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BOUNDEDNESS OF THE MULTILINEAR FRACTIONAL
INTEGRAL OPERATORS WITH ROUGH KERNEL ON
MORREY SPACES

EMIN V. GULIYEV, AMIL A. HASANOV, AND ZAMAN V. SAFAROV

Abstract. In this paper the boundedness of multi-sublinear fractional
maximal operator Mgq o ,» and multilinear fractional integral operator
1. o,m with rough kernels on product Morrey spaces LPrA(R™) x ... x
LPmAm(R™) are studied. The authors study necessary and sufficient
conditions on the parameters of the boundedness on product Morrey
spaces for Ig o,m and Mq o m-

1. Introduction

The multilinear theory has been well developed in the past twenty years. Let
m > 1 will denote an integer, ; (7 = 1,...,m) will be fixed, distinct, and nonzero
real numbers, 0 < o < n and we denote f = (f1,..., fn). In 1992, Grafakos [5]
introduced the following multilinear fractional integral which is defined by

lontls) = || G Hfj

Grafakos [5] proved that I, ,, is bounded from product LP*(R"™) x ... x LPm(R™)
spaces to LI(R™) space with 0 < 1/q = 1/p1 + ...+ 1/pm < «/n, which can
be regarded as an extension for the classical fractional integral on the Lebesgue
spaces. In [8, 9, 12] was proved a certain O’Neil type inequality for dilated multi-
linear convolution operators, including permutations of functions. This inequality
was used to extend Grafakoss result [5] to more general multi-linear operators of
potential type and the relevant maximal operators.

Suppose that 2 is homogeneous of degree zero on R and Q € L*(S"~!) with
1 < s < 0o, where S"™! denote the unit sphere of R”. Then the multilinear
fractional integral operator I, with rough kernel €2 on R" is given by the
formula
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and the multi-sublinear fractional maximal operator Mgq o, with rough kernel

1 / i
p Qy [i(z —0;y)|dy,
o a B(OMI ( )Ijl;[ll i( iy)l

where B(0,7) = {y € R" : |y| < r}. If @ = 0, then Mg = Mq is the multi-
sublinear maximal operator.

When m = 1 and Q = 1, if let 61 = 1, Igq,m will be the Riesz potential
operator I, [14, 18] given by

Mg o mf(z) =su

flz—y)

I = = dy.

of (%) o Ty dy
Note that, in [10, 11] Guliyev, Ismayilova was study the boundedness of multi-
sublinear fractional maximal operator, multilinear fractional integral operator
and multilinear singular integral opertors on product generalized Morrey spaces.
Spanne and Adams obtained two remarkable results on Morrey spaces (see Def-
inition of the Morrey spaces in Section 2) for I,. Their results can be summarized

as follows.

Theorem 1.1. [6, 17] (Spanne, but published by Peetre) Let 0 < a < n,
0<A<n—ap,1/g=1/p—a/n and pn/q = \/p. Then for p > 1, the operator I,
is bounded from LPMR™) to L¥*(R™) and for p = 1, I, is bounded from L'*(R™)
to WLEH(R™).

Theorem 1.2. [1,7] Let 0 <a<n, 1 <p<n/a, 0 <A <n/ap.
(i) If p > 1, then condition 1/p — 1/q = a(n — X) is necessary and sufficient
for the boundedness of the operator I, from LPNR™) to LI (R™).
(ii) If p = 1, then condition 1 — 1/q = a/(n — \) is necessary and sufficient
for the boundedness of the operator I, from LY R™) to W LIA(R™).

If A = 0, then the statement of Theorems 1.1 and 1.2 reduces to the well known
Hardy-Littlewood-Sobolev inequality.

Let 0 <a<n, Qe L¥(S" ) withl<s<oo,and 1/p—1/g=a/(n—A). In
this work, we prove the boundedness of the multi-sublinear fractional maximal
operator Mgq o, and multilinear fractional integral operator I o, with rough
kernels on product Morrey spaces LP11 (R™) x ... x LPm*m (R™) to Morrey space
LIARY), ifp> s, 1 <p1,...,pm <00, 1/g=1/p1 + ... +1/pm — a/(n — \)
and from the space LPLA (R™) x ... x LPmAn(R™) to the weak space W LT (R™),
ifp=s,1<p1,...,pm <0, 1/g=1/p1+ ...+ 1/pm — a/(n — \) and at least
one exponent p;, 1 < i < m equals one.

Throughout this paper, we assume the letter C' always remains to denote a
positive constant that may vary at each occurrence but is independent of the
essential variables.

2. Morrey spaces

For x € R" and r > 0, let B(z,r) denote the open ball centered at x of radius r.
Suppose that S"~! is the unit sphere in R" (n > 2) equipped with the normalized
Lebesgue measure do.
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Morrey spaces LP*, named after C. Morrey, were introduced by him in 1938
in [15] and defined as follows: For A € R,0 < p < oo, f € LP* if f € L? and

loc

_ -A
55 = 17l zmsan = 500 ™ Wiyt <

where B(z,r) is the open ball in R™ centered at the point = € R™ of radius r > 0.
In other words f € LPA if f € L} (R™) and there exists ¢ > 0 (depending on

loc

f) such that for all x € R” and for all » > 0
1l Lo By < e
The minimal value of ¢ in this inequality is || f|| p.a-
If A =0, then
LPO(R™) = LP(R™).
If A= %, then

n

LV (R™) = L>®(R™).
If)\>%or)\<0,then
L =0,

where © = O(R") is the set of all functions equivalent to 0 on R™. So the
admissible range of the parameters is

0<p<oo and OS)\SE.
p
(If p = oo then the inequality for A holds only if A = 0 and LY = L>))
Under these assumptions, which will always be assumed in the sequel, the space
LP? is a Banach space for 1 < p < oo and a quasi-Banach space for 0 < p < 1.
Also the space LP* does not coincide with a Lebesgue space, if and only if

O<p<oo and 0<)\<ﬁ.
p
Furthermore,
L®NLP C [P
If f € LP, then f € LP? if and only if
sup 11 Lo By < 20
z€eR™,0<r<1

hence under this assumption only local properties of f are of importance.
Also by WLP* we denote the weak Morrey space, the space the space of all
functions f € WL}  with finite quasi-norm

_ -
I lwres = 1 flweea@ey = sup 77 fllwresar) -
z€R™,r>0

Recall the definition of Mgq ,,, as a special case when m =1, 2 =1 and 61 =1,
Mg, is the Hardy-Littlewood maximal operator M. In [2] Chiarenza and Frasca
obtained the boundedness of M on Morrey spaces.

Lemma 2.1. [2] Let 1 < p < oo and 0 < X < n.Then for p > 1, M is bounded
from LPA to LP* and for p =1, to M is bounded from L' to WL,

The following theorem was proved by Ding, Lu in [3].



BOUNDEDNESS OF THE MULTILINEAR FRACTIONAL INTEGRAL OPERATORS ... 47

Theorem 2.1. Let p be the harmonic mean of p1,p2,...,pm > 1. Then we have
the following conclusions.

(i) Ifp>1,Q € L% (S"1), s > 1, then Mqm(f) maps LP* x LP2 x ... x LPm (R™)
into LP(R™).

(i) Ifp=1,Q € Llog* L (S*™1), then Mg, (f) maps LP* x LP2 x - - - x LPm(R™)
into L1 (R™).

When m > 2 and Q € L*(S"!), we find out Mg, also have the same prop-

erties by providing the following multi-version of the Lemma 2.1. The following
theorem was proved in [13].

Theorem 2.2. Let Q € L5(S" 1) with1 < s <00, 0 <\ < n, p be the harmonic
mean of p1,...,pm > 1, p > s’ and satisfy

A e
—:Z—ijTOS)\j<n. (2.1)
p — Pj

(i) If p > &, there exists a positive constant C such that

m
[Mamfllpr < CH ||fj||ij,A]-.
j=1

(i) If p= ¢, there exists a positive constant C' such that

m
1Mo mflwron < C T rsos

J=1

3. Boundedness of I, ., and Mg,

When m > 2 and Q = 1, Grafakos [5] studied Lebesgue boundedness of I3 4
Recently, Gunawan [4] extended Grafakos’s result to Morrey spaces and provided
a multi-version for the sufficiency of conclusion (i) in Theorem 1.2.

Theorem 3.1. [4] Let 0 < o < n, p be the harmonic mean of pi,...,pm > 1,
l<p<n/a,0<A<n—ap, 1/p—1/q=a/(n—X), then the operator I o m is
bounded from LP*A(R™) x ... x LPmMNR™) to LA (R™).

When m > 2 and Q € L*(S"7!), Ding and Lu [3] studied the LP! x ... x LPm
boundedness for Ig o m,. After these works above, a natural question is: what
properties does the operator Iq o ., have on Morrey spaces. We give answers as
follows:

Theorem 3.2. Let 0 < a <n, Q € L¥(S* 1) with 1 < s < oo, p be the harmonic
mean of p1,....pm > 1, 0 < A <n—ap, 1 <p < n/a and satisfy the condition
(2.1).
(i) If p > &, then the condition 1/p — 1/q = a(n — N\) is necessary and
sufficient for the boundedness of the operator I om from LPUAL(R™) x
oo X LPmAm (R to LIA(R™).
(ii) If p = &', then the condition 1/s' — 1/q = a(n — \) is necessary and
sufficient for the boundedness of the operator Iq om from LPUAL(R™) x
coo X LPmAR (R to W LI (R™).
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Moreover, similar conclusions hold for Mq o .

Remark 3.1. Note that Theorem 3.2 cover Theorem 1.2. Also, the case A = A\ =
.. = Ay and Q = 1 reduces to Theorem 3.1; the case A = A\ = ... = \;, = 0 gives
the result of Ding and Lu [3] on Lebesgue spaces.

We observe that, in Theorem 3.2, the boundedness in the limiting case p =
(n — A\)/a remains open. In fact, when p = n/a (i.e. A = 0), Ding and Lu [3]
found Mgq o ,m is bounded from LP! x ... x LP™ to L°°, but this corresponding
result for I o in this case does not hold. Our next goal is to extend Ding and
Lu’s result to the case 0 < A\ < n — «, as the continuation of Theorem 3.2.

Theorem 3.3. Let 0 < a < n, Q € L¥(S" 1) with 1 < s < oo, p be the harmonic
mean of p1,...,pm > 1 and satisfy (2.1).

Ifp=(n—\)/a>s, then the operator Mg o m is bounded from LPL 1 (R™) x
.. x LPmAm(R™) to L°(R™).

In this part, we will prove Theorem 3.2. Let us begin with a requisite Hedberg’s
type estimates, which plays a key role during proving Theorem 3.2.

Lemma 3.1. Let 0 < o < n, Q € L¥(S* 1) with 1 < s < oo, p be the harmonic
mean of p1....,pm > 1, 0 < A <n—ap, s <p<n/a and satisfy (2.1), then there
exists a positive constant C such that

[a.amfl)] < C[Maf(z)]tPe/ (=) Hllf; P/,

LPi N
Proof. For any § > 0, we split the integral into two parts:

Qy) 1
Igamf(x) = / —I—/ filx
2.0mf() ( B(0,6) Rn\B(o,a))\y’”_aE i

=: A(z,90) + B(z,9).
For A(x,d), we have

m

Az, d S/ (x — 0;y)|dy
’ ( )| B(0,5) ‘y’n H J ’

g;/

o0

m

H (x — 6;y)|dy

Jj=1

g-imlgyaTn / )|d
( ) B(0,2 1;[ Jy ’ Y

B(0,2-96)\ B(0,2-i~16) !y\”
=0

<3 (27718) T (2778) " Mo f(x)

ST

~
I
o

< 275 Mo mf(z) Y 27 < C6 Mo mf(a).
=0
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Recalling the conditions of Lemma 3.1, we can see s’ < p < (n — \)/«, which
implies @ < (n — A)/p < (n — \)/s', then we get

n—as >n—(n—-Ns'/p>n—(n—-X\) =\
In order to estimate B(x,d), we choose a real number o such that
n—as >ac>n—(n—-N\s/p>A\

One can then see from the chose of o that

n—(n—a-og/s)s<0 (3.1)
and
(n—0o)/s"—(n—X\)/p<0. (3.2)
Then, using the Holder inequality, we obtain
|Q(y
B.o) < [ 15— 050)ldy
R\B(0,6) [Y]" 7" 0/8 ‘y’[’/s H ! ‘i

!

QN / PN
- (/R"\Bm) \y!(”‘““’/s')sdy> ( R\ B(0.,6) !yIUH’f” 59)| dy)

=: E,(0) x F,(x,9).
For E,(0), by the fact (3.1), we obtain

1/s /
/ / s n— n—a—o/s’)® dfd?“) _ C(Sa—(n—a)/s )
S§n—1
For F,(z,0), we have

S /5,
Z/ B(0,21+18)\ B(0,26) |y|" H itz =) dy)
<> e ( H i~ ol dy)
i=0

B(0,21+15) ;-
If p > &', applying Holder’s inequality and the fact (3.2), we have

Fy(z,6) < i(z—ia)—a/s’( /
=0

B(0,2i+16)

SV, H e —oPay) "
= —is\(n—0)/s'—n/p
go ) (/B(O 2i+1¢)

I _(p— 1
<CZ 9-ig)(n—0o)/s'~( A)/p(w\/ o H|f1 T — Jy)|pdy)

1 1/p;
< —i5\(n—0o)/s'—(n—X\)/p s RN j
CZ ) H ( 21+15)>\j /B(O,2i+15) |fJ(93 9]1/)’ d?/)

dy) 1/s'—1/p

H 3o~ b))
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<CZ —’6 (n—0c)/s' —(n— /\)/pH”fJHLpJ Aj

7=1

m
< C§n=0o)/s'=(n=\)/p H ‘|fjHij’>‘j'
j=1
If p = &/, using the Holder inequality and the fact A < o, we get

B0y <30 ( Hm (@~ t0)" dy) """
=0

B(0,2i+16)

- —ig\—o/s s’ 1
ch(z 5o/ 4N <(2+W/ 0%16)1‘[;]3 v — 0y dy)

> . ’ i 1 1/p;
<C 2-t§)(A=a)/s / filz —09) P dy
> et ] (Carrl L)
<0y @)X T s
i=0 j=1

< CoO= H ||fj||LPj’>‘j < Cotn=o)/s=n=N/p H ||fj||LPjv>‘j'
j=1 j=1
Hence, for every p > s’, we have

‘So(x> 5)’ S C&o’—(n—)\)/p H ”fjHLT’j’)‘j :
j=1
Thus

o, cmf(@)] < C (8" Moamf(@) + 67T il 5y, ), 8> 0.
j=1
Now take

oo p/(n—x)
5 = [(Mamfe)) 7 TL 155100 ]
j=1

and then we get the conclusion of Lemma 3.1. g

Now we are ready to the proof of Theorem 3.2.
Proof of Theorem 3.2. Firstly, we will devote to the proof of (i). Sufficiency.
By Lemma 3.1 and the conclusion (i) of Theorem 2.2, we have

1/q 1/q
1 / 1-p/q
= I 0mf(y)|?dy <C||f P / Mof(y))Pdy
<t>‘ B(a:,t)| Q,a,m ( )| ) H ]HLpJ Aj B(x,t)( Q ( ))

<cTTuslEze H (T2 A CH 15 s
j=1
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Taking the supremum for x € R™ and t > 0, we will get the desired conclusion.
Necessity. Suppose that Iq o, is bounded from LPrAT x x LPmAm to LOA,
Define f.(z) = (fi(ex), ..., fm(ex)) for € > 0. Then it is easy to show that

Iﬂ,a,mfa(y) = 57QIQ,a,mf(Ey)‘ (33)
Thus

1/q
. 1
ool = sup (tA / |Ia,a,mf<sy>|qdy>
z€eR™,t>0 B(z,t)

1 1/q
=9 sup <t/\ / !Isz,a,mf(y)!qdy>
x€R™,t>0 B(ex,et)

1/q
1
_ —a-njatA/a N / T amf(y)|9d
€ sup Q,a,mI\Y Yy
z€R™ >0 ((Et))\ B(ex,et) ‘ ( )|

= e 0N g | o

Since I o,m is bounded from LP1A . x LPmoAm to L9 we have
-
Ho,0mfll s = V9 Lo o e[ 4

< Ot T fi(e) oy g

Jj=1

m

1 1/pj
[ sw (9- / !fj(sy)lpfdy>
j=1 x€R™,t>0 7 JB(x,t)

m 1/p;
1
— C€a+(n7)‘)/q | | gfn/pj Sup / f y pj d/y
thi B(ex,et) | j( )‘

j=1 z€R™ t>0

i} z€R™ >0

. 1/pj
1
_ Cga—l—(n—)\)/q 6()\j_”)/pj sup / f Yy pjdy
I1 Ok B(%Et)\ i)l

m
— et (n=A)/q=(n=A)/p H [FZ1pn.
j=1
where C is independent of &.
If 1/p < 1/q + a/(n — X), then for all f € LPvM x ... x LPmAm,
I Io,amfllfar =0 as e — 0.
If 1/p > 1/q + a/(n — \), then for all f € LPvM x ... x LPmAn we have
I q,amfllpar =0 as e — 0.
Therefore we get 1/p=1/q+ a/(n — A).

We proceed to prove (ii). Suffciency. For any 8 > 0, applying Lemma 3.1 and
the conclusion (ii) of Theorem 2.2, we get

we have

1 1/q
Moamfllwron = supB sup (ﬂr{yeB<x,t>:|fg,a,mf<y>|>ﬁ}|)

B>0 zER™ >0
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1/q
1 s/ m 75,
<supf sup | l{y € Bla,t) : [(CMaf())" /1 TL 111514 > )]
B>0 xzeR™ t>0 j=1
i a/s’ L/a
1 s
<supf su — € B(x,t) : Maf(y) > -
B>p0 mewgm tA {y (@) ) CH;.":1 ||fj||1L;jS,A/jq

1
=
X

1N

B>0  zeR™t>0 CTI- || £ ”;jsg/j

a/s’ s
<supf sup ;{yGB(w,t):MQf(yb( o ) H

1-s'/q a/s'

VY157 m s'/q
§Csupﬁ[ =R As fi A}
550 ,6 ]1:11| j||ij j

LY /Y e v
< Csup B[ === Tl o] < TL I
i=1 j=1

B8>0

Thus, we complete the sufficiency of (ii).
Necessity. Let Ig o, is bounded from f € LPrAL x| x LPmAm to W LA,
Because we have (3.3) for f.(x) = (f1(ex), ..., fm(ex)) with € > 0, then we obtain

1

1 q
[ e,amfellwrer =supr  sup A/ dy
r>0 z€R"t>0 t {yeB(z,t):|Io,a,mfe(y)|>r}

Q=

1
=supr sup = / dy
r>0 zeR™t>0 t {yeB(z,t):|Iq,a,mfley)|>re>}

Q=

1
= ™igupr sup =~ / dy
r>0 zeR"t>0 3 {yeB(exet):|Iq,o,mf(y)|>re>}

1

1 q

= g~ HMagupre®  sup )\/ dy
r>0 zER™ t>0 (5t) {yeB(exet):|Iq, o,mf(y)|>re>}

= 5_a_n/q+/\/q||IQ,a,meWquA-

Since Iq o,m is bounded from LP1A . x LPmoAm to W9, we have

Hoamtlwrer = eV Ig ot llw 1o

m m
< Ceman/atMg H £ (| osn; < c—a—n/q+A/q—(n=N)/p H [FZ]ye.
j=1 j=1

where C is independent of e.

If 1/p < 1/q+ a/(n — )), then for all f € LPLAM x ... x LPmAn we have
I lo,a,mfllwrar =0 as e — 0.

If 1/p > 1/q+ a/(n — )), then for all f € LPLM x ... x LPmAn we have
I lo,a,mfllwrar =0 as e — 0.

Consequently, we get 1/p=1/q¢+ a/(n — X).
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Next, we prove conclusions (i) and (ii) hold for Mq ¢ . By the same arguments
as above we get the necessity part and the sufficiency part follows from the
conclusion of I, and following lemma.

Lemma 3.2. [3] Suppose that 0 < o <n, Q € L¥(S" ) with 1 < s < cc. Then
Mg,0.m(H)(x) < Canlj)am(f)(2),
where |fl = ([fil; s [ fml)-

Then the proof of Theorem 3.2 is completed.
As a application of Theorem 3.2, we get Spanne type estimates, which can be
seen a multi-version of Theorem 1.1.
Corollary 3.1. Let o,$,s,p;, \j,p and X\ are as in Theorem 3.2, 1/q = 1/p —
a/n, /g =A/p
(i) If p > s, then I o.m is bounded from LP1AL x ... x LPmAm(R™) to LIH(R™).
(ii) If p = &', then Iq o.m is bounded from LP1 L x ... x LPmAm (R™) to W LEH(R™).
Moreover, similar estimates hold for Mg o m.

Proof. From Lemma 3.2, we only need to show the boundedness of I o m
Firstly, we choose t satisfy (n — u)/q = (n — \)/t, then we get

t=(n—-pu/lan=N)=1/p—a/(n-X) <1/p—a/n=1/q
Then Holder’s inequality implies Lb*(R™) ¢ L%*(R™) and
WLPAR™) € WLS#*(R™). In fact, there exists a constant C' > 0 such that
[o,amfll e < CllIo,amfl Lo
and
HIQ,Oc,meWLq’“ < CHIQ,Oc,meI/VLM
Then, by Theorem 3.2, we have

m
Ho,a,mfllLaw < CllIo,amfllpen < CH ||fj||ijv’\j forp>s
j=1

m
Ho.amtllwres < Clioamfllwren < C Tl forp=5"
j=1

Thus, the proof of Corollary 3.1 is completed. O

As an another application, by Hélder’s inequality, we obtain an Olsen’s in-
equality as in the following corollary, which is a multi-version of the results in
considered by Olsen in [16] in the study of Schréodinger equation with perturbed
potentials W.

Corollary 3.2. Let o,Q,s,p;,\j,p and X are as in Theorem 3.2 and let
W e L=N/eA  [fp > § and 1/p —1/q = a/(n — )), then there exists a
positive constant C such that

m
W - I amfll oy < CIW I on-nsanny [T 1l o @ny-
j=1
Moreover, similar estimates hold for Mg o m-
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Proof of Theorem 3.3. By the Holder inequality, we have

)\Q(y)l 11 1% = 6;9)ldy
r j=1

1
Mgq o f(x) = sup /
o4 ( ) >0 rn_a B(O
< C'sup

1 ’ 1p i 1/
([ o) ( /B o L1 = 0 a)
1 1/p;
scspa ([ lewra)” ( L, Vit =)
/ .
conrlh [, mora) B[, te-oora)”

r>0

v 1/p;
< Csupro- n/pH(/B( )|fj<x—9jy>|pfdy) J

)

r>0

)

If p=(n—A\)/a > ¢, from the condition (2.1), we have

. 1/p;
M of(x) < Csupr™ <””pH( S Mie =)

r>0

= CH 151l 5.5
j=1

Therefore, we complete the proof of Theorem 3.3.
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