
Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan
Volume 40, Number 2, 2014, Pages 34–44

POINTWISE AND INTEGRAL ESTIMATES FOR THE RIESZ

POTENTIALS ON THE LAGUERRE HYPERGROUP

MEHRIBAN N. OMAROVA

Abstract. In this paper we consider the generalized shift operator, gen-
erated by Laguerre hypergroup, by means of which the maximal func-
tion , fractional maximal function and Riesz potential are investigated.
We proved pointwise and integral estimates for Riesz potential in terms
maximal and fractional maximal function on the Laguerre hypergroup.

1. Introduction

The theory of boundedness of classical operators of the real analysis, such
as the maximal operator, fractional maximal operator, Riesz potential and the
singular integral operators, etc, have been extensively investigated in various
function spaces. Results on weak and strong type inequalities for operators of
this kind in Lebesgue spaces are classical and can be found for example in ( [3],
[12] and [14]). These boundedness extended to several function spaces which are
generalizations of Lp spaces, for example, Orlicz spaces, Morrey spaces, Lorentz
spaces, Herz spaces, etc.

In this paper we investigate the maximal function, fractional maximal func-
tion and Riesz potential using harmonic analysis on the Laguerre hypergroup K
which can be seen as a deformation of the hypergroup of radial functions on the
Heisenberg group (see [1, 2, 8] and [13]). We get pointwise and integral estimate
for Riesz potential in terms maximal and fractional maximal function on K.

The paper is organized as follows. In Section 2, we present some definitions
and auxiliary results. In Section 3, we give polar coordinates in Laguerre hyper-
group and some lemmas. The main result of the paper is the estimates for Riesz
potential in terms maximal and fractional maximal function on the Laguerre
hypergroup, established in Section 4.

Finally, we mention that, C will be always used to denote a suitable positive
constant that is not necessarily the same in each occurrence.

2010 Mathematics Subject Classification. 42B20, 42B25, 42B35.
Key words and phrases. Laguerre hypergroup, generalized translation operator, FourierLa-

guerre transform, maximal operator, fractional maximal operator, Riesz potential operator.

34



POINTWISE AND INTEGRAL ESTIMATES FOR THE RIESZ POTENTIALS. . . 35

2. Preliminaries

For (x, t) ∈]0,∞[×R and α ∈ [0,∞[, we consider the following partial differen-
tial operators, for (x, t) ∈]0,∞[×R and α ∈ [0,∞[:

D1 = ∂
∂t ,

D2 = ∂2

∂x2
+ 2α+1

x
∂
∂x + x2 ∂2

∂t2
.

For α = n − 1, n ∈ N \{0}, the operator D2 is the radial part of the sub-
Laplacian on the Heisenberg group Hn.

For (λ,m) ∈ R× N, the initial problem
D1u = iλu,

D2u = −4|λ|
(
m+ α+1

2

)
u;

u(0, 0) = 1, ∂u
∂x(0, t) = 0 for all t ∈ R,

has a unique solution ϕλ,m(x, t) given by

ϕλ,m(x, t) = eiλtL(α)
m

(
|λ|x2

)
, (x, t) ∈ K,

where L(α)
m is the Laguerre functions defined on R+ by

L(α)
m (x) = e−x/2L(α)

m (x)/L(α)
m (0)

and L
(α)
m is the Laguerre polynomial of degree m and order α (see [1]).

Let α ≥ 0 be a fixed number and mα be the weighted Lebesgue measure on K,
given by

dmα(x, t) =
x2α+1dxdt

πΓ(α+ 1)
.

We denote by Lp(K), 1 ≤ p ≤ ∞, the spaces of complex-valued functions f ,
measurable on K such that

‖f‖Lp(K) =

(∫
K̂
|f(x, t)|p dmα(x, t)

)1/p

<∞ if 1 ≤ p <∞

and

‖f‖L∞(K) = ess sup
(x,t)∈K

|f(x, t)| if p =∞.

For 1 ≤ p < ∞ we denote by WLp(K̂), the weak Lp(K̂) spaces defined as the

set of locally integrable functions f(λ,m), (λ,m) ∈ K̂, with the finite norm

‖f‖WLp(K̂) = sup
r>0

r
(
mα

{
(x, t) ∈ K̂ : |f(x, t)| > r

})1/p
.

Let |(x, t)|K = (x4 + 4t2)1/4 be the homogeneous norm of (x, t) ∈ K. We will
denote by δr(x, t) = (rx, r2t), for r > 0, the dilation of (x, t) ∈ K, and by Br(x, t)
the ball centered at (x, t) with radius r, i.e., the set of Br(x, t) = {(y, s) ∈ K :
|(x− y, t− s)|K < r}, and by Br the ball Br(0, 0).

We denote by

fr(x, t) = r−(2α+4)f
(
δ 1
r
(x, t)

)
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the dilated of the function f defined on K preserving the mean of f with respect
to the measure dmα, in the sense that∫

K
fr(x, t)dmα(x, t) =

∫
K
f(x, t)dmα(x, t), ∀r > 0 and f ∈ L1(K).

The Fourier-Laguerre transform F is defined for f ∈ L1(K) by:

F(f)(λ,m) =

∫
K
ϕ−λ,m(x, t)f(x, t)dmα(x, t)

and we have (see [1, 9])

‖F(f)‖L∞(K) ≤ ‖f‖L1(K).

For (x, t), (y, s) ∈ K and θ ∈ [0, 2π[, r ∈ [0, 1[ let

((x, t), (y, s))θ,r =
((
x2 + y2 + 2xyr cos θ

)1/2
, t+ s+ xyr sin θ

)
.

The generalized translation operator T
(α)
(x,t) defined on the Laguerre hypergroup

is given for a suitable function f by

T
(α)
(x,t)f(y, s) =


1

2π

∫ 2π
0 f (((x, t), (y, s))θ,1) dθ, if α = 0,

α
π

∫ 1
0

(∫ 2π
0 f (((x, t), (y, s))θ,r) dθ

)
r(1− r2)α−1dr, if α > 0.

The satisfy the following properties (see [1, 9]):

T
(α)
(x,t)f(y, s) = T

(α)
(y,s)f(x, t), T

(α)
(0,0)f(y, s) = f(y, s),

‖T (α)
(x,t)f‖Lp(K) ≤ ‖f‖Lp(K) for all f ∈ Lp(K), 1 ≤ p ≤ ∞, (2.1)

F
(
T

(α)
(x,t)f

)
(λ,m) = F(f)(λ,m) ϕλ,m(x, t).

In [1] the translation operator T
(α)
(x,t) is defined by

T
(α)
(x,t)f(y, s) =

∫
K
f(z, v)Wα((x, t), (y, s), (z, v))z2α+1dzdv,

where dzdv is the Lebesgue measure on K, and Wα is an appropriate kernel
satisfying ∫

K
Wα((x, t), (y, s), (z, v))z2α+1dzdv = 1.

For all (λ,m) ∈ R × N, the function ϕλ,m(x, t) satisfies the following product
formula

ϕλ,m(x, t)ϕλ,m(y, s) = T
(α)
(x,t)ϕλ,m(y, s).

Using the generalized translation operators T
(α)
(x,t), (x, t) ∈ K, we define a gen-

eralized convolution product ∗ on K by(
δ(x,t) ∗ δ(y,s)

)
(f) = T

(α)
(x,t)f(y, s),

where δ(x,t) is the Dirac measure at (x, t).
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The convolution product on the space Mb(K) of bounded Radon measures on
K by

(µ ∗ ν)(f) =

∫
K×K

T
(α)
(x,t)f(y, s) dµ(x, t) dν(y, s).

When µ = h ·mα and ν = g ·mα, with h and g in the space L1(K) of integrable
functions on K with respect to the measure dmα(x, t), we have

µ ∗ ν = (h ∗ ǧ) ·mα, with ǧ(y, s) = g(y,−s),

where f ∗ g is the convolution product of f and g defined by:

(f ∗ g)(x, t) =

∫
K
T

(α)
(x,t)f(y, s) g(y,−s) dmα(y, s), for all (x, t) ∈ K.

(Mb(K), ∗, i) is an involutive Banach algebra, where i is the involution on K
given by i(x, t) = (x,−t) and the convolution product ∗ satisfies all the conditions
of Jewett (see [7]). Hence (K, ∗, i) is a hypergroup in the sense of Jewett (see [1, 7]
) and the functions ϕλ,m are characters of K. If β = n−1 is a nonnegative integer,
then the Laguerre hypergroup K can be identified with the hypergroup of radial
functions on the Heisenberg group Hn.

3. Polar coordinates in Laguerre hypergroup and some lemmas

Let Σ = Σ2 be the unit sphere in K. We denote by ω2 the surface area of Σ
and by Ω2 its volume (see [2, 4]). For ξ = (x, t) ∈ K, consider the transformation
given by

x = r(cosϕ)1/2, t = r2 sinϕ,

where −π/2 ≤ ϕ ≤ π/2, r = |ξ|K and ξ′ = ((cosϕ)1/2, sinϕ) ∈ Σ.

The Jacobian of the above transformation is r2α+3(cosϕ)α, if f is integrable
in K, then∫

K
f(x, t) dmα(x, t)

=
1

2πΓ(α+ 1)

∫ π/2

−π/2

∫ ∞
0

f
(
r(cosϕ)1/2, r2 sinϕ

)
r2α+3(cosϕ)αdrdϕ.

We write
1

2πΓ(α+ 1)

∫ π/2

−π/2
(cosϕ)αdϕ =

∫
Σ
dξ′,

and thus ∫
K
f(x, t) dmα(x, t) =

∫
Σ

∫ ∞
0

r2α+3f(δrξ
′) drdξ′. (3.1)

Here dξ′ is the surface area element on Σ.

Lemma 3.1. [2, 4] The following equalities are valid

ω2 =
Γ(α+1

2 )

2
√
πΓ(α+ 1)Γ(α2 + 1)

,
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and

Ω2 =
Γ(α+1

2 )

4
√
π(α+ 2)Γ(α+ 1)Γ(α2 + 1)

.

Note that for any (x, t) ∈ K and r > 0, the area of the sphere Sr(x, t) of center
(x, t) and radius r is equal to r2α+3ω2 and its volume is equal to r2α+4Ω2 =
r2α+4 ω2

2α+4 .

Lemma 3.2. [2, 4] The function f(x, t) = |(x, t)|λK is integrable in any neigh-
borhood of the origin if and only if λ > −2α − 4, and f is integrable in the
complement of any neighborhood of the origin if and only if λ < −2α− 4.

4. Estimates of fractional integrals on the Laguerre hypergroup

Now on the Laguerre hypergroup we define the fractional maximal function by
(see [6])

Mβf(x, t) = sup
r>0

(
mαBr

) β
2α+4

−1
∫
Br

T
(α)
(x,t)|f(y, s)| dmα(y, s), 0 ≤ β < 2α+ 4.

If β = 0, then M ≡ M0 is the Hardy-Littlewood maximal operator on the
Laguerre hypergroup (see [2]).

In [2] the following theorem was proved.

Theorem 4.1. 1. If f ∈ L1(K), then for every δ > 0

mα{(x, t) ∈ K : Mf(x, t) > δ} ≤ C

δ

∫
K
|f(x, t)|dmα(x, t),

where C > 0 is independent of f .
2. If f ∈ Lp(K), 1 < p ≤ ∞, then Mf ∈ Lp(K) and

‖Mf‖Lp(K) ≤ C‖f‖Lp(K),

where C > 0 is independent of f .

For the fractional maximal operator Mβ the following theorem is valid (see
[6]).

Theorem 4.2. Let 0 < β < 2α+ 4, 1
p −

1
q = β

2α+4 , 1 ≤ p ≤ 2α+4
β .

1) If f ∈ L1(K), then for all θ > 0∫
{(x,t)∈K:Mβf(x,t)>θ}

dmα(x, t) ≤
(
C

θ

∫
K
|f(x, t)|dmα(x, t)

)q
, (4.1)

where C is independent of f .
2) Let 1 < p < 2α+4

β , f ∈ Lp(K), then Mβf ∈ Lq(K) and(∫
K

(Mβf(x, t))qdmα(x, t)

) 1
q

≤ C
(∫

K
|f(x, t)|pdmα(x, t)

) 1
p

. (4.2)

where C is independent of f .
3) Let p = 2α+4

β , f ∈ Lp(K), then Mβf ∈ L∞(K) and

sup
(x,t)∈K

Mβf(x, t) ≤ C
(∫

K
|f(x, t)|pdmα(x, t)

) 1
p

. (4.3)
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where C is independent of f .

Now we define the Riesz potential on the Laguerre hypergroup by

Iβf(x, t) = sup
r>0

(mαBr)
β

2α+4
−1
∫
Br

T
(α)
(x,t)|(y, s)|

β−2α−4
K f(y, s)dmα(y, s),

where 0 < β < 2α+ 4
In [5] the following theorems is proved.

Theorem 4.3. Let 0 < β < 2α+ 4, 1
p −

1
q = β

2α+4 , 1 ≤ p < 2α+4
β .

1) If f ∈ L1(K), then for all θ > 0∫
{(x,t)∈K:Iβf(x,t)>θ}

dmα(x, t) ≤
(
C

θ

∫
K
|f(x, t)|dmα(x, t)

)q
, (4.4)

where C is independent of f .
2) Let 1 < p < 2α+4

β , f ∈ Lp(K), then Iβf ∈ Lq(K) and(∫
K

(Iβf(x, t))qdmα(x, t)

) 1
q

≤ C
(∫

K
|f(x, t)|pdmα(x, t)

) 1
p

. (4.5)

where C is independent of f .

The following theorems was proved in [10].

Theorem 4.4. Let 0 < β < 2α + 4, 1 ≤ p < λ
β . Then for any locally summable

function f exists the positive numbers C1 and C2, such that for every r > 0 and
(x, t) ∈ K the following inequality is valid:

Iβ|f |(x, t) ≤ C1 r
β(Mf)(x, t) + C2 r

β−λ
p (Mλ

p
f)(x, t), (4.6)

Theorem 4.5. Let 0 < β < λ, 1 < p < λ
β , 1 ≤ r ≤ ∞, 1

q = 1
p −

β
λ + βp

λr . Then for

any f ∈ Lp(K) and Mλ
p
f ∈ Lr(K) the following estimation is valid:

‖Iβf‖Lq(K) ≤ C4‖Mλ
p
f‖

βp
λ

Lr(K)‖f‖
1−βp

λ

Lp(K). (4.7)

where C > 0 is independent of function f .

The following theorems is our main result in which we obtain pointwise and
integral estimates for Riesz potentials in terms maximal and fractional maximal
functions.

Theorem 4.6. Let 0 < β < 2α+ 4, 1 ≤ p < 2α+4
β and f ∈ Lp(K). Then for any

(x, t) ∈ K the following estimation is valid

|Iβf(x, t)| ≤ (C1 + C3)‖f‖
βp

2α+4

Lp(K) (Mf(x, t))1− βp
2α+4 ,

where C1 = 22α+4−β

1−2−β
and C3 =

(
Ω2

p′( 1
p
− β

2α+2
)

) 1
p′

.
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Proof. Let r be an arbitrary positive real number. We write the integral as the
sum of two integrals:

Iβ|f |(x, t) =

∫
Br

|(y, s)|β−2α−4
K T

(α)
(y,s)|f(x, t)| dmα(y, s)

+

∫
{Br

|(y, s)|β−2α−4
K T

(α)
(y,s)|f(x, t)| dmα(y, s)

:= J1,r(x, t) + J2,r(x, t).

Firstly we estimate J1,r(x, t). Summarizing on all k ≥ 0, we have

J1,r(x, t) ≤
∫
Br

|(y, s)|β−2α−4
K T

(α)
(y,s)|f(x, t)|dmα(y, s)

=
∞∑
k=0

∫
B

2−kr\B2−k−1r

|(y, s)|β−2α−4
K T

(α)
(y,s)|f(x, t)|dmα(y, s)

≤
∞∑
k=0

(
2−k−1r

)β−2α−4
∫
B

2−kr

T
(α)
(y,s)|f(x, t)|dmα(y, s)

= 22α+4−β
∞∑
k=0

2−kβ(2−kr)−2α−4

∫
B

2−kr

T
(α)
(y,s)|f(x, t)|dmα(y, s)

≤ 22α+4−βrβMf(x, t)
∞∑
k=0

2−kβ ≤ C1r
βMf(x, t), (4.8)

where C1 = 22α+4−β

1−2−β
.

Evaluation J2,r(x, t) obtained in Hölder inequality

|J2,r(x, t)| ≤

 ∫
K\Br

(
T

(α)
(x,t)|f(y, s)|

)p
dmα(y, s)


1
p

×

 ∫
K\Br

|(y, s)|(β−2α−4)p′

K dmα(y, s)


1
p′

≤
∥∥∥T (α)

(x,t)f
∥∥∥
Lp(K)

 ∫
K\Br

|(y, s)|(β−2α−4)p′

K dmα(y, s)


1
p′

≤ ‖f‖Lp(K)

 ∫
K\Br

|(y, s)|(β−2α−4)p′

K dmα(y, s)


1
p′

.
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To pass coordinates sphere we have ∫
K\Br

|(y, s)|(β−2α−4)p′

K dmα(y, s)


1
p′

=

∫
Σ

∞∫
r

t2α+3+(β−2α−4)p′ dtdξ′

 1
p′

= C3r
β− 2α+4

p .

Consequently,

|J2,r(x, t)| ≤ C3r
β− 2α+4

p ‖f‖Lp(K). (4.9)

Thus from (4.8) and (4.9), we have

|Iβf |(x, t) ≤ C1r
βMf(x, t) + C3r

β− 2α+4
p ‖f‖Lp(K).

Taking

r =
[
(Mf(x, t))−1 ‖f‖Lp(K)

] p
2α+4

we obtain

|Iβf |(x, t) ≤ (C1 + C3) ‖f‖
βp

2α+4

Lp(K) (Mf(x, t))1− βp
2α+4 .

The Theorem 4.6 is proven.
�

Theorem 4.7. Let 0 < β < 2α+ 4. Then for any measurable functions f ≥ 0
and 0 < θ < 1 for every (x, t) ∈ K we obtained following estimation

Iβθf(x, t) ≤ (C4 + 1) (Iβf(x, t))θ (Mf(x, t))1−θ , (4.10)

Iβθf(x, t) ≤ (C4 + C5) (Mβf(x, t))θ (Mf(x, t))1−θ , (4.11)

where

C4 =
22α+4

2βθ − 1
Ω2,

C5 =
22α+4−β

1− 2βθ−β
Ω

1− β
2α+4

2 .

Proof. We obtained

Iβθf(x, t) =

∫
K

T
(α)
(x,t)f(y, s)|(y, s)|βθ−2α−4

K dmα(y, s)

=

∫
Br

+

∫
K\Br

T
(α)
(x,t)f(y, s)|(y, s)|βθ−2α−4

K dmα(y, s)

= I1(x, t) + I2(x, t).

First proof (4.10). We estimate I2(x, t). For β > 0, 0 < θ < 1 we get βθ−β < 0

and |(y, s)|βθ−βK ≤ rβθ−β for every (y, s) ∈ K\Br. Therefore
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I2(x, t) =

∫
K\Br

T
(α)
(x,t)f(y, s)|(y, s)|βθ−2α−4

K dmα(y, s)

≤ rβθ−β
∫

K\Br

T
(α)
(x,t)f(y, s)|(y, s)|β−2α−4

K dmα(y, s)

≤ rβθ−βIβf(x, t).

(4.12)

From inequalities (4.8) and (4.12) we get

I1(x, t) ≤ C4r
βθMf(x, t), (4.13)

I2(x, t) ≤ rβθ−βIβf(x, t). (4.14)

Therefore from condition (4.13) and (4.14), we have

Iβθf(x, t) ≤ C4r
βθ Mf(x, t) + rβθ−β Iβf(x, t).

Taking r =
[
(Mf(x, t))−1 Iβf(x, t)

] 1
β

we have

Iβθf(x, t) ≤ (C4 + 1) (Iβf(x, t))θ (Mf(x, t))1−θ .

Now to proof the inequality (4.11) we consider I2(x, t). Summarizing on all j > 0,
we have

I2(x, t) ≤
∞∑
j=0

∫
B

2j+1r
\B

2jr

T
(α)
(x,t)f(y, s)|(y, s)|βθ−2α−4

K dmα(y, s)

≤
∞∑
j=0

(2jr)βθ−2α−4

∫
B

2j+1r

T
(α)
(x,t)f(y, s)dmα(y, s)

≤ 22α+4−βΩ
1− β

2α+4

2 rβθ−β Mβf(x, t)
∞∑
j=0

2(βθ−β)j

≤ C5 r
βθ−β Mβf(x, t).

Consequently,

I2(x, t) ≤ C5 r
βθ−β Mβf(x, t). (4.15)

Thus from (4.13) and (4.15) we get

Iβθf(x, t) ≤ C4 r
βθ Mf(x, t) + C5 r

βθ−β Mβf(x, t).

Taking r =
[
(Mf(x, t))−1 Mβf(x, t)

] 1
β

, we have

Iβθf(x, t) ≤ (C4 + C5) (Mβf(x, t))θ (Mf(x, t))1−θ .

Thus, the Theorem 4.7 was proved. �
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Theorem 4.8. Let 0 < β < 2α+ 4, f ∈ Lp(K), 1 < p < 2α+4
β . Then

‖Iβθf‖Lr(K) ≤ (C4 + 1)A1−θ
p ‖Iβ|f |‖θLq(K) ‖f‖

1−θ
Lp(K) (4.16)

and

‖Iβθf‖Lr(K) ≤ (C4 + C5)A1−θ
p ‖Mβf‖θLq(K) ‖f‖

1−θ
Lp(K), (4.17)

where 0 < θ < 1, 0 < q ≤ ∞, 1
r = θ

q + 1−θ
p , and the constants C4, C5 are as in

Theorem 4.7.

Proof. Firstly we proof of the inequality (4.16). So that inequality (4.17) proved
similar levels.

From condition (4.10) and Hölder inequalities we obtain

‖Iβθf‖Lr(K) ≤ (C4 + 1)‖ (Iβ|f |)θ (Mf)1−θ ‖Lr(K)

≤ (C4 + 1)‖ (Iβ|f |)θ ‖Lrτ ′ (K)‖ (Mf)1−θ ‖Lrτ (K).

Denote

p = (1− θ)rτ, q = θrτ ′,

where τ ′ = τ
τ−1 .

Then, it is clear that

1

rτ
=

1− θ
p

, and
1

rτ ′
=
θ

q
.

We have

‖Iβθf‖Lr(K) ≤ (C4 + 1)‖Iβ|f |‖θLq(K)‖Mf‖1−θLp(K).

From the last inequalities and the Theorem 4.5 we get

‖Iβθf‖Lr(K) ≤ (C4 + 1)A1−θ
p ‖ Iβ|f | ‖θLq(K) ‖f‖

1−θ
Lp(K).

Therefore the proof of the Theorem 4.8 is completed. �

Remark 4.1. Note that, the theorems 4.4-4.7 were proved in [11].
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