] 2007 by Mammadov, it was obtained the analogue of Welland’s
theorem for the Riesz potentials associated with the Dunkl operator on the real
line. The Theorem 1.1 was the analog of Mammadov’s theorem for the Riesz
potentials associated with the Dunkl operator on multidimensional case.
Theorem 1.2. Let 0 < f < 2y+d. For0< 0 <1,

Lol 1) < e(Leplfl@) (M @) Lz e R, (13)

Lol fl@) < e(Miaf @) (Mif@) ", e R, (1.4

where ¢ = ¢(0) > 0 is a constant independent of f.

Theorem 1.2 was proved by Guliyev and Mammadov in [4] 2006, see also the
papers [5] and [7] for the Riesz potentials associated with the Dunkl operator on
the real line.
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2. Proofs of the main results

Proof of Theorem 1.1. For any r > 0, we have

L W) o |f1(0)
tislfie) = ) [ prefisam+ [ ). @)

(i) For 0 < € < B, we have

72| f1(y / | F1(v)
dy (y dp,
/Br [[y|[27+a= 'B Z By ; \Byj1, yl[2r+d=—>5 (y)

o0

1
SZ(ler)QVerﬂ/B - 7al FI(y) k()
‘7:0 2= Jr
_ 22'y+d76 5 = 2_j5 1
- ' Z (2—J'r)27+d—6+a 5 2| f|(y)drr(y)
= 2—dr
2y+d—8 Boe 9—Je
=9 (mk) 2y+d € Z — Tx’f‘(y)duk(y).
=0 pg(Bg-j,.)  27+d /By—j,
Thus,
7| f1(y)
7d,u/k‘ Yy S ClT’EMk’ _ f ), 2.9
;, T 5-c1 (@) 22)
where

(1
26 —1
On the other hand, for 0 < ¢ < 2y 4+ d — 3, we have

7| f1(y 7| fI(y)
dﬂk / = dur(y)
/Rd\BT [[y[|2r+d=5 Z By \B,;, IylIP7Hd=P

3 (2>1+w /B el 1))

j:

Cc1 =

o0

_ 2J¢
S s [ A0 )
]:0 Byi+1
. )
1— B+5 _ 27‘75
_ (227+dmk) 2y+d € Z 7 7'1|f|(y)d,uk(y)
=0 pi(Bas+1,) 2¥d By
Thus,
2|f1(y) -
/Rd\B Wdﬂk(y) S CQT 6Mk2,6+8f(x)? (23)
where

(227+dmk) fﬁsd

1—-2-¢

Cy =
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Consequently, according to (2.1), (2.2) and (2.3), for any 0 < ¢ < min(3, 2y +
d — f3), we obtain

(z) < (dgp)~" <CITEMk,stf<$) + C2T_8Mk,ﬁ+sf(x)>' (2.4)

1/e
Minimizing (2.4) at r = (%%) , we obtain (1.1) with ¢ = 2(dg g) "'\ /c1c2.

(ii) Firstly, we have

7ol f1(y / 72| f1(y)
dpk(y dp
/Br ||y||27+d— 5 Z By \By_j1, l|y||27+d— 1y |27 +d—B )

1
S;) TSR Ra o /B 7ol () dpn(y)

2—Jr

i D= /B 7o 1)y ()
]:0

2=Jr

zgzwd—ﬂmkrﬁzuk 32 /B ol £l dpue ).
J'r _

J:O 2=Jr
Thus,
7a|.f[ ()
/B Wdﬂk@) < csr’ My f (=), (2.5)
where
22'y+dm
=
Secondly, we have
7| f1(y / 2| f1(y)
o U (y)
/]Rd\B ly[[>+4=5 5 Z Byji1,\By, IIYI27H4=F
oo
e [ o)
Jgo 27r) 27+ B Byjir,
J2rd-3 -2 i o) /
et 7| f1(y)dpr(y)
]:0 2j+1 2’Y+d—7 B2j+1 x
. A
A a4 2](/3*5)
:(227+dmk)1 P PP — / T2 | f1(y)dpr (y)-
=0 pur(Bajs1,) " 7D I By,
Thus,
| f1(y) p-2
o Wk (Y) < car” TP My s (), (2.6)
/Rd\BT lyl[2vHd=o "
where

(227, ) 7D

Cq 1= X
1-2°"%



ON THE RIESZ-DUNKL POTENTIALS 19

Consequently, according to (2.1), (2.5) and (2.6), we obtain

2
Iglf1(2) < (drg) ™" (esr"Mif (@) + car” 5 M2 f@)). (27)
A\ M A f(2) p/A
Minimizing (2.7) at r = (i—;‘(@ -1) ‘}( ) ) , we obtain (1.2) with
Bp 1-8p
4\ > A
o= ) N(5) " (25)

]
Proof of Theorem 1.2. Firstly, we prove the inequality (1.3). Since 0 < 0 < 1,
then £ — 8 < 0 and ||y||??=# < 898 for any y € R\ B,.. Hence,

7| f1(y) 595/ 72| f1(y)
g W(y) <r — = du(y).
/Rd\BT Jy|rea-g k) e, Tyl a8 VL)
Hhen /1)
Ty Yy BO—pB
/Rd\BT HyHQ,y_;r_d_Bgd/"Lk(y) S dk,ﬁr Ik,ﬁ’f’(x) (28)
According to (2.1), (2.5) and (2.8), we have
I ol fl(z) < (dk,ﬁe)_l(C:s?”’BeMkf(ﬂ«") + dk,ﬁ?“ﬁe_ﬁfk,ﬁ|f|($))- (2.9)

_ 1/p
Minimizing (2.9) at r = ((1 gc)j’“ﬂ Im|]{(‘$)) , we obtain (1.3) with

4 cC 1-0)d 0
c = (dipp) 11_30<( Ocz, k”g) )

Secondly, we prove the inequality (1.4). We have

lfly rlfl)
/Rd\BT P T ) Z/ s, TppErra-a )

27r

(o]
. / el £1()dpar ()
3=0 (QJT)Z'YM 7 Byit1, ’
o
2i(B0—5)
_ o2y+d—f,.60— 6ZW/ 7| f1(y)dpr (y)
Byjt1
1 97(86—8)
_ (927, )~ e 0 BZ — 7ol F1(y)dpan (v)-
=0 pk(Bai+1,)" 2% I By,
Thus,
7| f| () 80—
— = dug(y) < csr My pf (), 2.10
/]R{d\Br (7] e W A o
where

(227+dmk)1_2”%
Cy = 1— 259*5
Taking into account (2.1), (2.5) and (2.10), we have

L gl () < (o)~ (er™ Micf () + e~ My f(2)). (2.11)
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1/8
Minimizing (2.11) at r = <(1‘9)C5 M) , we obtain (1.4) with

Ocs My f(x)
(1 — 9)05 >9
Ocs ’

-1 €3
¢ = (di0) 11—9(
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