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COERCIVE ESTIMATE FOR DEGENERATE ELLIPTIC
PARABOLIC EQUATIONS

TAHIR S. GADJIEV AND MEHRIBAN N. KERIMOVA

Abstract. In this work a class of degenerate elliptic-parabolic equa-
tions of the second order of non-divergent structure is considered. For
solutions of boundary value problems of these equations the coercive
estimation in appropriate Sobolev space is established.

1. Introduction

Let Q be a bounded domain in R" with a boundary 992, 02 C C?, Qr be a
cylinder © x (0,7), where T € (0,00). Let’s consider in Q)7 the boundary value

problem
n

Lu = Z aij (z,t) uij + ¥ (z, 1) up —ue = f (2,1, (1.1)
ij=1

u/F(QT) =0, (1.2)

where for i,j = 1,n , u;; = %&j, u; = g—;, I'(Qr) = (09 x [0,T]) U

(Q x {(x,t) : t = 0}) is parabolic boundary of Qr, and

P (,t) =w (@) A(@) o (T - 1), (1.3)
where w () € A, satisfy the condition of Muckenhoupt (see [2]), A () > 0, A (t) €
CH0,T],¢(2) 2 0,¢' () 2 0,0(2) € CH[0, ], (0) = ¢' (0) =0,

p(2) 2 B2y (2),
where f is a positive constant.
Assume that for coefficients of the operator L the following conditions are
fulfilled.
laij (z,t)|| is a real symmetrical matrix with measurable elements defined on
Q7 and for every (z,t) € Qr and £ € R" the inequalities are true

yw () 167 < Y g (2, 8) &85 < v Mw (@) €7, (1.4)

ij=1
where ~ is a constant from a semiinterval [0, 1].
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The purpose of this work is to obtain a coercive estimation for the problem
(1.1)-(1.2) in appropriate Sobolev space.

The obtained estimation can be used when proving a unique strong ( almost
everywhere) solvability of the first boundary-value problem (1.1)-(1.2) for every
f(z,t) € Lo (Qr) -

The theory of degenerated elliptic-parabolic equations ascend to classical work
by Keldysh [7] in which the correct statements of boundary-value problems for
the equations of a kind (1.1) with one space variable were found G.Fichera [3] has
established a weak solvability of the first boundary-value problem for a wide class
second order equations with the nonnegative characteristic form (see also [8]). As
to a strong solvability of the first boundary-value problem for elliptic-parabolic
equations in the nondivergent form with smooth coefficients, we shall note in this
connection the works [4-6]. The similar result for the equations of a kind (1.1) is
case coefficients satisfy to Cordes condition is obtained in [1].

The paper organizing by following. In Section 2 we present some definitions
and preliminary results. In Section 3 we give main results.

2. Definitions and preliminary results
For R > 0,2° € Q we denote a ball {z: |z —2° < R|} by Br(z°) and the
set Br (2°) x (0,T) by Q% (2°). Let Bg(2°) C Q. We say that u(z,t) €
A (Q? (CL‘O)) if u(z,t) € (Q¥ (9:0)), u/i—o = 0 and suppu € QF (350) for some
p € (0, R). We say that u (z,t) € Ay (QF (2°)) if u(z,t) € (QF (2°)), u/t=0 = 0.
Finally, u (z,t) € B (Q¥ (xo)) if u(z,t)e A (Q¥ (xo)) and u/i—r = w/1=7 = 0.
Everywhere further a notation C () shows that a positive constants C' depends

only on the contents of brackets.
Let us introduce the Banach spaces of functions u (x,t) given on Q7 with finite

norms 1
n 3
[l Qr) = / w(z) | u?+ Z ui dxdt |
2,w QT P
2

n n
ol g = | [ ) [+ 3002+ 3 a2, Jasat )
T i=1

i.j=1

lellwzr oy = Nullwz @r) 1wl o) »

Hu”Wi’i(QT)

n n
RIS S S
T i=1

ij=1
1
2
dxdt) ,

el g = < / lw (@) (“2 +Zui> +uf + 42 (2,1) u2] dwdt> ,
’ Qr i=1

n
+uf + 7 () ufy + (2, 1) Yl

=1

(NI
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o 1,1
respectively sz (Qr) is a subspace of space I/V2 » (QT) that has a set of all

functions from C*° (Qr), vanishing on parabolic boundary I" (Qr).

Let’s consider a model operator
0? 0
Zy = A t - =
0 W() +¢(95 )atQ ot’

2
where A =30 % is a Laplace operator.

Lemma 2.1. If the function ¢ (x,t) is chosen as in (1.3) and the condition (1.4)
are fulfilled then such Ty (¢ (z,t),n) exist at T < Ty for any function u(x.t) €
A (Q% (:L'O)) the estimate is true

ngi(a;O) [W2 (2) 22]':1 uzzj +up + % (@, ) ufy + P (1) doic ugy | dedt <
(1+ DS) / (Zou)? dadt, (2.1)
QF (a0)
where S = S (¢,n) is some constant, D = D(T) = q(T) + 1 (T), q(T) =
o / —
sup @' (1), 1 (T) = sup ¢ (t).
t€[0,7) t€[0,T]

Proof. Let’s denote for simplicity Bgr (ZL'O) and Q? (1:0) by B and @ respec-
tively and dxdt by dv. We have

= 2 = —’U,t2 v =
1_/62(20@ dv—/Q(w(x)Au—i—w(:r,t)utt 12d

:/w2 (x) (Au)2dv—|—/ Y (z,t) uftdv—l—/ uldv+
Q Q Q

+2/ w(z) Y (z,t) Auuttdv—Q/ Y (z,t) wpupdv = i1 +io+is+ig+is+ig. (2.2)
Q Q
We will consider each summand separately. We have

il :/ ( A’LL dr = Z/ uiiujjdv.

3,j=1

Here, successively applying integratlon by parts with respect to variables x;,
x; and taking into account that Dz, / o = 0, we obtain

Z/ x) ugiugjdv = — Z/ x) wiiju;dv— 22/ wa;] ) wiijujdv =

i,0=1 i,0=1 i,0=1
=3 [ e ()
2,7=1

The integrals i3, i3 do not change. In the integral i4, integrating by parts with
respect to a variable ¢ and x; and taking into account that ¥ (z,t) = w;; /=0 = 0,
we get

iy = 2/ ()Y (x,t) Auuydo = QZ/ (z,t) uugdo =
Q
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= —22/ (Y (z,t) w () wig) upgdv = —22/ x) Y (z,t) uzupdv—
= —22/ (z,t) urupdv = —22/ x) Yy (z,t) uupdo+
—1—22/ x) Y (x,t) utuztdv+22/ thv (2.3)

Recollecting that 1 (z,t) = wi; /=0 = 0 we rewrite (2.3) in the following form

n

iy = —2 Z/ 2(z) N (t) o (T — t) ugiupdv+2 Z} /Q WA () A (1) ' (T — t) uguedo+

i=17@

— t) upugpdv Y w? (x — uzt V.
+2Z/wai<>A<t>so<T ) wuid +2;/Q (2) A () o (T — ) ud
(2.4)

For convenience we denote the expression
) [|N @) o (T—t)+A({t) ' (T —t)] = A

Then first two terms in the right hand side of 74 can be estimated as follows

-2 Z/ W) N () ¢ (T — t) ugugdo + 2 Z/ W ()N (t) @ (T — t) ugusdv >
i=17@Q i=17@
—22/ Aujiurdv > Z/ AuZdv — Z/ Audv >
i=1 ' i=17@
— Z / Au? Sdv — / AuZdv. (2.5)

i,7=1

We assume that |w,, (z)] < C1\/w(z), i = 1,n, C1—is some constant. Then
the third term in (2.3) can be estimated from below by

—2012/ @ @M ) & (T — 1) [ug] e dv,

and taking into account that for any € > 0 and arbitrary a and b the inequality
1
2|ab| < ea® + ~b?,
€

is true, we conclude that

22/ Wz, ()X (t) o (T — t) wpuirdo
=1 V@
> 2012/ Vew ()X (1) @ (T — ) |ug| Juie] dv >

Cin

—Clsg/cgw(x))\(t)cp(T—t)u?t—g/Qz\(t)go(T—t)utdv>
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n
Cing1 (T) k
—Clezw ()N (t) o (T —t) uldv — Gina (1) k / uldv. (2.6)
— = Q

where kK = sup A(t) and € > 0 will be chosen later. Then from (2.3)-(2.6) we
te[0,7
obtain an estimate for iy

iy > — /Au dv—n/ Autdv—Clez/ (T — t) ugydv—

i,j=1

k n
Cingy / wdo +23 w (@) A(t) o (T — ) ubdv >
9 Q i

_ Z / Au?jdv - n/QAufdv + (2 - Che) ; /Q w(z) X (t) @ (T —t) ubdv

4,j=1
_Gina(T)k (T)k/ uldv.
€ Q

Then

n
i5 = —2/ w () Auugdv = —QZw () ujupdv.
Q i=1
Integrating by parts with respect to a variable x; and taking into account that
u;/1=0 = 0, we obtain

i5s = —2/ Wz, () wiugs + wuiug| dv =
Q

n
Z/w(x dU—Z/ 2(z,T)dz > 0.
i=17@Q
And finally
ig = —2/ Y (z, ) uppupdv = —/ ¥ (1) (uf), dv =
Q Q

_ —/ w(E)A(B) @ (t—T) (u2), dv.
Q

Integrating by parts with respect to ¢ and taking into account that
(T —t)/i=r = 0, we get

is > /Q w (@) (A () (T — 1)), uldv > /Q w (@) X (8) 9 (T — ) ubdo—

—/ w(z) A(t) ' (T —t) uldv > —/ AuZdv.
Q Q
So

I> Z/ ) u dv—l—/ V2 (2, t) uZ,dv+
—I—/ ufdv+(2—016)2/ o (z,t) ubdv—
Q i=1 7@
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oL [an= 5 [ i —n [ aitao- [ ai
dv — Aus.dv — Auidv — Auzdv >
6 uidv uv n uidv uydv >

7,7=1 Q

>[1-58D(T Z / ) ug;dv+

i,j=1

€

+/ V2 (x,t) ul dv + [1 — 82D (T) —
Q

></ u?dv—i—(Z—Cle)Z/ Y (z,t) udv.
Q =1 Y@

Assume that ¢ = C%, then

> [L—SsD(t Z/ ) ufdv+

4,7=1

Cing1 (T) k] "

+/ V2 (x,t) uldv + [1— 54D (t) — Cfnqlk} / uldv + Z/ Y (x,t) uldv >
Q Q i=17@Q

>[1-SD(T Z/ udv—i—

i,j=1

+ / 0 (o, t) o + / v+ / b (. 8) i,
Q Q i=1 7«

where S1, S, 53,54, S are some constants dependent on 1 and n.
Therefore

I>[1-SD(#)

Z/ u-jdv—i—/ V2 (2,1) u?tdv—i-/ ufdv—i—Z/ Y (z,t) uldv
i,j=1 Q Q i—17Q
(2.7)
Considering T} so small that S - D (T}) < 3, and taking into account that at
<
1 S-D(T)

1—S-D(T)_1+1—S-D(T)

we conclude that

<1+25-D(T),

n

/ Z w? () u?j +u? + P + o Z uzdv | <[1+2S-D(T)] / (Zou)? dv.
Q

ij=1 i=1 Q

Lemma is proved.
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3. Coercive estimates for generalized solutions and main result

Lemma 3.1. If the conditions of the previous lemma are fulfilled, then for any
function u (z,t) € A (Q% (:L'O)) at T < Ty (¢,n,0) the following estimate is true

- /R W (1) Y ul+ud + P () uf + (2, t) Y g | dedt <
QT(I’O)

ij=1 i=1

Cy / (Zu)? dadt, (3.1)
QF (=)
where Cy = Cy (1, n, 0).

Proof. Again denote Q¥ (a:O) by @ for simplicity. Assuming T° < T7 we get
from the previous lemma

I'? < Cs)| Zoul| ) < Cs | Zull ) + Cs (Z = Zo) ull,, - (3.2)
1/2
Let 6 = sup (Z?jzl (aij (z,t) —6; )2) , 0i; is a Kronecker’s symbol. In (3.2)
Q 2

T
we define C3 = /1 +.5- D (T). On the other hand

2 1/2
107~ 2oyl = | | [ 32 (0 ) =8 | et ] <
ij=1
. 1/2
<9 Z w? () u?jd:xdt
Q=1
Thus, from (3.2) we conclude
. 1/2
I'? < ¢y 1Zullp, ) +6Cs Z w? () u?jdmdt . (3.3)
ij=1
As q(T) - 0, u(T) — 0, as T — 0 (as so sup ¢ (T —t) = ¢ (T) =
te[0,T]

lim ¢ (T) = 0, sup ¢ (T —t) = q(T) = lim q(T) = 0) then D (T) tends
T—0 te[0,T] T—0
to zero as T' — 0.

Taking into account the above-stated and the fact that at 6 < 1 such 77 (3, d,n)
exists that 6 (1425 - D (T))% < 1%‘; < 1 and assuming that T = min {71, 7"}.
We get the needed estimate (3.1) at 7' < T3 from (3.3).

The lemma, is proved.

Everywhere further, without losing generality, we will consider R < 1.

Lemma 3.2. If the conditions (1.4), (2.1) are fulfilled for coefficients of the
operator Z, then at T < 15 the following estimate is true for any function

u(z,t) € A(QF ()
Il 2 gy < Ca (:6m) 1 Zull, o) (34)

The proof follows from lemma 3.1 and Friedrich’s inequality
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Lemma 3.3. If the conditions (1.4), (2.1) are fulfilled for coefficients of the
operator Z, then at T < T and at any € > 0 the following estimate is true for
any function u (x,t) € Ay (Q? (:UO))

Cy (¢¥,0,n
ez sy + o Wolr(api) - (3:5)

Proof. Let () have the same meaning as before, and ()1 = Bpg/» (mo) x(0,7).
Let’s consider a function 1 (z) € C§° (Bg (2")), such that n(z) = 1
Brya (2°),0<n(z) <1and

Cio (n)

11

|7796i| < R Uxi:cj‘ < ﬁ) i,j=1,n. (36)
Applying lemma 3.2 to a function u (z,t) - n () we get
220 = o220,y < lunllyzeigy < G2 @)lyqy - (37

But on the other hand

n
7,7=1

Therefore, using (3.6) and (3.7) we conclude

Cg ¢,5,n Cl() 5,71 -
22 00y < Cs 120l iyt S gyt C 0™ S o )il

R? i=1
The last estimate together with (3.7) gives
Cui (¢, 6,n)
lullywzz gy < CsllZull Lyig) + =z lullwg - (3.8)
By interpolation inequality for any 1 > 0
Ci2(n)
lullwy @) < e llullwz @) + [ull £y - (3.9)

€1
Let’s fix an arbitrary € > 0 and assume that ¢; = %. Then from (3.8)-(3.9)
taking into account
lullwz, @ < ullw220)

we obtain

lullwzz g,y < CallZull Lyg) + e lullwzz o) + — 7 IullLy@) -
and whence needed estimate (3.5) follows with cg = ¢11 - ¢12. Lemma is proved.
Let’s denote the set {x:x € Q,dist (x,00) > p} for p > 0 by Q, and let
Qr(p) =9, x (0,T).
Corollary 3.1. If coefficients of the operator Z satisfy the conditions (1.4), (2.1),
then at T < Ty and any € > 0 the following estimate is true for any function

u(z,t) € C*(Qr) , u/i—o =0.

lallwzz2 () < Crs (46,0, 0, Q) 1 Zull ) +
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+e HU||W22§(QT) + C(14 (¢7 5)”7 P, Q) ||UHL2(QT) :

Lemma 3.4. If coefficients of the operator Z satisfy the conditions (1.4), (2.1),
then such that p1 (n,0,Q) exists, if T < Ty for any § > 0 the following estimate
is true for any function u (x,t) € C*> (QT) , u/r@r) =0

”uHWQQ”i(Q%«(m)) <Cis (waé’napbg) HZUHLQ(QT)

Ci6 (¥, 0,1, p1,)
&

e ullyss g, ) lall oo - (3.10)

where QX (p1) = Qr\Qr (p1).

Proof. Let’s fix arbitrary point 2° € 9Q and € > 0. Let’s make an orthogonal
transformation of coordinates 2 — y so that the tangent hyperplane to 9Q at the
point ° is perpendicular to y,, axis (Here 0,00 and y° are images of 2, 9Q and
2° under such a transformation). By condition dQ C C? for simplicity we take
that the equation of dQ is given by yn, = (y1,...,Yn—1) in its intersection with
some neighbourhood Oy, of the point y°, and v € C?, and the part of Q adjacent
to 9 Oy, is situated on the set {y : y, > 0}.

Let’s make another transformation of coordinates y — z in the following way
21 = Y1, Zn—1 = Yn—1, 2n = Yn — V (Y1, ..., Yn—1). Denote by a;; (z,t) the images
of a;j (y) under such transformation of space coordinates, i,j = 1,71, and by 2°
an image of the point y. We have

= 0z 0z . .

a;i(z,t) = ar (y,t i, j=1,n,k,1=1,n.
It is clear that '
oy Oik, for i < mn,

—vyg, fori=n, k<n,
1, fori=k=n.

Let 1 <i,5 <n—1. Then a;j (Z,t) = ZZ,Z:I akl (y,t) 6ik5jl = (le‘j (y,t).

As vy, (yo) =0, i=1,n—1, for any e > 0 there exists such h = h (y"), that
vy, (2)] < 2 for 2 € QM Oy (29).

Thus a;; (2,t) = ai; (y,t) at 1 <i,j <n—1.

aij (th) = Qnj (yvt) - sz;% akj (yat) Vy, att=mn,1<j<n-—1L

i (2,t) = Gnn (y,1) + 223:11 a (y,t) VypVy, — 2 Zz;i agn (4, 1) vy, at 1 =j =

8zk -

n.
Now let @ (x,t) be an image of a function u (x,t) after the transformations of
space coordinates x — y and y — x. It’s clear that C,j (yo) = (QﬂBh (yo)) X
(0, T) represents a cylinder with the base By, (yo) = {z : ‘z — zo{ <h (yo) , Zn > 0}.
For any t € (0,T") we continue the function @ (z,¢) in an odd way and the coef-
ficients of the operator Z in an even way throught the hyperplaine Z, = 0 into
a semiball B; (yo) = {z : |z . ZO‘ <h (yo) ) 2n < O} and denote the function
and operator continued again by # (z,t) and Z, respectively. Then if Cj, (yo) =
(B (3°)UB;, (¥°)) x (0,T), then u(z,t) € Wii (Ch (")). By lemma 3.3 for
any €3 >0

fal ..

0 ~ _
22 (C% (yo)) < Cur (v,8,n,9°,0) || Zul 1, 0 g0y T €3 lallwz2 )
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+018 (¢7 (57 n, y07 V)
€3

Lo cn) (3.11)

where C,, (y°) = B,, (2°) x (0,T).
2 2
But each of every norm in the last inequality due to our continuation in doubled
square of a norm taken with respect to the cylinder CZ (yo) (in the left hand
2

side) and cylinder C,J{ (yo) (in the right hand side ) respectively. Hence

€20

" ) < Cy9 HZUJH[Q(CZ‘(yO)) tes H17||W22:i(c:(y0)) +— ||UHL2(C+( 0)) -

Let I'n (3:0) be a preimage of C (yo) in x variables. Then
2 3

C23

u < Oy || Zu + Cozes ||u| ;2.2 —|— U 3.12
| ”Wjj(rh(xﬂ)) 21 [ Zullyq) + Cozes llullyz2 ) || Iz,@)»  (3:12)

2
where constants depend only 8,n,Q. Let’s cover 9 with a system of balls

{B hy (z”)} and choose a finite subcover { By, ..., By} from it . It’s obvious that

2
N depends only on 92, n. Let I'1, ..., 'y be preimage of cylinders [By x (0,T)], ...,
[By x (0,T)] in (x,t) variables. Taking a sequence of both sides of (3.12) and
adding up the obtained inequalities with respect to ¢ from 1 to N, we get

02
2 2 2 2
HUHWZQ’UQ,(Q\Q(m)) <3N <0224 ”ZUHL2(Q) + 02255§ HUHW;I?)(Q) + % ||UHL2(Q)>

’ (3.13)
where py is such that (Y, T; D Q\Q (p1). Tt is clear that p; = p1 (n,6,99). Now
it’s sufficient to put Ci5 = 3NCa, Cig = 3N2Co5Co and €3 = ﬁ and the
needed estimate (3.10) follows from (3.13).

Lemma is proved.

Lemma 3.5. Under the conditions of Lemma 3.4 the following estimate is true
for any u (z,t) € W;’i (Qr) at T <Ts.

il gy < Cor (66,1, p.2) | 2l ) + Cos (4,61 9, Q) ull -
(3.14)
Proof. By lemma 3.3 and 3.4 for any € > 0

3C%,
2

2 2 2

and

2 3CT, |, 2
3CH HZUHL2 +3e HUHW22 — ullz,0

2
el 22 g\opn) < @

Adding up these inequalities and denoting C2 + C% = Ca7, C%) + C%, = CObs,
we obtain

3C:
2 2 2 28
lulliyz2 ) < 3C2r 1 ZullL, @) + 6e” lllyz2 ) + —5~ ullZ,q) -
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Let’s choose and fix ¢ = —1-. We get

2V3"

HUHIZA/;’i(Q) < 6Cy7 HZUH%g(Q) + 7203 ||U||%5(Q) :
Whence the needed estimate (3.14) follows with Cy7 = 1/6C57, Cog = 1/6Cos.

Lemma is proved.

Theorem 3.1. If the conditions (1.4), (2.1) are fulfilled. Then such Ty =
To (¢, 0,n,8) exits that at T < Ty the following estimate is true for any function

u(z,t) € Wy (Q)
HUH?;V%(Q) < Co (¥,6,n, Q) [| Zul| 1, @) - (3.15)

Proof. It’s sufficient to prove estimate (3.15) for smooth functions w (1)
from ng (Q). We have for any ¢t € (0,7) and = € Q

w(z,t) _/Otut (2,7 dr.

Using Cauchy-Bunyakowsky inequality we can write u? (z,t) = T fg u? (z,7)dr.
Then

/ u? (z,t) dedt < T2/ u? (x,t) dzdt.
Q Q
So

2
lelzyi) < T lluellzy@) < T llullwzzg)

Let Tp = min {TQ, ﬁ} Then from (3.14) at T < T} the needed estimate
(3.15) follows with Cog = 2C57. Theorem is proved.
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