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A BOUNDARY VALUE PROBLEM FOR
ELLIPTIC-DIFFERENTIAL OPERATOR EQUATIONS WITH A
SPECTRAL PARAMETER IN THE EQUATION AND IN THE

BOUNDARY CONDITIONS

NARGUL K. KURBANOVA

Abstract. In this paper, in a separable Hilbert space H on a finite
interval we study the solvability of boundary value problems for ellip-
tic differential-operator equations of the second order in case, when the
same spectral parameter enters quadratically in the equation and en-
ters linearly in the boundary conditions. The obtained abstract result is
applied to boundary value problems for elliptic partial differential equa-
tions.

1. Introduction

Boundary value problems for second order elliptic differential-operator equa-
tions in the case, when the same spectral parameter enters both in the equation
and the boundary conditions, in various aspects, were studied in the works of
V.I.Gorbachuk and M.A.Rybak [12], M.A.Rybak [13], L.A. Oleinik [11], M.Denche
[7], B.A.Aliev [1,2,3], B.A.Aliev and Y.Yakubov [4], M.Bairamoglu and N.M.
Aslanova [6] and others.

We note that, in all these papers [1-4,6,7,11-13], the order of the spectral pa-
rameter entering in the equation and the boundary conditions is the same, more
exactly, the spectral parameters linearly enters both in the equation and in the
boundary conditions. In contrast to [1-4,6,7,11-13], in this paper we study bound-
ary value problems for second order elliptic differential — operator equations in
the case when the same spectral parameter enters quadratically into the equa-
tion and linearly into the boundary conditions. So, in the paper, in a separable
Hilbert spaces H, we consider the following boundary value problem on [0,1] for
an elliptic differential-operator equation of the second order

L\, D)u == Nu(x) — v (x) + Au(z) = f(z),z € (0,1), (1.1)

Ly Nu:=au (1) + (1) = f1,La (N u = Bu' (0) — M (0) = fo, (1.2)
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where A is a spectral parameter ; «,  are some complex numbers from the right-
hand side of the complex space; A is a linear, unbounded self-adjoint positive-

definite operator in H; D := T

Simple sufficient conditions f:(v)r the solvability of problem (1.1), (1.2) (in fact, a
theorem on isomorphism is proved) and some estimates (with respect to u and \)
for the solution of the problem (1.1), (1.2) in the space L, ((0,1); H),1 < p < o0,
are established.

One simple application of abstract results to boundary value problems for
second order elliptic partial differential equations in the square is given. Note
that when in equation (1.1) A stands instead of A?> and boundary conditions (1.2)
contain perturbed terms (with abstract operators), then the obtained problem
was considered in paper [4]. Solvability, Fredholm property and also discreteness
of the spectrum and completeness of system of roof vectors were studied in [4].

In the case when in equation (1.1) @ (z) is taken instead of A, where
Q(z) € W) (0,1),1 < p < o0, Q(1) # 0, and in boundary conditions (1.2)
a =1, Lou :=u(0) = fy, then the obtained boundary value problem for second
order ordinary differential equations (the Redgge problem) was studied in the
monograph by S.Yakubov and Y.Yakubov [15, section 3.5.4] (see also the paper
of S.Yakubov [16]). Solvability and discreteness of the spectrum and two fold
completeness of a system of roof functions of the corresponding homogeneous
boundary value problem were studied in [15] and [16].

We also mention the paper of N.B.Kerimov and Kh.R.Mamedov [8], where
the asymptotic behavior of eigenvalues and eigenfunctions of boundary value
problems for second order ordinary differential equations with a parameter is
studied. The spectral parameter participates in the equation as A%, while in the
boundary conditions both as A and \2.

Introduce now some necessary definitions and notions used in the paper.

Let Fy and F> be Banach spaces. The set E1+F5 of all vectors of the form
(u,v), where u € E1, v € Eo, with standard coordinatewise linear operations
and with the norm

ey 9 ey
is a Banach space and is said to be a direct sum of Banach spaces E; and F».

Let Eq and E be two Banach spaces. Denote by B (FE1, E) a Banach space of
all linear bounded operators acting from F; into F with the standard operator
norm. If £y = F then B (F) := B(E, E).

Definition 1.1. A linear closed operator A, densely defined in a Hilbert space H,
is said to be strongly positive if, for some ¢ € [0, 7) and for all complex numbers
w such that |arg u| < ¢ (including g = 0), the operators A + ul are (boundedly)
invertible and the estimate
-1 -1
|avun |, <+

holds, where I is the unit operator in H, C' = const > 0. For ¢ = 0, the operator
A is called positive.

A simple example of strongly positive operators are selfadjoint positive-definite
operators acting in a Hilbert space. Note that from strong positivity of an op-
erator A it follows strong positivity of the operator A% « € (0,1). Let A be a
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strongly positive operator in H. Since A~! is bounded in H, then
H (A" = {u cue D (A", lullgroan = HA"UHH} , neN,

is a Hilbert space whose norm is equivalent to the norm of the graph of the
operator A™. If A is strongly positive in H, it is known that the operator —A is a
generating operator of the analytic, for ¢ > 0, semigroup e *4 and this semigroup
exponentially decreases, i.e., there exist two numbers C' > 0, g9 > 0 such that
He_tAH < Ce ! () <t < +oo. By virtue of [9, theorem 1.5.5], the operator

—A1/2 generates an analytic semigroup, for t > 0, decreasing at infinity.

Definition 1.2. [14, theorem 1.14.5]. Interpolation spaces (H (A"),H), , of
Hilbert spaces H (A™) and H, where A is a strongly positive operator in H, are
defined by the equality

(H(A"), H)g i =A{uzuwe H, ullgiany m, =

+oo
= / t—1+nop HA"e_tAuHZ dt < oo} ,0€(0,1), p>1, neN.
0
We denote (H (A"),H), ,:=H (A"), (H(A"),H),,=H.

Denote by L, ((0,1); H) (1 <p < o) a Banach space (for p = 2 a Hilbert
space) of vector-valued functions x — u (x) : [0, 1] — H strongly measurable and
summable with order p and with the norm

1 1/p
ol ory = ( / Hu(w)H%d:c) <.

Denote by Wg" ((0,1); H (A™) , H) := {u: A"u, u® € L, ((0,1) ; H)} a Banach
space of vector-valued functions z — u (x) : [0,1] — H strongly measurable and
summable with order p and with the norm

. . — | A" (2n)
[ellwzno,0):m(any 2y = 1A Ul 0,000y + H“ L (O.1:H)

It is known [14, theorem 1.8.2] (see also [15, theorem 1.7.7/1]) that if
ue W2((0,1); H (A™), H) then, Vo € [0, 1],

u (z0) € (H(A™),H) | , j=0,....2n— L

2. Homogeneous equations

First, consider the following boundary value problem, in a Hilbert space H,
L\ D)u:= ) u(z) —u" () + Au(z) =0, =€ (0,1), (2.1)
Li(Nu:=oau 1)+ u(l) = fi,

La(MNu == pu’ (0) — Au(0) = fo.

Theorem 2.1. Let the following conditions be fulfilled:
(1) A is a selfadjoint, positive-definite operator (A =A*> '72[) in a separa-

ble Hilbert space H;
(2) a#0, B #0 are some complex numbers with |arg a| < g, larg | < g

(2.2)
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Then the problem (2.1), (2.2), for fr € (H (A) ,H)%_s_% S (1,00), and for
p7
larg \| < ¢ < 5, |A| is sufficiently large, has a unique solution u(x) which belongs
to W}? ((0,1);H(A),H) and, for these X, the following estimate holds for the
solution of the problem (2.1), (2.2)

A7 lullz,0,);m) + H“”HL (0,1);H) T 1Aullr, (0,1):m) <

<CZQWW

Proof. Since A = A* > ~2I in H, by the spectral theorem (see, e.g., [10,
chapter V, sections 5 and 6, chapter VI section 5]) there exists an operator-
valued function f (A f +°° p) dE, for any measurable, bounded complex-
valued function f (u ) Furthermore, f(A) is a bounded operator in H and

1f (Dllpary < ess Sup |f (©)|. Then, from condition 1, it follows that for any
<p<oo
v, 0<yY < there exists Cy, > 0 such that

IR A< Cp(L+ M) Jarg A =7 — o,

where R (\, A) := (A — A) " is the resolvent of the operator A. Hence, by virtue

of [15, lemma 5.4.2/6], for |arg A| < ¢ < 7, there exists an analytic, for 2 > 0,
1/2
and strongly continuous, for = > 0, semigroup e (ATNT) By virtue of [15,

lemma 5.3.2/1], for a function u (z) being a solution of the equation (2.1), for
larg A| < ¢ < 7, belonging to Wg ((0,1);H(A),H), 1 < p < oo, it is necessary
and sufficient that

+Mﬁwnm) (2.3)

1 1
2"’% 5P

u (1:) _ efx(A+)\21)1/2 7(17:1:)(A+)\2I)1/2927 (24)

wheregke(H(A),H)% k=1,2.
P

g1 t+e

P
A function u (x) of the form (2.4) satisfies the boundary condition (2.2) if

[—a(A+>\21)1/2+>\I} ~(4vxen)” 9+[ (A+>‘21)1/2+>‘I}92=f1,

(2.5)
_ [,@(A+A2I>1/2+/\I] gl+[5(14+)\2[)1/2 _ )\I] ef(AJr)\ZI)l/zg2 — .

We rewrite the system (2.5), in the space H := (H (A) ,H)%Jr% L, (H (4) 7H)% b
P’ D
in the operator form
91 fi
AN)+R(A = 2.6
am+ron (9)=( 1), 26)
where A (\) and R (\) are operator-matrices of dimension 2 x 2:
27\1/2
AQN) = 02 o, a(A+ND)7"+ A1 ’
— [BA+X2D)Y2 + AIT, 0
D(A(N):=(H(A),H)1 ,+(H(A), H) L,
2p? 2p?
and
1/2
—a (A+X20)? g ar| e (AX) 0
ROy [ Lo@e D™ ] nl

0 [B(A+ X212 — A1) = (40)
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D(R()\)) :=H.
Show that the operator A (M), in the space H, for A\ from the sector
larg A| < ¢ < g, has a bounded inverse A (M) acting from H into

(H(A),H) 1 p%'— (H(A),H)1 ,and it holds the estimate
2p? 2p?

lacy

< 9.7
L(H(A).H) )‘ 2.7)

HB(H,(H(A),H)

o S

where C' > 0 is a constant independent on A. Since A (/\) formally has the form
) -1

0 — [B(A+XD)YV2+ A1
-1

-1 _
A= o (A+220)" 4 a1] 0

1/2

-1
then it is sufficient to show that the operator [a (A+X21) —i-/\I} , for Jarg A| <

w < g, is bounded from (H (A) ,H)%+2L7p into (H (A) ,H)%,p and it holds the
estimate ’ ’
-1

o (4+220)" 4 0| <c (2.8)

((H(A)H)1 1p,(H(A) )%p,p)

where C > 0 is a constant independent on A.
-1
Consider the function f (p) = ( +a A (pn+ )\2)71/2> , for a fixed a # 0

jargz

™
with |arga] < —. Note that 22 = \2\2 e 2, where —7 < argz < m. Show now

that, for |arg)\| <p< 5,

inf  |(f(u) " | = inf ‘<1+a—1A(M+A2)‘”Q>‘ZC, 30 >0. (2.9)

y2<p<oo y2<p<oo

. 7T 1 7r i 2
Since |arga| < 5 then ‘arga ‘ < 3 If 0 <argh < ¢ < 5 and v° < pu <
oo, then 0 < arg (u+ A?) < 2p and —2¢ < arg (,u+)\2)_1 < 0. Therefore
—p < arg (,u—l— )\2)_1/2 < 0. Consequently, —p < arg ()\ (,u+ )\2)_1/2> <. If
—p < argA < 0and 4?2 < u < 00, we have —2¢p < arg (,u—i—/\Z) < 0. Hence,
0 < arg (u—i— )\2)_1/2 < . Consequently, —p < arg (/\ (u—i— )\2)_1/2) < p. So,

arg ()\ (u+)\2)_1/2)’ <ep< g

for larg \| < p < g and 2 < p < oo, we have
Therefore,
1 o\ —1/2 ™
‘arg(a A+ X7) >’§§+cp<7r. (2.10)

If (2.9) is not true then there necessarily exist sequences pu, and A, such that
7% <y < 00, Jarg Ap| < @ and oAy, (pn + )\%)_1/2 +1—=0or
oA, (pn + )\%)71/2 — —1 and this contradicts with (2.10). Consequently, (2.9)
holds. It means that f(u) is a bounded function on [y2, 00), uniformly on A,
larg A| < p < g Then, according to the remark at the beginning of the proof,
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dC > 0 such that

1911
HP+a*Au+a%)”ﬂ <
B(H)
1911
< sup ‘14—(1_1)\ (,u—{—)\Q) 1/2’ <C, (2.11)
¥2<p<oo
uniformly on A, largA\| < ¢ < g Note that “esssup” = “sup” since f(u) is a

continuous function.
On the other hand, by the same remark at the beginning of the proof, for A

from the sector |arg \| < ¢ < g, we have

2\ 1 Cop
H<A+)\ 1) HB(H) =7 + A2 (2.12)
Similarly,
- C
A+ 22T WH < 2% 1
H( +A°) B(H) ~ 14} (2.13)
Then, from the representation
o (A+220)" 421 _1:$ [T+a7"a (A+)\QI)_1/2]_1 (A+A21) 72 (2.14)

by virtue of (2.11) and (2.13), for A from the sector |arg A| < ¢ < g, we have

-1

C
<

A+ 2202 par < :
{a( ) ] san ~ L+

3C > 0. (2.15)

Now prove the estimate (2.8). According to (2.14), it is sufficient to show that
a) the operator (A + )\21)_1/2 for A from the sector |arg A| < ¢ < g is bounded
from (H (A),H)1,_ 1  into (H (A),H) 1, and it holds the estimate

3t3,P 2

H(AJrAQI)_l/ZHB((H(A) ) <C, (2.16)

H) (H(A),H)

1 1 1
g"’ﬁ#” ﬁap

where C > 0 is some constant independent on A;
1N —1
b) the operator (I + a7t (A4 N2) 1/2) , for A from the sector |arg \| <
p < g, is bounded from (H (A),H)%p into (H (A) ,H)%p and it holds the
p’ p’
estimate

H(1+a—1A (A+)\2I)71/2)71 <0, (2.17)

By )
where C' > 0 is some constant independent on A.

Note that a) was proved in [5]. Prove b). From the estimate (2.11) it follows
that, for |arg A\| < ¢, it also holds the estimate

H (1 +a A (A+ A21)*1/2)_1 <C, 3C >0 (2.18)

B(H(A))

Then, according to the interpolation theorem [14, theorem 1.3.3/(a)] (see also
[15, section 1.7.9]), from the estimates (2.11) and (2.18) it follows that, for A
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T -1 2 -1/2]71 .
from the sector |arg A| < ¢ < 7, the operator [14— a A (A4 N) } is

bounded from (H (A), H),,, into (H (A),H), ,, for any 6 € (0,1), and it holds
the estimate

<

| 9 n—1/2) "1
H(I+a A (A‘F)\ I) ) B((H(A)vH)Q,P)

1-6
X

< H (1+a7 A (a+x20)7") -
B(H(4))

X <cC. (2.19)

1
(1+ a7 A (a+x20)7") 1
B(H)

1
Take 0 = o in (2.19). Then we get (2.17). So, from the representation (2.14),
p

by virtue of the estimates (2.16) and (2.17), it follows that for A from the sector
larg A\| < ¢ < g the estimate (2.8) holds. Consequently, for A from the sec-

tor |arg A| < ¢, the operator A (A) ! is bounded from H into (H (A) 7H)2ip—'k
p7

+(H(A),H) 1 , and the estimate (2.7) holds. Then, from the equation (2.6),
2p

we have

I+AN RO) gl):A/\_1<f1>. 2.20

(reamre) (4 ) =am (4 (2.20)

We can now show that all the operators in the operator-matrix A (A\) ™" R (\),

for sufficiently large |A| from the sector |argA| < ¢, are bounded from

(H(A) 7H)2L , into (H (A) ,H)QL It is sufficient to show this for the opera-
P P

tor

D’
o (4+220) " 4 01| - [—a (44220 4 1| e-(arxen)?,

From (2.15) it follows that for A from the sector |arg \| < ¢ < g it holds the

estimate

C
B(ay LA

o (A+221)"* 4 1| - (2.21)

Then, by virtue of the interpolation theorem [14, theorem 1.3.3/(a)] (see also
[15, section 1.7.9]), it follows from (2.15) and (2.21) that for A from the sector

larg A\| < p < g it holds the estimate

C
14+ A

o (4+220) " 40| - < (2.22)

B, )

2p>
By virtue of [15, lemma 5.4.2/6], from the interpolation theorem [14, theorem
1.3.3/(a)] it also follows that, for |arg A\| < ¢ < g, the estimates

/
H (A+221)1 2 e (4D <Ce N 3Cw>0,  (2.23)
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and

1/2
“6_(A+>‘21) <Cce M 30w >o0, (2.24)

B, )

2571’
hold. Then, by virtue of the estimates (2.22)—(2.24), for A from the sector
larg \| < ¢ < 7, we have

12, )\I]il [_a (A+ )\21)1/2 . )\]} 6—(A+/\2I)1/2

o (A+22)

<
B((H(A),H)

’)

M

<C ((1 FA) e e_“’|>‘|) < Ce v,

Consequently, for sufficiently large |A| from the sector |argA| < ¢ < g,
the operator A (A\)~" R ()) is bounded from (H (A), H)y ,+(H(A),H) 1, into
P P’
(H (A) ,H)% o+ (H (A) ’H)% , and it holds the estimate
P P
AN RO < Ce ¥ <1, 2.25
[aroy By ALy ) (2:25)
2p> 2p>

Hence, according to the Neumann identity, for |arg \| < ¢ < g and sufficiently
large |\,

(T+am ™ RM) gy i (-4 'R ()\))k , (2.26)
k=1

where the series converges in the norm of the space of bounded operators in

(H(A),H) + (H (A) ,H)% Then, from (2.20), for sufficiently large ||
P

1 .
E P P

from the sector |arg \| < ¢ < g, we have

<§§ ) = (e AT RO) A ( f )

Consequently, using the formulas of A(\)~! and R(\) and (2.26), for sufficiently
large |\| from the sector |arg A| < ¢, the elements g; and g can be represented
in the form

gk = (Cr1 () + Rp1 (A) f1 + (Cr2 (A) + Rr2 (A)) f2, k=12, (2.27)
where C11 (A) = 0, Cia (\) = [B(A+A2D)Y2 4 A1
Cao1 (N) = [a (A+ )\2[)1/2 + )\[} _1, Ca2 (A) = 0, and Ry;()) are some bounded
operators acting from (H (A) ’H)%“'ﬁ’p into (H (A) ,H)%’p. Furthermore, from
the estimaties (2.7) and (2.25) it follows that, for |arg A| < ¢ and || — oo,
Rk (V]| ) < ceM 30w > 0. (2.28)

B, 4 AL

From the representations of A (A\)~! and R () it also follows that, for sufficiently
large |A| from the sector |arg A| < ¢ < g, for the operators Ry; (A) we have

1Ri; Ml gy < Cem, 3C,w > 0. (2.29)
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Substituting (2.27) into (2.4), we get

+€—(1—x)(A+)\21)1/2(02k (A)+ Rax (/\))}fk (2.30)

In order to show the estimate (2.3), it is necessary to estimate, for sufficiently
large |A| from the sector |arg A| < ¢ < T, some finite number of integrals in the
space Ly, ((0,1); H). The integrand expressions are obtained from the functions
u(z), u” (z), Au(x), where u (z) is determined by the equality (2.30). Here,
[15, theorem 5.4.2/1 and lemma 5.4.2/6] and the estimates (2.11), (2.12), (2.22),
(2.28), and (2.29) are essentially used. Estimate one of these integrals, for exam-
ple, the integral

e ([

By virtue of [15, theorem 5.4.2/1 and lemma 5.4.2/6] and the estimates (2.11),
(2.12), and (2.19), for sufficiently large [A| from the sector |arg\| < ¢ < 7§, we

/ P 1/p
o—(1=)(a+x21)! 2021 (\) f1 d$> '

H

have
1 / p 1/p
’)\’2 (/ e*(l—x)(z‘HAQI)l 2021 (\) f1 dac) =
0 H
1 / —1 |IP 1/p
e (/ (o) (arx2n)'? o (a+220" +a1] dx) -
0 H
o (1 2n)1/2 1 ~1/2 —1217L )P r
= Al </ ‘e—ﬂ—x)(AH 07 (A4 X0) [I+a—1A(A+A21) } h d:c> <
0 o H
< L g [+
[o B(H)
! /2 (1—z)(Arr2D)"? —172171 L |)P Hp
X (/ (A4 221) 1% e (- (A7) [I+a’1)\(A+)\QI) } h dx) <
0 H
1 1 _ -1
< = AP . H[I+a—1A(A+A21) S +
lal 7 T4 (A (H(A)H)y, 1
§+ﬁap

L)

’ [I +a” ) (A + )\21)_1/2} - fi

e

_1
< (I, ., + W' 1Al

1 1
§+ﬁ’
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3. Nonhomogeneous equations

Let us now consider our full boundary value problem in a separable Hilbert
space H, i.e.,

L(\D)u:=Nu(z)—u" () + Au(z) = f (z), = €(0,1), (3.1)
Li(Nu:=oaou (1)+ (1) = f1,

Ly(\u 1= B (0) - Au(0) = fo.

Theorem 3.1. Let conditions of theorem 1 be satisfied.
Then the operator L (A) : w — L (AN u := (L(A\,D)u, L1 (N)wu, La(Nu), for
sufficiently large |\| from the sector larg \| < ¢ < T, is an isomorphism from
W2 ((0,1): H (4), H) onto Ly (0,1); H) - (H (A), H)1 1+ (H (A), )1y,

p € (1,00), and, for these A, the following estimate is valid for the solution of
the problem (3.1), (3.2)

A lull L, (0,00;m) + " HL oy AU L 0,1,y <

(3.2)

< C Nl (0.1 +Z(ufkuH(A)H>l +\A\1‘iufkuH)]- (3.3)

+55.p

Proof. The injectivity of the mapping IL () follows from theorem 2.1, since the
homogeneous boundary value problem corresponding to the boundary value prob-
lem (3.1), (3.2), for sufficiently large |A| from the sector |arg A| < ¢ < T, has only
a trivial solution. Thus, it is sufficient to show that IL (\) is surjective, i.e., for any
f € Ly((0,1);H) and any f1 € (H (A);H)g,, f2 € Ly (H (A); H)g,, there ex-
ists a solution of problem (3.1), (3.2) belonging to W ((0,1); H (A), H). Define
f(z):=f(z)ifz e (0,1) and f(z) =0if 2 & (0,1).

A solution of the problem (3.1), (3.2) can be represented in the form of the
sum u () = uy () +usg (z), where uy (x) is the restriction on (0, 1) of the solution
@ (x) of the equation

L\ D)ty (z)=f(x), z€R=(—00,+0), (3.4)
and ug (x) is a solution of the problem
L(/\,D)UQ (.73) =0,z € (0 1) L ()\)u =fi—I, ()\)ul,

Ly (N uz = f2 = Lo (A) (3.5)
It is obvious that a solution of the equation (3.4) is given by the following formula
- 1 . RN
i (@) = 5 [ ML) FF () da
TJR

where Ff is the Fourier transform of the function f (z) and L (\,0) = —o2I +
A+ X2I. Further, it is proved in [15, theorem 5.4.4] that the solution @; belongs
to W2 (R; H (A), H) and, for the solution, it holds the estimate

AP Nl ) + 18 D < C 7|, o o lagA <o (3.6)

Lyp(R;H)
Therefore, uy € W7 ((0,1); H (A), H) and, from (3.6), for |arg A| < ¢, we have

A el o,myern + I lwz sy < C Ml - (37)
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By virtue of [15, theorem 1.7.7/1] (see also [14, theorem 1.8.2]) and the in-
equality (3.7), we have

uf?) (wo) € (H (A), H)s Wro € [0,1], s=0,1.

T

Hence, Ll()\)ul € (H(A),H); a1 ., LQ()\)ul € (H(A),H); 1

3t 3,P 3t 3,P

(H(A) ,H)Lp C (H(A),H)1, 1 - Thus, by virtue of theorem 1, the prob-
2p’ 27T 2p>

lem (3.5) has a unique solution us () that belongs to W ((0,1); H (A), H), for
sufficiently large |\| from the sector |arg A\| < . Furthermore, for the solution of
the problem (3.5), for |arg A\| < ¢, || = o0, we have

since

2
RY HuQHLp((O,l);H) + HUIQIHLP((O,I) H) + HAU?HLP((OJ);H) =

)

<c [Hfl — Li N ullgraym, , ,  + 12— Le N ulga.m +

S+t

S

1 1
74—%,

AT (= Lo ) g + (o = Lauall) | <

<C + | () +
[Hle(H(A),H)%%p,p 1(1) ey,
+[Alfwa (1)”(H(A),H)%+%p’p + HfQH(H(A),H)%Jr%p’p +
L0 A 0
+ [ ] ( )H(H(A)’H)%%p,p + [Afflu( )H(H(A),H)%Jrﬁ’p-i-

_1
AT (Al s Ol g+ Il O+ el + [t (U)HHH)\HIM(O)H)} :
(3.8)
By virtue of [15, theorem 1.7.7/1] (see also [14, theorem 1.8.2]) and (3.7), for
any xp € [0, 1], we have
[is” @] s

(H(A)VH) g, 1

]

< Cllullwzoaymcay.m < CMF L0 8=0,1. (3.9)

By virtue of [15, theorem 1.7.7/2], for any complex number A\ and any u €
WZ? ((0,1);H), s=0,1,

1 1
ul®) (zo)|| < C([Al» ||UHW2((0,1);H) + WH” l[ull, ((0,1);H) ) - (3.10)
H P P

Dividing (3.10) by [A|7 , for A € C, u € W2 ((0,1); H), s = 0, 1, we have

‘)\’278

1
Nine

ut @o)|| <€ (ulhwgoumn + A Il o ) » 5= 0.1 (3:11)
Then, from (3.7) and (3.11), for |arg A\| < ¢ < 7§, we have

2(1—2-L s
|)\| ( 2 21’) Hug ) ((EO)HH S C <||U1HW5((O,1),H) + |)\|2 ”u1||Lp((071);H)) S

<C (Hu1||wg((o,1);H(A),H) + A ”ulan((O,l);H)) <
<Clfl o)y s=0,1. (3.12)
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According to the estimates (3.9) and (3.12), from (3.8), for |arg\| < ¢ <
5, |A] = oo, we have

A luall L, (0,1)m) + HU; + [ Auall 1 (0,00m) <

Lp((0,1);H)
2 -

< C NI o + 20 (Millarcan, o+ N7 1fella ) |- (3.13)
k=1 P’

Then, from (3.7) and (3.13) it follows (3.3) since u = uj + u2. The theorem is
proved. O

4. Application of abstract results to elliptic partial differential
equations

Let us consider a boundary value problem with a parameter for an elliptic
partial differential equation of the second order in the square [0, 1] x [0, 1]

L (X, Dy, Dy)u = Nu(z,y) — Dau(x,y) — Dy (a (y) Dyu (z,y)) = f (z,y), (4.1)
Ly (N u:=aDyu(l,y) +Au(l,y) = fi(y), yel0,1],

Lo(\u = BD,u (0,y) — Au(0,y) = f2(4)» y € [0,1], (4.2)

uw(z,0) =u(x,1) =0, z €][0,1], (4.3)
where D, := g D, = 2
T o TV oy

Denote the interpolation space of Sobolev spaces by

B;, (0,1) = (W (0.1), W, (0,1)), .

where 0 < sg,s1 are integers, 0 < 0 < 1, 1 < g < o0, 1 <p <ooands =
(1 —0)s9+ 6s1. Set

Wy (0.1) = B3, (0.1) := (W (0.1), W' (0,1)), .

if 0 < s # integer.
Theorem 4.1. Let the following conditions be fulfilled:
1. a(-) € C0,1], a(y) >0 fory € [0,1];
2. a#0, B #0 are complex numbers with |arg o < g, larg | < g
Then the operator L. (X) : w — L (A)u := (L (X, Dy, Dy) u, L1 (X) u, La(A)u),
for larg A\| < ¢ < § and sufficiently large ||, is an isomorphism from
W2 ((0,1); W3 (0,1),L2(0,1)), 1 < p < o0, onto

. o1-4 .14
LP ((Oa 1) ;L2 (Oa 1)) +BQ,p,i (07 1) +BZ,p,S< (07 1) ’
where
1—1
B21pp 0,1), 1<p<2,
1-2 1
By, (0,1) = § W (0.1 [y (min{o,1—a}) ™ fu (@) de < 00) ,p =2,
1
p

By 7 ((0,1);u(0) =u(1) =0), p>2,
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and, for these A, for the solution of the problem (4.1)—-(4.3) it holds the following
estimate

2 2
Ml (@) 2 0,0y, 22 0,0 + 1Pz (@0 1 0,020

+ 1Dy (a (y) Dyu ('CL"y))HLp(((),l);LQ(O’l)) <

<C A , . + _1 +
< AL (= y)||Lp((0,1),L2(0,1)) | f1 (y)HB;p’l’(o,l)
1—1
@y N (19 Oy + 12 @len) [ @49

Proof. In the space H = Ly (0, 1), consider an operator A which is defined by the
following equalities

D(A):= W3 ((0,1),u(0) =u(1) =0), Au:=(—a(y)d (y))".

Then, we can rewrite the problem (4.1)—(4.3) in the operator form (3.1), (3.2)
and apply theorem 3.1. From condition 1 it follows that the operator A is self-
adjoint, positive-definite in H = L9 (0, 1), i.e., the only thing remains is to write
down explicitly the interpolation space (H (A), H)

By virtue of [14, theorem 4.3.3],
(H (A), H) 1y o= (W5 ((0,1)5u(0) =u (1) =0), L (0,1)) 1, 1

2 T 2p>

1 1 .
54’%71’

1—1
B,,"(0,1), 1<p<2,
=3 w7 (0.1; J) (min {1~ 2}) 7 @) de < o0) p =2,
1

’G\HA

By,” ((0,1)5u(0) = u(1)=0), p>2,
. 1_l
ie., (H(A),H)%Jrip =B,y,”" (0,1).
The theorem is proved. O
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