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ON PROPERTIES OF THE GENERALIZED BESOV-MORREY
SPACES WITH DOMINANT MIXED DERIVATIVES

ALIK M. NAJAFOV AND AYGUN T. ORUJOVA

Abstract. In this paper, a generalized space with the Besov-Morrey
type parameters and dominant mixed derivatives is introduced. Some
differential properties of functions from this space are studied.

1. Introduction

It is known that spaces with parameters constructed on the base of the Sobolev
isotropic spaces WISZ) (G), for some special values of indices, were first studied in
the papers of Morrey [7,8]. Further these results were developed and generalized
in the papers of V.P. I'in [3], I. Ross [16], Yu. V. Netrusov [15], A. Mazzucato
[6], V.S. Guliyev [2], Y. Sawano [17], L.Tang and J. Xu [18] and [9-14].

The goal of this paper is to investigate differential properties of functions from
the space with parameters of the form

277‘ .
L5 e (G1) (1.1
i=1

Let e, = {1,...,n}- be the set of natural numbers 1, ...,n. We denote by e any
fixed subset of e, (including the sets @ and e,). The number of this subsets is
equal to 2" . Assume that all these subsets are numbered, i.e. e (i = 1,...,2")-
are subsets (including @ and e,,) of e,. With each set e’, associate some fixed
vector ' = lﬁ, ...,lﬁl) with the components l; > 0 and the support e;; D €, i.e.
l; >0 (j € ei) , l; >0 (j € 6[1’/67:). The support of a vector [ = (Iy,...,1,) is the
set of indices of nonzero components of the vector [. It is denoted by e;.

2. Preliminaries

Definition 2.1. A space with parameters of the form (1.1) is defined as a nor-
malized space of functions f on G with the finite norm
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where p’ € [1,00),7 [ ]li—( 1. l”) l§>0(j€ei),l;ZO(jEelz/e),

A

m! = (ml,...,m) mt > O(]Ee) mj > O(jEeli/ei) are integers, k' =

J ) . .
= ( ) k:’ are non-negative integers. Assume that m; > l} — k:; >0
(j Eelz/e) m > l’ k‘; >0, (jee), (i=1,..,2"),
A™ (h,Gp) f () = A (hn) A7 (hn) f (2); D' f = Dy'..Dpn f () 5
Gp={x:x+hl €G}; Gp= (x) = Gﬁ[tn_Gﬂ{y lyj — 2] < & j,jEen},

[t;]; = min{1,%;},j € e,: G be an open set of n— dimensional Euclidean space

271
R™. The space ﬂ L<r> (@) is defined by the same way provided that in the

pt,0%,a,5,T
norm (2.2) instead of A™ (h,Gy) f it is written A™ (b, G) f.
The space (1.1) in the case, when

J O,jeeli/ez

p'=p, 00 =0 (i =1,...,2") coincides with the space S’ 0.0, B (Gy) , introduced
and studied in the paper [11]. In the case a = (0, ... 0) T = 00 it coincides with

the space
271

MLy (G)
i=1
which was introduced and studied in A.D. Jabrailov’s paper [4].
When 7 = oo the space Ly, .. (G) coincides with the space Ly, . (G) intro-
duced and studied in V.P. Il'in’s paper [3].

(Gh)-
1) For any »; > 0,0 <aj <1,j =1,...,n the following embeddlngs hold:

. . li>
Let us give some properties of the spaces Ly, .. (G) and ﬂ L<1 G5

”f”p;G S Hf”p,a,%;G S (& ”f”p,a,%,T;G?

[fllen <||f”n . < :
N L5">(Gr) L> (Gy) NLS>  (Gr)

i=1 = 1 P 3@yt =1 ptia,x,T
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2) For any ¢ > 0

I1f

p,a,cx, ;G ™ ”f“p,ahrG’a ||f||2" G ~ ||f||2 <ll (

le'LG"ac%T le"é”a%T

3) For any »; > 0,5 = 1,...,n the following relations are valid:

a) [1£llp0,0006 = Il s HszH = £l

<ll10? 0,5, oo(Gh Lil;?( )
n > on
b) ||f||p,WG_ufnoog,||f||2m P ||f|!nL<”>(Gh)

- 'L 97' J1,5e,7
Let ¥gi (-,y,2) € C§° (R") be such that S (i) = supplﬁez, (Yei) C IT =

{J::|acj]<%,j€en},0<T <1l,j€e,.SetV = U {y ()ESwez)}.
OgthTj, jEen

It is clear that V' C Ip,U is an open set contained in the domain G. We'll also
assume that U +V C G. Let

Gr= (U) = | Gr= (z) = (U + I« () N G.
zeG
Note that if 0 < 2; <1,0<T; <1,j € e, and Iy C I, then

U+VCG a(U)=2

Lemma 2.1. Letlgpigpgrﬁoo,0<%j§1,0<tj,77j§Tj§1,0<pj<
o(j€e,) 1 <7 <00, v=_(Vi,...., ), Vj >0 be integers (j € ey),

) . 1 1
E;:l;-—yj—(l—%jaj) <pl_>

p
and
Biz)= ] T T ”J/Ht S Vi (,t) dte (2.6)
jEen\€el 061]661
I1 le”f/Ht 3Vig, (z,t) dt® (2.7)
Jj€en\e* et J€€°
where

¢ 4 Ten\e’ :c)

00 ) g
y p (t ’
Pi (SL‘, t) = // / Q’Z)ei tei + Ten\€i7 tei + Ten\ei %
R"—o00 —o00

. t 1 i
< (5255 50 ) ) A ) £ty dudy, (28)
Then the following inequalities hold
i —t i 2%y
%upHBn (x)Hp,pr(:f) < Cl Htj TA™ (t,Z)f H [p]]lp X
zeU jeel iaser j€en
€i- i
X H n;’ (Ej > 0) (2.9)
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’ —[ i
sup | By @, < € | T[6 a7 21|
x .
je@” piaav%vT
I1 Tjaj, if e >0
jEeli
_ X% & . P
<[ loy » { M i =0 (2.10)
JjE€en Jee £t .
[In,ife;<0
jeel
Here Uy« (Z) = S ot |z — Zj| < %,j € en} ,C1 and Cy are constants indepen-

dent of ®,p,m and T.

Proof. Apply the generalized Minkowski inequality for B% (z) determined by
equality (2.6)Then we get

e

n
B3l ) < 11 Tj_l_”j/Htf‘”" i (@, )10, ) A (2.11)
jEen\€e? Oeijeei

Estimate the norm ||¢; (-, t)|| pUe(z)- From the Holder inequality (p < r) we have

(L1
i (o)l ey < 10 D ) Hp;(” ) (2.12)
Jj€en

Let X be a characteristic function of the set S (¢,.:). Considering that 1 < p <

r<oo,s<r (% =1- 1% + %)7 represent the subintegrand function in (2.8) in

the form
i i Pi v
0o fo'ond
[ veconsau = || [ conmsaul wal | x
70061 70061
. 11
pl pi r

Am Y .3%7%
R R e e | I X e

—o0¢"

We can apply the Holder inequality again and get
i (D0 e (z) <

i
c0®

(uoplta) 1,
S 21615 / / Ce’ (tv n 7§p (t,.T)) X

" | —ooet

. 1
g T

" (2)w)

<A™ (ou) f (ac +y —|—u€i> du
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> 1
Xsup / / Cez () IO( )7710, (ta .’E)> X
yev t 2
p* x) _Ooel
i 1
mt et p Q "
x A (5u)f(x+y—|—u )du X(de)
y p <tei + T\ ”3) S
x | — . : : dy | . 2.13
/ ¢e tez _‘_Ten\el teL _|_Ten\€L y ( )

R’ﬂ
Taking into account that G i re,n\ei (2) C G

(1) 1 (e (x)for0 <t <1, <
1 (j €ey) for any 2 € U we have

i
00®

1
/ /Cel <7p(t )72pl<t,x))x
R™ _0057'
' y
X|—FF)dy <
<t@’+T6 \el) V=

< / [ < (1‘ 250 ) x

x A™ (ou) f (x—i—y —i—uei) dul”

(U+V)(t%)€i+(T%)"~n\ei () | —o0c?
x A" (ou (y+u )
y (t.x) 1
pili fu plt,x) 1,
SHt J /Cel(ta t 7210 (tax)>><
J€e; i
—00
p'L
=l i i e
thj TA (5u )fdu <
j€ei i ) )
l PG et romyenet (7)
pi
i ii —1t i s
< [I# 5| 11t Aa™ ¢ 2) f I =7 (2.14)
Jeey J€e piya’;{jeen\ei
foryeV
o P
o0
t i
/ /c( ,p(t’x),p’(t,m)>Am ((5u )f(a:+y+u )due dz <
Up» (Z) | —o00e?
o '
o
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o0
pili (u pltz) 1,
<AHt j /Q(t’ P (t,z) ) x
J€e;; oot

i

x A (5u€i) f (m + uei> du®' p. <
pl,an(a’H—y)
pi
i i 1 i ias
< H P H t; TAT(t, Zy) f H [Ph]a] ) (2.15)
jGeli jGeli pia jeen

V)S

ez

/T/)Sf) oy P<t6‘+T€ e.,x) w=T[u I 77

te' 4 Ten\et et Ten\e!

Rm jeet  jeen\e?
(2.16)
From inequalities (2.12) — (2.16), we have
_l;. m pi (1—sjay)
i o)y < O || 11t 7 A™ (1. 20) f g x
JjEei P j€en\el
—l—lZ (1 xjag) i %—% %
NG e 57 e
JjEe j€en Jj€en
For any 7,1 < 7 < oo taking into account the inequality |-, , ., < c[|ll, ..,

and substituting inequality (2.17) in (2.11) for » = p we get inequality (2.9).
Inequality (2.10) is proved by the same way.

Corollary 2.1. For 1 <713 <1 < 00 the following inequality is valid:

i CsOlppemr <CH T 5 SN AY, . (2.18)

ce ;
] 1 plvaﬂ%ﬂ-l

where b € [0,1]", C' is a constant dependent on t and M;, but independent of f.

Lemma 2.2. Let 1 < p' < p < 00,0 < 3 < 1,0 < Tj < 1,(j €en),
v = (V,..,vn), ¥j > 0 be integers (j=1,...,n);1 < 1 < 7 < oo,sé- > 0
and 1

5}’0 =1l —v; — (1 - 505) =

Then for the function B} determined by equality (2.6) the following inequality is
valid:

[Pz ———ecd I | E2 b am (t, Z) f . (2.19)
J€es pt,a,x,T1
where b = (b1,...,b,) ,b; are arbitrary numbers satisfying the inequalities:
0<b;<1, ife’>0(j€e)
0<b <1, if e’ =0(jee) (2.20)
’p(1— aj) _ Ep(l a;)

. 4,0 ) ;
0<b;<aj+ ]1 e, 4Gt e, zfe} <0(jee)
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jee,0< bj <aj,j€ en\e' and C? is a constant independent of f.

Proof. Estimate HB H Upe(@) ,t€U,0<pj <oo(j€ey). Firstlet 0 < p; <
T; (j € en). Then

1B, 0, < 1Bo 0y + 1B (2.21)
From inequality (2.9) (n; = pj,j € en) for 7 = co we have
_Ii i i "j?j
1Bl oy < Co || T Yam (7)) f 1. = . (2.22)
JEeyi pi,a,%jeen

where C is independent of f and p. Further, by the generalized Minkowski
inequality and inequality (2.17) we have:

i

TC
—3—v; i
1Birl 0 < [ T1E " s )00 <
Lijeet
p
[ i
[t °a™ @ 2)f ¥ (p,T,7), (2.23)
jeeli p’L?av%
7’) Jr) 1 e
where ¢ (p, T,r) = f Ht ,
]een pelj€el
; ; 1 1 »wj x
et (r)=1U—v;— (1 — xja, <A—>,(5' r)="-2-"2(1—-aq;
S0 =ty = (1= ay) (- )50 = 2 - B -

and Cs is a constant independent of f and p. Estimation (2.23) is valid for any
r,(p <7 < o0). Choose r from the all possible numbers such that the index of
power of p; in this estimation is maximal. For this, note that ¢ () monotonically

increases, 52 (r) monotonically decreases on [p, oo] and eé (p) = eé., 5§ (00) = 5Z o
We consider two cases: 5;’0 >0 and 8;’0 <0, If 6;’0 > 0, then maximum 1ndex of
p;j in this estimation we get for r = co. Considering that §; (c0) = %, we have

S Tle) (HT] - 110y ),iejf%o

" (p, T, 7’) _ i j€en . j€en j€en
prlan, ife;’OZO
]Gen J€en

,0

Let 6Z < 0. Since €} (p) = &5 > 0, and &} (00) = 52’0 < 0, then at some
o, (p < 19 < 00), 53 (ro) = 0. It is easy to see that the best estimation in this case

is obtained if in 9 (p, T,7) we put r = ro. Then ¢ (p, T,70) = [] p i(r0) 1y H e
JjEen jeel

0,0 4,0
, erp(l—ay A exp(l—aj
5j(7’0)=f%] <1+] P J)> =4 (a—i—J p( ])>7
P 1 — xja; P 1 — xja;

where
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(1—;ja; , since 62. > 0 and 5?0 < 0). Improving, on the base of it, the estimation
(2.23) and taking into account that

€§+%jaj2ﬁ fora >0
p p
00
) s ; e p(l—a
8;,_,_@2@ a+M = d; (o) forzs <0
p p 1 = 3ja,

and inequalities (2.21) — (2.23), we get (7 = 00)

i 1 i
1BE 0, < Co | ITt7A™ 0 20 1)

]Eeli pi yay %

onp] <HT” -7 >,i€§-’0>0

Xl/) (P7 T, 7“) — i jEen _ JE€en Jj€en X
. . ‘70
prlnH ], if " =0
j€en jcen”
& 7 ¢ 00
[Te” 11 T , ife;”>0
j€en Jj€en
AT T
X [Tp/ In]] o el =0 (2.24)
]een Jeen 7
II p(S (ro) 1y II %, if 6;70 >0
Jj€Een jeelt ’

Let pj > T;(j € en). Again applying estimation (2.9) (n; <T},j € e,, 7 = 00)
we have

i #ja;
o [Tp/ 7 T <p <1
1BE[|,01,.a) < Ca Htf[ﬂAml (t.Z) f j€en "
pUp(@) = V4| L1 ) 5
J€ei pia, HT], if 1 < pj < oo.
fhad] jGen

(2.25)
It follows from inequalities (2.24) and (2.25) that for any Z € U and any p,0 <
p < o0

#3bj

; =l
HBZTHp,Up%(;z) <Cs|[]]t;,7a™ ¢, 2) f I e ”
jeeli pz‘7a’%jeen

where b; (j = 1,...,n) are the numbers satisfying inequalities (2.20), and Cs is a
constant independent of f,p and Z. Considering the relation 1 < 7 < 7 < o0,
from the last inequality we get inequality (2.19)

3. Main results

In this section, we prove two theorems on some properties of functions from
n

2
the space ﬂ L (Gp) .

pt,0%a,x,T
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Theorem 3.1. Let the open set G C R" satisfy the condition of flexible (A1)
cone ([10]), 1 < p' < p < o0, (i =0,1,2,...,2") ; 3 = ¢3¢, L = maxi;;,
JjEe

v=(v1,....,vn), vj > 0 be integers j € ep; v; > l;- forj€ei\e, 1< <1<
003

- , 1 1 i
er =1l —vj — (1 - 3xjay) (])Z_) >0, (jEel ,izl,...,?”)

p
271
and let f € ﬂ L;l;{T (Gr). Then D" : N L;lel aem (Gh) = Lppers (G). More

i=

exactly, for f € ﬂ L<I>

o o (Gh) in domain G there exists a generalized derivative

DY f, for which the following inequalities are valid:

271
I lye < O TTT7 Wl (3.1)
i=1j€en
and
ID” Fllpsemicc < Co I £ 2(% s <’ (P <p<oo,i=12,..,2"). (3.2

=1 p?,0%,a,5,71

In particular if,

then D" f is continuous on G and

2™ .
14 51’,
sup |D”f (@) < O [TT57 Il (g5 (33)
z€qG i—1jcen pioa,eTy

where T; € (0,min (1,T}0)] (j € en), C1,Co are the constants independent of
f,Ch is independent also on T and b = (b1, ..., by) , b; satisfying

0 < by <1, if €iy>0;
0 < bj<1,if hy=0;
Eé»p(l—aj)

0 < b;i<
- @+ 1—%jaj

) Zf 6;",0 < 07
jeel,0< bj <aj,j€ en\e' but with substitution 3 for .

o
Proof. First of all note that since 5 = cs,¢ > 0, then f € LS, _ (G)
i=1

p,0%,a,5,m1
and everywhere in inequalities (3.1) — (3.3) we can replace s by 3. Passage from
2 to 3, is explained with the following properties of the vector 3 :

1) 52; < 1,j € ep; 2) among the vectors of the form ds : d > 0, satisfying the
inequality dsr < 1, the vector 3 has the greatest absolute value.

The importance of the first property will be seen from the proof of the theorem,
and the significance of the second property follows from the theorem statement
(the more s, the more 5;) Under the conditions of our theorem there exists
a generalized derivative DY f. Indeed, if 5;'» >0 (j celi=1, ...,2”), from p <
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P, <1,(j €ep),ac|o, 1]”it follows that [; 1/] >0,jee (jee,i=1,..,2").
This means that for f € ﬂ L (G) = ﬂ L<ll (G) there exists D” f and

pt,0%,a,3%,11

D*f € L, (G). Then for almost each point x E G the following equality holds

T

2 1— dte
— 12
D”f(:c):Z( H T; J/ ——gp X
i=1 j€en\ei ; Il,ty
Qe jeet

ST (T

te' 4 Ten\e' el 4 Ten\e!

R _ o ei
(i <1‘,p(tt’ ?) %pl( )) A™ (5u)f<x+y+u )du dy.  (3.4)

Note that wg) (,2) € C§°(R™),¢ € C§° (R), their supports are contained in
I and are such that the supports of representations (3.4) are contained in the
flexible cone x + V' C G. The parameter of the representation > 0 is rather
small, owing to which the replacement of A™ (§u,G) f (i = 1,...,2") in the right
side (3.4) by A™ (6u,Gs,) doesn’t influence on the value of the right side. On
the base of Minkowski inequality we have

27’L
10" fllpe=>- I1 7 1Bkl (3.5)

izljeen\ei

and by means of inequality (2.9) for U € G, @bgl’) = M;, p — o0, we get

1Bil, e < 2 TL77 | TT 67 a™ s 39)

J€en jeeli pivaﬁ;{J-I

By means of inequalities (3.5) — (3.6) under condition 1 < §* < 0o (i = 1, ...,2")
we get inequality (3.1) . By the similar way, based on inequalities (2.19), estima-
tion (3.2) can be established.

Now let E;-’O >0 (j ceti=1,..., ") Let us show that DY f is continuous on

G. On the base of identities (3.4), from inequality (3.5) for p = oo, 5 = 520 >

0 (j € ei) ,1<6<oo(i=1,2,...,2"), we obtain that

. 1
to o o
B _li_ i dt
s =l o= S [T am a5
ei£0j€en 0 ||7€e p,a,x,m

Hence the left hand side of the inequality tends to zero as Tj — 0(j € ey).

Since f:(ry) is continuous on G, the convergence in Lo, (G) coincides at the present
case with the uniform one, and consequently the limit function D" f is continuous
on G. Theorem 3.1 is proved.

Now let v be n—dimensional vector.
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Theorem 3.2. Let domain G, parameters p*, p, T and vectors x, a, 6], 6] s V satisfy

the conditions of theorem 3.1. Then for 6; > 0, (] cei=1,.., ) the derivative
DY f satisfies on G the Holder condition with the exponent [3;, more exactly

1A (v, G) DY fll, e < Cllfllzn e H 1% (3.7)
1.21 'L 91 a;«t‘r ]Een
here B = (B1, ..., Bn) , Bj is any number satisfying the inequalities:
0<B; <1, if e >1,
0< B <1, zfs-—l, (3.8)
0<B;j <5],zf er < 1.

where (j € en,i = L.., 2"),C is a constant independent of f and ~y
In particular, if 5;-’0 > 0, then

sup |A (v, G) D f ()| < C|f]| o

z€G L<> (Gy)

p%,0%,a,5,7

IT 1il? . (3.9)

Jj€en

i:l
where B? satisfies the same conditions as o, but with replacement of 5} by 63-’0.

Proof. According to lemma 8.6 in [1], there exists the domain
Gy CG(o=(01,...,0pn),05 =& (2),& > 0,r (z) =p(x,0G),r € G). Assume
that |y;| < 0 (j € en), then for any € G, the interval connecting the points
x,x + 7y is contained in G and for all the points of this interval, identities (3.4)
are valid with the same kernels. After some transformations we have

A (7, G) D f (:c)\ <

6

M

2”
<o T 0 [
i=lj€en\e! 0 H
]Eel
et en\e’
G (B 28D )| o) [ ety |
e ) 72 ) el tez—i—Te"\e” te’b_‘_Ten\el

ooeZ

X ‘A(’y, G) A™ (6u) f (m +y+uei> ‘ dueidy <

T’ .
2n i
- di

SO o
Thigen | jeer ‘

tei 4 Ten\ei ) tei 4 Ten\ei

et en\ei
f Tl (o ol e)

(v ptz) 1,
Cel<t7 t 72p (t,.’IJ))

R"—o00

11
x// ‘Ami (6u)‘ fle+y+utviy+ ... + o) dvdueidy =
0o 0
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2774
717 . . .
=y, I 7777 (Bl (#,7) + Bir (x,7)) - (3.10)
t=ljeep\e?
here |1 = (|7l il ) sl = Iyl for j € eis oyl = 0 for j € en\e’

(t=1,..,2"),0 < T; < min(1,Tjp0),j € ey,. We also assume that |y;| < T}
(j € en) and consequently, |y| < min(o;,Tj),j € e,. If 2 € G\G,, then
A (v,G) D¥ f () = 0. Therefore,

1A (7, G) D f (2),6 <

”
<oy I1 577 (18 ool e, + 1B Go)ll6,) - 31D

i=1jcen\e
By means of inequality (2.9) for n = |v|,j € e,,U = G, p — o0 we get

182 (|, . < Co TT bl || TT 85" a™ (. 22) f , (3.12)

J€en J€e p.a,m,T

and by means of inequality (2.10) for U = G,n; = |v;|,J € en, p — 00 we get

. . —[t i
HB'ZyT (.’V)HP,GU <C3 H |7J|BJ H t] AT (t7 Zt)f ) (313)

Jeen e pla,x,T

where (3; (j € e,) is a number satisfying inequalities (3.8).

Then by means of inequalities (3.12) — (3.13) from inequality (3.11) under the
condition 1 < #° < 0o (i = 1,...,2") ;we get inequality (3.7).

Now suppose that |;| > min (0;,Tj), (j € en). Then

1A (4, @) D*f @)l < C (@) T hal® ID*f @)l
j€en
Estimating ||D” f (2)]|, ¢ by means of inequality (3.1), we get the required esti-
mation. Theorem 3.2 is proved.
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