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POINTWISE AND INTEGRAL ESTIMATES FOR THE RIESZ
POTENTIALS ON THE LAGUERRE HYPERGROUP

MEHRIBAN N. OMAROVA

Abstract. In this paper we consider the generalized shift operator, gen-
erated by Laguerre hypergroup, by means of which the maximal func-
tion , fractional maximal function and Riesz potential are investigated.
We proved pointwise and integral estimates for Riesz potential in terms
maximal and fractional maximal function on the Laguerre hypergroup.

1. Introduction

The theory of boundedness of classical operators of the real analysis, such
as the maximal operator, fractional maximal operator, Riesz potential and the
singular integral operators, etc, have been extensively investigated in various
function spaces. Results on weak and strong type inequalities for operators of
this kind in Lebesgue spaces are classical and can be found for example in ( [3],
[12] and [14]). These boundedness extended to several function spaces which are
generalizations of L, spaces, for example, Orlicz spaces, Morrey spaces, Lorentz
spaces, Herz spaces, etc.

In this paper we investigate the maximal function, fractional maximal func-
tion and Riesz potential using harmonic analysis on the Laguerre hypergroup K
which can be seen as a deformation of the hypergroup of radial functions on the
Heisenberg group (see [1, 2, 8] and [13]). We get pointwise and integral estimate
for Riesz potential in terms maximal and fractional maximal function on K.

The paper is organized as follows. In Section 2, we present some definitions
and auxiliary results. In Section 3, we give polar coordinates in Laguerre hyper-
group and some lemmas. The main result of the paper is the estimates for Riesz
potential in terms maximal and fractional maximal function on the Laguerre
hypergroup, established in Section 4.

Finally, we mention that, C will be always used to denote a suitable positive
constant that is not necessarily the same in each occurrence.
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2. Preliminaries

For (x,t) €]0,00[xR and « € [0, oo[, we consider the following partial differen-
tial operators, for (x,t) €]0,00[xR and « € [0, o0l
D=2,
2 2
Dy Fir B 28,

For « = n — 1, n € N \{0}, the operator Dy is the radial part of the sub-
Laplacian on the Heisenberg group H,,.
For (A,m) € R x N, the initial problem

Diu = idu,

Dou = —4|A| (m + 25 u;
u(0,0) =1, 9“(0,t) =0 for all t € R,

has a unique solution ¢y ,,(z,t) given by
pam(@,t) = eNLE (N2?), (2,1) €K,
where Eg,? ) is the Laguerre functions defined on R by
L (@) = e "L () /L) (0)

and L\ is the Laguerre polynomial of degree m and order « (see [1]).

Let a > 0 be a fixed number and m, be the weighted Lebesgue measure on K,
given by
2ot dydt
al(a+1)

We denote by L,(K), 1 < p < oo, the spaces of complex-valued functions f,
measurable on K such that

1/p
1y = [ 170 o) <o it 1 < p < oo

dmey(x,t) =

and

1.y = esssup|f(z, t)] if p = oo.
(z,t)eK

For 1 < p < oo we denote by W L,(K), the weak L,(KK) spaces defined as the
set of locally integrable functions f(A,m), (A\,m) € K, with the finite norm

”f“WLp(K) = ililg r <ma {(a:,t) ek : |f(z,t)| > 7“}>1/p.

Let |(z,t)|x = (z* + 4t2)'/* be the homogeneous norm of (z,t) € K. We will
denote by 6,.(x,t) = (rz,r%t), for r > 0, the dilation of (x,t) € K, and by B,(z,1)
the ball centered at (z,t) with radius 7, i.e., the set of B,(z,t) = {(y,s) € K:
|(z —y,t—s)|g <r}, and by B, the ball B,(0,0).

We denote by

Fol,t) = r~ oty (5% (z, t))
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the dilated of the function f defined on K preserving the mean of f with respect
to the measure dm,, in the sense that

/ fr(z, t)ydmy(x,t) = / f(z, t)dmg(x,t), Vr>0and fe Li(K).
K K

The Fourier-Laguerre transform F is defined for f € L;i(K) by:

FOOm) = [ oonm(o.0)f @ dmala.
and we have (see [1, 9])

IF ey < 1Nz, )
For (z,t),(y,s) € Kand 6 € [0,2x[, r € [0, 1] let
(z,t), (y,9)or = (($2 + 9y + 2zyr cos §) 12 , T+ s+ xyrsin 0) :

The generalized translation operator T((;Cai) defined on the Laguerre hypergroup
is given for a suitable function f by

“ o S ((@,0), (v ))o) 0, if @ =0,
T(a )f(y7 )
% fol < 027r f (((mvt)a (ya 5))9,7") d@) 7‘(1 - TQ)OC_ldT, if aa>0.

The satisfy the following properties (see [1, 9]):
T Fy.s) = T, f(t), T 1(w.5) = [y, 9),
1Tl < 1,00 for all £ € Ly(K), 1<p< oo,  (21)

‘F(T(;it)f) (Aam) = ]:(f)()"m) @A,m($7t)'

n [1] the translation operator T((al)f is defined by

)
aj /f z,v) z,t), (y,8), (2,0)) 22> dzdv,

where dzdv is the Lebesgue measure on K, and W, is an appropriate kernel
satisfying

/KWQ((L t), (y,5), (z,0))2?* rdzdv = 1.

For all (A\,m) € R x N, the function ¢, ,(z,t) satisfies the following product
formula

orm (@) Pxm () = Tl orm(y, s).

Using the generalized translation operators T, ((2)7 (z,t) € K, we define a gen-
eralized convolution product * on K by

(6(5'370 * (5(y,s)) (f) = T((;;i)f(ya s),

where §(, 4 is the Dirac measure at (z,1).
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The convolution product on the space M;(K) of bounded Radon measures on
K by

(M*Vﬂﬁ::A;Kﬂggﬂ%SNMQZQdW%S)

When p = h-mg and v = g-m,, with h and g in the space L1 (K) of integrable
functions on K with respect to the measure dmq/(x,t), we have

prv = (h * g) s My, with g(y7 S) = g(y7 _8)7
where f x g is the convolution product of f and g defined by:

(Fx )t = [ T8 70:5) (0. =) dma(y. ), for all (.0) € K.

(My(K), %,7) is an involutive Banach algebra, where i is the involution on K
given by i(x,t) = (z, —t) and the convolution product = satisfies all the conditions
of Jewett (see [7]). Hence (K, %, 7) is a hypergroup in the sense of Jewett (see [1, 7]
) and the functions ¢y ,, are characters of K. If 5 = n—1 is a nonnegative integer,
then the Laguerre hypergroup K can be identified with the hypergroup of radial
functions on the Heisenberg group H,,.

3. Polar coordinates in Laguerre hypergroup and some lemmas

Let X = X5 be the unit sphere in K. We denote by wo the surface area of 3
and by Qj its volume (see [2, 4]). For £ = (z,t) € K, consider the transformation
given by

z =r(cos )2, t =r%sin,

where —7/2 < ¢ < 71/2, 7 = |€|g and £ = ((cos )2, sinp) € ¥.

2a+3(

The Jacobian of the above transformation is r cos )%, if f is integrable

in K, then

/ f(z,t) dmy(z,t)
K

/2 1/2 .2 2043
27rF T /n/2/ r(cosp) r smcp) 72913 (cos ) “drdp.
We write
1 /2 N )
STy e e = [ e
and thus

/K F, ) dma(a, t) = /E /0 2043 15 €1) drde’. (3.1)

Here d¢’ is the surface area element on 3.

Lemma 3.1. [2, 4] The following equalities are valid

r(e3t)

2yl (a+ 1)T(§ + 1)

Wy =
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and +1
(%)
dymla+2)L(a+1)I(§+1)
Note that for any (x,t) € K and r > 0, the area of the sphere S, (z,t) of center

(z,t) and radius r is equal to r2%"3wy and its volume is equal to 72+t4Qy =
platd_wy
20+4 "

Q, =

Lemma 3.2. [2, 4] The function f(z,t) = |(z,t)|% is integrable in any neigh-
borhood of the origin if and only if A > —2a — 4, and f is integrable in the
complement of any neighborhood of the origin if and only if A < —2a — 4.

4. Estimates of fractional integrals on the Laguerre hypergroup
Now on the Laguerre hypergroup we define the fractional maximal function by
(see [6])
B o
Maf(z,t) = sup(maBr) Za+4 1/ T((x %\f(y, s)| dma(y,s), 0 < B < 2a+ 4.
>0 B, ’

If 3 = 0, then M = My is the Hardy-Littlewood maximal operator on the
Laguerre hypergroup (see [2]).
In [2] the following theorem was proved.

Theorem 4.1. 1. If f € Li(K), then for every § >0
mol(a,t) € K Mf(,) > 0} < § [ 17 ldmae.)
K

where C > 0 is independent of f.

2. If f € Lp(K), 1 <p < oo, then M f € L,(K) and

1M fllz, &) < CllfllL, )

where C' > 0 is independent of f.

For the fractional maximal operator Mg the following theorem is valid (see
[6])-
Theorem 4.2. Let 0 < 3 < 2a + 4, %— 1__68_ <p< 2atd

1) If f € L1(K), then for all > 0

dme(z,t) < < /fxt|dma(xt))q, (4.1)

{(z,t)eK:Mpg f(x,t)>0}

where C' is independent of f.
2) Let 1 <p < 22, f € Ly(K), then Mgf € Ly(K) and

(A(Mﬁf(x,t))qdma(x,t)>; s (/K |f(x7t)‘pdma(x’t))é' o

where C' is independent of f.
3) Let p= 244, f € Ly(K), then Mgf € Loo(K) and

sup Msf(a,t) <c</ \F(z, )Pdma(z, t))l. (4.3)

(z,t)eK
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where C' is independent of f.

Now we define the Riesz potential on the Laguerre hypergroup by
_B
Igf(z,t) = Sgg(maBr)2a+4 1/B T((m 1)‘(% )ﬁ 2o 4f(ya8)dm(l(ya s),
r s

where 0 < 8 < 2a+4
In [5] the following theorems is proved.

Theorem 4.3. Let 0 < f < 2o+ 4, L
1) If f € Li(K), thenforall0>()

]_<p<M

B
= 2a+4’ B

dma(z,) < ( /|fx 1) ldma (x, t))q, (4.4)

{(zt)eK:Ig f(x,t)>0}

where C' is independent of f.
2) Let 1 < p < 24, f € Ly(K), then Igf € Ly(K) and

1 1
([ tss@yanaan)’ <c ([ e opima@n)’. @
K K
where C' is independent of f.
The following theorems was proved in [10].

Theorem 4.4. Let 0 < S <2a+4,1<p< % Then for any locally summable
function f exists the positive numbers C1 and Ca, such that for every r > 0 and
(z,t) € K the following inequality is valid:

A
Ig| fl(,t) < Cr P (M f)(,) + Cy Tﬂ_p(M%f)(ifat), (4.6)
Theorem 4.5. Let 0 < 8 < A, 1<p<% 1<r <o, E—%—’BJr’Bp Then for
any f € Ly(K) and My f € L. (K) the following estimation is valid:
P
1_8p
1 fllz,x) < C4||M%f||L HfH LK) (4.7)

where C > 0 is independent of function f.

The following theorems is our main result in which we obtain pointwise and
integral estimates for Riesz potentials in terms maximal and fractional maximal
functions.

Theorem 4.6. Let 0 < S <2a+4,1<p< % and f € Ly(K). Then for any
(x,t) € K the following estimation is valid

Igf(,1)] < (Cl+03)||f||2“5{; (M f(z, 1)) "2 |

20448 Q »’
where Cp = 21T and C3 = (M) .

p - 2a+2
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Proof. Let r be an arbitrary positive real number. We write the integral as the

sum of two integrals:

Bl = [ ol T )] dma(y.

r

n /BBT’@’ NG T |, t)] dima(y, )
= Jl’r(.r,t) + J27T<l’,t).

Firstly we estimate Ji ,(x,t). Summarizing on all £ > 0, we have

Dirtant) < [ V)T O ldmaly. )

1 T

/ o ST I ldmaty, )
2=k 2—k—1,

IN

g B—2a—4 o
(te) [ Al lma

£
Il
o

SE A SERLCR Il AR NeR

k=0 2—ky
o0
< 220¢+4—,6’r5]\4f(957 t) Z 2~ kB < C’lrﬁMf(:L', t),
k=0
92a+4—p

1277
Evaluation Jy ,(z,t) obtained in Hélder inequality

where C' =

1
p
a P
et < [ (T8 1709)]) dmas.s)
\K\B,
L
P
x 1y, )12 dm (y, 5)
\K\B,
%
p
H (,t) fH / 1y, )| L7277 g (y, )
\Br
4
<l / (9, )2 g (y, )

\B,

(4.8)
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To pass coordinates sphere we have

1

pl

/ 1, )2 iy, s)

\Br
0 L
//t2a+3+(52a4)p’ dtde’ — Oy et
Consequently,
|2 (z, )] < Car (4.9)
Thus from (4.8) and (4.9), we have
B p—2octd
Hpfl(x,t) < Crr" M f(z,t) + Car™ 7 || f 1, x)-
Taking
_p
= | @) Iy ]
we obtain
__Bp_
Is1(w.8) < (Cy+ Co) £y (M f ()55
The Theorem 4.6 is proven.
]

Theorem 4.7. Let 0 < 8 < 2a+ 4. Then for any measurable functions f > 0
and 0 < 0 < 1 for every (z,t) € K we obtained following estimation

Inof(z,t) < (Ca+ 1) (Igf(z,t)° (M f(z,1) 7, (4.10)
Isof(@,t) < (Cy+ C5) (Maf(2,1))’ (M f(z,1))" 7, (4.11)
where
22a+4
04 = m Q27
220+4—-p3 1_%
=1 st

Proof. We obtained

Igof(w,t) = TW 9, ) dmaly, )

T £ (4, 9)| (g 9) |2 ey, 5)
K\BT
= Ii(z,t) + I2(z,t).

First proof (4.10). We estimate Iz(x,t). For > 0,0 < § < 1 we get f0—5 < 0
and |(y, 5)@97’6 < rP9=P for every (y,s) € K\B,. Therefore



42 MEHRIBAN N. OMAROVA

B = [ T 09l dma(y.s)
K\ B,

<0 [ I8 r s dmats) (1)
K\B,
<P PIsf(x,t).

From inequalities (4.8) and (4.12) we get

I(z,t) < CyrP' M f(x,t), (4.13)

I(z,t) < PP f(2,1). (4.14)
Therefore from condition (4.13) and (4.14), we have
Igof(x,t) < Cyr™ Mf(z,t) +r77F I f(a,1).
Taking r = [(Mf(.%’,t))_l I,gf(x,t)]é we have
Tgof(x,t) < (Ca+1) (Ipf(,t)" (Mf(w, )"

Now to proof the inequality (4.11) we consider I5(x,t). Summarizing on all j > 0,
we have

I, 1) < [ T sl .
:OB 27+1, \szr
<> @t 3 p(ys)dmaty.s)
7=0

Byj+1,
<22a+4 69 2a+4 B@ Jo] Mﬂf T, t 22 B6—P5)j
7=0
< Cjs rP9=P Mgf(ﬂj,t).
Consequently,
I(z,t) < C5 r997F Mgf(x,1). (4.15)
Thus from (4.13) and (4.15) we get
I,ggf(l’,t) S C14 7"/39 Mf(ib’,t) + C15 rﬁQ—ﬁ M,Bf(xat)
1
Taking r = [(Mf(x,t))_l Mgf(x,t)] 7 we have
Toof (1) < (Ca+Cs) (Mpf(w,1)" (Mf(w,t))""
Thus, the Theorem 4.7 was proved. U
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Theorem 4.8. Let 0 < 8 <2a+4, f € L,(K),1<p< M. Then

1Zs0f |y < (Ca+ 1) A, I FIIIG, iy 1F11 (4.16)
and

g0 f 1l ) < (Ca+ Cs) A~ IMafII%, ) 1/11L, (4.17)
where 0 < 0 < 1,0 < g < o0, % = g + 1 O and the constants C4, C5 are as in
Theorem 4.7.

Proof. Firstly we proof of the inequality (4.16). So that inequality (4.17) proved
similar levels.
From condition (4.10) and Hoélder inequalities we obtain

12561l ) < (Ca+ DI Tl D) M N2

< (Ca+ DI sl D Nr )l M g, i) -
Denote
=1 —-0)rr, g=0r,

where 7/ =1
Then, it is clear that

1-6 1 0
—=——, and — = —.
T P T q
We have
1250 L.y < (Ca+ DI LF11%, e 1M G-

From the last inequalities and the Theorem 4.5 we get
1 Ts0.f |2,y < (Ca+ 1) A7 || Tg|f] ||6Lq(K) ||f||2;(9K)
Therefore the proof of the Theorem 4.8 is completed. O
Remark 4.1. Note that, the theorems 4.4-4.7 were proved in [11].
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