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TRIGONOMETRIC APPROXIMATION IN WEIGHTED ORLICZ
SPACES

YUNUS EMRE YILDIRIR AND RAMAZAN CETINTAS

Abstract. In the present article, we prove some trigonometric approx-
imation theorems in weighted Orlicz spaces, having generating Young
functions not necessary to be convex.

1. Introduction

The problems of approximation by trigonometric polynomials in classical Or-
licz spaces were investigated by several mathematicians. In [16], Tsyganok ob-
tained the Jackson type inequality of trigonometric approximation. In [13], Pono-
marenko proved some direct theorems of trigonometric approximation by summa-
tion means of Fourier series. In [17], the results of Ponomarenko were generalized
to weighted Orlicz spaces with Muckenhoupt weights. In [18], similar results were
obtained for fractional modulus of smoothness. In these results, the generating
Young function of Orlicz spaces are convex or quasiconvex. When the generating
Young function is quasiconvex, similar problems were investigated in [1, 3, 4, 5, 6].
In [9],Chen generalized the definition of Orlicz spaces saving almost all known
properties of them. In this definition, the generating Young function of Orlicz
spaces is not necessary to be convex .

In this work we will develop this approach with Muckenhoupt weights and
investigate some direct problems of approximation theory. We generalize the
results obtained in the papers [13, 17, 18] to the weighted Orlicz spaces having
generating Young functions not necessary to be convex.

First of all we give basic definitions and notations.

A nonnegative function w defined on T := [0, 27| will be called a weight function
if w is measurable and positive almost everywhere (a.e.). A convex function ¢
said to satisfy Ay condition if there is a constant C' > 0 and ug > 0 such that
¢ (2u) < Cy (u) for all u > wug.Let ¢ (u) non-negative, convex, vanishing at the
origin and satisfying Ao condition, such that ¢ (u) /u — 00 as u — co. Let ¥ (u)
denote the complementary function of ¢ (u) in the sense of Young. Consider the
measurable functions f(t), ¢ € T, such that the product f (¢) g (t) is integrable
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over T for every measurable function g (¢) and set

I£1;. =supq [1r@glw@de: [vdoohar<ty. @
T T

The class of such f is denoted by L¢, ,, which is usually called the weighted Orlicz
space. Furthermore we define the following norm which is equivalent to the norm
(1.1)

Hf”LE},w) =infd k>0: /cp (k‘_l |f@))w(z)de <1. (1.2)

T

This definition was generalized by Yung-Ming Chen in the following way [9].
Let —oo < p < ¢ < o0. By ¢ € N [p,q] we mean that the function ¢ is increasing,
even, nonnegative function in [0,00) such that ¢ (c0) = oo, ¢(x)z™P is non-
decreasing and ¢(x)z~? is non-increasing as x increases in (0,00) . If p < g , the
class of functions ¢ belonging to N [p + ¢, ¢ — ¢] for some small number € > 0 will
be denote by N (p,q) . By ® it will be denote the class of functions M belonging
to the class N (p, ¢) for some 1 < p < g < c0. Every function M € ® is continuous
and satisfies the condition M (0) = 0 and M € As. The functions M € ® are not
necessary to be convex. (See the example given in [9, p. 67-68]). Let M € @
and w be weight on T. We denote ¢p/(t) = M(t)/t. Since 1 < p < q¢ < o0,
we have @pr(t) — oo as t — oo. Let 1/(t) be the inverse function of positive
nondecreasing continuous function ¢y (t). We set

T

Py(x) = [pum(t)dt
/
and

(o) = [var(t)dr
0

The function ®,; is convex and hence ®,; and ¥j; are complementary func-
tions in the sense of Young. We denote by Ly (T), the class of Lebesgue mea-
surable functions f : T — R satisfying the condition

/@M (clf(@))w (z) do < oo
T

for some positive real constant c¢. On the space Ly, (T), we define the Orlicz
norm

£ 1210 1= sup /If(:v)g(:v)lw (z) dx : /‘PM (lg(z)]) w(z)de <1
7 Ut T
and the Luxemburg norm

HfH(M)’w =infd{k>0: /CIDM (‘k—lf(x)‘)w(a:) der <1
T
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In this case, we have the equivalence

1l are ~ 17l ar) o

It can be easily seen that Ly, (T) C L' (T) and Ly, (T) becomes a Banach
space with the above norms. For a weight w, taking M (x,p) := 2P, 1 < p < o0,
we denote LP(T,w) : =Ly p)w (T) the weighted Lebesgue space.

A weight function w belongs to the Muckenhoupt class A, [0, 27] if

1/q
1 1
m/wp(:v)dx m/w_q(:v)dx <C forl<p< oo,
I T

with a finite constant C' independent of I, where I is any subinterval of [0, 27]
and |I| denotes the length of I.

For a periodic function f, the Hardy-Littlewood Maximal operator is defined
as

f*(z) == sup /f (x+t)d

O<h<7r2h

In [2], it was proved that

1 N aryw = 1l ary
when M € ® and w € 4, .
Taking f € Lasw(T) we define the well-known Steklov’s mean operator

x+h/2
Apf(z / £(t)
z—h/2

Using the boundedness of the Hardy-Littlewood Maximal operator in Lz, (T)
for M € ® and w € A, , we get

||Ahf||(M)7w < C(M,OJ) ||f||(M),w <00

Using this fact and setting z,h € T, r € RT we define via Binomial expansion
that for f € Lyro(T), z €T

opflz) = =T —Ap)"f(z)
. hj2 b2
= Z e h’f/ /f:E+U1+ ag)duy...duy
k=0 “hj2 —h/)2
where [C}] = w for k > 1 and [C§j] := 1. Since [14, p.14, (1.51)]
Gl <

) , k € N, we have Z |[CF]] < oo. Then we have
k=0

Ho—hf”(M),w < C(Tv M7w) ”f”(M)w <0

Now, we define the weighted fractional modulus of smoothness of index 7 for a
function f € Ly o(T) and r e RT, M € &, w € 4,
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[r]
Q(f, 0w = sup |[[T—An)or "y ,6>0

0<h;,t<d i=1

where [r] denotes the integer part of the real number 7.
In this case

Qr(f) 5)M,w < C(Tv M7w) ||f”(M)w

The concept of fractional modulus of smoothness is not new (see for example [7]
and [15]).
We set

Eu(Nater = inf {1 = Ty s T € T}

for f € Larw(T), where T;, is the class of trigonometric polynomials of degree
not greater than n. For a given f € Li(T), let

a n
?O—i- E_ (ax(f) coskx + bi(f) sinkx) g Ag(z, f)
and

f(x) ~ % —i—Z(ak(f) sin kx — by (f) cos kx) ZAk

be the Fourier series and the conjugate Fourier series of f. We define the partial
sum of Fourier series of f as

n
Sn(@, f) = Sn(f) == Z Ap(z, f)
k=—0
forn=0,1,2,....
In [2], it was proved that the operators S, : Lusw(T) —=Ly(T) and f :
Larw(T) =L (T) are bounded in Lps(T) for M € @, w e Ay, f € L (T).
Hence we have

17l =cun

(M),w

(M)w’ HSn(f)”(M) ||f||(M) n=0,1,2,..

and
Hf_sn(f)H(M)w S CEn(f)M,w, n:071727“" (13)

Furthermore, note that the set of trigonometric polynomials is a dense subset of
L (T) since the hypothesis of Lemma 3 of [11] are fulfilled for M € ®, w € A4, .
Then the approximation problems make sense in Ly, (T). Hence E,(f)nrw — 0
as n — oo and therefore the Fourier Series of f converges to f in norm in Ly, (T),
namely,

k=1

Throughout this paper, the constant ¢ denotes a generic constant, i.e. a con-
stant whose values can change even between different occurrences in a chain of
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inequalities. The relation =< is defined as ”A < B <there exists a constant C
such that A < CB”

Our main results are the following.

Theorem 1.1. Let M € ®, w € A, and f € Ly (T). For the system of

numbers AV =1 — (%)2T (v <mn,r>0)

B (f; M = Hf(fﬂ) -

aw (n) ; i
Y + Z)\V (ay cosvz + b, sin Vx)]

v=1

(M)

1
= Qr(fa E)M,w-

Theorem 1.2. Let M € ®, w € A, and f € Ly (T). For a sequence of
functions

)\l,(r)zl—(u|r—r0\)%, <1/§[ ]),k>O,ECR,r,r0€E,

|r — ro|

o
if the series %+ > A\, (r) (ay cosvx + b, sinvx) convergences to a metric of the
v=1

space Ly, (T), then

B (fi Ny = ||f($) -

% + ;)\V (r) (ay cosvz + by, sin Vm)]

(M) w
< CQk(f7 |7’ - T0|)M,w-

Theorem 1.3. Let M € &, we A, and f € Ly, (T) such that

D rr(uv) < e®pr(u)Par(v) (1.4)

with a constant ¢ > 0. Then for an arbitrary triangular matriz of the numbers
{&@}(%MZ1A9M:Qu>n,n:QLz”)

1/2

Ry (f7 )‘)M,w = +En(f)M,w

ZESV—l(f)M,w(S%V—l
v=0

if ®ar(\V/u) is conver and

. -
Ry (fi M) e < 1?;%% {1 + VZ::OSD [CkEQV—l(f)M,w52v—1]} + CEn(f)Mw

if @ (\/u) is concave, where

ortl_q

52T,n : = Z

=27
2Mm < g < 2mtl

A, A

+M—A@

)
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2. Auxiliary results

We give the multiplier theorem and the Littlewood-Paley theorem in Lz, (T)
which are very important for the proof of the main results.
Lemma 2.1. [2] Let a sequence xy, satisfy the conditions

27 -1

Ikl <A D) e — x| <A
f=2i-1

where A > 0 does not depend on k and j. If M € &, w € A, and f € Lp(T)
then there is a function F € Ly ,(T) such that the series

Aoao

5 + Z)‘k (ay cos kxz + by sin kx)

k=0

1s Fourier series for F' and

1El ., < CAISI

(M),w — (M), w>

holds with a positive constant C independent of f.
Lemma 2.2. 2] M € ®, w € A, and f € Ly (T) there exist constants
C >0 and c> 0 depending only on M and w such that

1
) 2 2
[e's) 27—1
Ml ST ] D0 Arla, /) < ClIfll ., -
7 Jj=0 |k=2i-1 a0 ,

The following Lemma can be proved by using [8, Th. 3.1].

Lemma 2.3. Let M € &, w € A,, folz) (n=1,2,...) be a sequence of
27 periodic functions in Ly, (T) and let S, 1, (z) be the k-th partial sum of
Fourier series of the function f,(x), k = ky, is a function of n. Then there exists
a positive constant C such that

1/2

00 1/2 0o
/M (Z |Sn7kn($)\2) w(z)dr < C/M (Z \fn(gg)|2> w (z) dz
T n=0 T n=0

with a constant C' is independent of fn(x).

The following direct approximation theorem can be proved by the same meth-
ods given in [4, prop. 1] and [10, theorems 2 and 4]:

Theorem 2.4. Let M € ®, w € A, and f € Ly, (T). Then the estimate

En(f)M,w j Qr(fa%)M,w (21)

holds for r ¢ RT and n =1,2, ....
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3. Proof of main results
the norm

Proof of Theorem 1.1. Let 2 < n < 2™, By virtue of the property of

<> (1—A,<,”>) A, ()
v=0 (M),w v=0 (M),w
+ > A () =11 + I,
v=n-+1

(M),w
where A, () := a, cosvx + b, sinvz. From (1.3) and (2.1) we obtain

Z Ay (z)

v=n+1

I =

= Bn(fare < Q0 (f, 2

)M,w-
n
(M)w

Now, we estimate

n

_\(n)
I1: Z 1 )\,/

ey A (2) (1 - Snﬁ”)
v=0 <1 - zn) n

" lane
We define the numbers ,u,(ff)

r,n=12..as

7 e\ for v < n,
) = (1—7")
0, for v >n
The sequence (,u(ynr> satisfies the conditions of lemma 2.1 [4]. Applying lemma
2.1, we get
L =

v

n sin Z\ "
>k, @) (1- )
v=0

n

=T =o1m)" Fllary
(M),w
[ =am =) e] 2
[r]
< sup

[[a-on)d-o) s
0<hst<* [1i=1

(M)7w
and theorem 1.1 is proved.
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Proof of Theorem 1.2. Using the properties of the norm we have

=
Be(f Mo < | D0 (1= M (1) Ay (2)

v=1
(M),w
+ Y A=A () A (2) =0+ 1
v= [#] +1
[r—mrgl (M),w
We estimate the norm
[lTJTO‘] 1—XA(r) sinv |r — ro| k
I = Y Al,x<1—> , k>0.
' ; (1_w>k ) vr —rol
v|r—ro] (M)w

Let us assume

1-_)\—"(7‘)19’ for v S # ,
_ (l_smu|7‘7r0\) ‘T*T0|
/‘LV,’I’ - v|r—rgl
0, for v>n

The sequence { ,u,,’fr} satisfies the conditions of lemma 2.1. Using lemma 2.1, we

get

2m+l

. k
sinv |r — ro|
I < E A l1—-—
' B v=1 MV7T : (x) ( v ‘r - rO’ > (

),w

A

= Qu(f, [r —rol)arw-
(M),w

= sinv |r —ro| \ "
> Av(@) (1 T —rol
1 v\r To

for 2m < [Ir—lrol} < 2™+l Let us now estimate I}. It is easily seen that the

conditions of Lemma 2.1 are fulfilled for the system of the numbers {1 — A\, (r)}.
Then, according to lemma 2.1

(e 9] o0

I = Y =) A ()

u:[#]ﬂ

[r—rgl

A
(]
&
&

v+

(M),w
Hence, as the theorem 1.1, it follows
I = Q(f, Ir = rol) M-

This completes the proof.
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Proof of Theorem 1.3. Let 2™ < n < 2™*! From the property of the
norm and (1.3)

R (f, My = ||f(@)— Z)\(V")Ay (z)
v=0 (M)w
< 1> (1 - A‘J‘)) Ay (v) + > A ()
v=1 (M),w v=n+1 (M),w
< XA @] Bl (3.1)
v=1 (M)WJ

Let @7 (v/u) be a convex function. Using lemma 2.2,

n

S (1A 4, (@)

v=1 (M),w
—inf [k >0: /@M <k1 3 (1 - )\l(,")> A, (z) ) wz)de <1
T v=1
m |2¢FT1-1 2\ /2
=< inf k:>O:CM/<I>M I Z Z (1—)\l(,”)> Ay (2) w(x)dr <1
T pn=0| v=2#r
Moreover, due to (1.4), the constant Dj; may be chosen such that
CM(I)M (u) S (I)M (DMU) . (3.2)
Then
Z (1 - )\(Vn)) AI/ (x)
v=1 (M),w
o . 1/2
<inf | k> 0: /@M Dk~ (Zafw(z)> w(x)de <11,
0 p=0
where
|
n(@) = 3 (1-2) A, ().
v=2H

Let & (u)= ®pr (/u). Then

n

> (1-20) 4, 0)

v=1

(M)w

< inf (k: >0: /f (D?\/[k:2§:027#(x)) w(z)dr < 1)

T p=0
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1/2
inf (k >0: /§ (D%klzai#(x)) w(z)dr < 1)]
T #=0

. 1/2 - 1/2
= Dy |Y on(x) <Dur | Y _lonu@)l,. ]
= . = (&)

1/2
= Dum ZHanu ||(M ] J

where

lov (@)

Lie.w)

= inf | k>0: /g (k7 'ok (2) w(z)de < 1)

=

= inf | k>0: /@M 1/2anu(w)) w(x)dx < 1)
T

= inf [t?>0: /<I>M Yoz z)) w(a)ds < 1)
T

= Nonn @)
Applying the Abel transform to o, ,, we get

ontl_q

on(@) = 3 (1-A) A, ()
v=2H
ont+l_q
= 3 (Sulfix) Sy (o)) (A - A)
v=2H

+ (Syutr_1 (f, ) — Sou_1(f, ) (1 - Agt?) .

From the inequality (1.3) and the monotonicity of the sequence of best approxi-
mations,

aptl_q

lonu@lane < D0 IS0f8) = Speer 1 () gy [ M = 2P| +
v=2H
1811 (£,2) = Su-1(£,2) oy [1 = A5

IA

E2“—1 (f)ga,wéw‘,n'
Then

n

Z (1 - >‘z(/n)> Au (I‘)

v=1

N 1/2
<Dnm (ZEgul(f)%wégf‘m) :
(M)w

=0
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Assume that @, (1/u) is a concave function. We use the well-known formula
for calculation of the norm [12, p. 92]:

Applying lemma 2.2 and (3.2), we get

> (1A 4, ()

v=1 (M),w
1/2
. —1 2
= ggk 1+ /<I>M D3k ZOUTW w(x)dx
T w=

Since ®ps (v/u) is a concave function

Z (1 — )\l(/n)> A, () = ’i§r>1%l<:_1 (1 + Z/(I)M (DMkcrnM(:U))w(m)dx) .
(M),w n=0"p

Using the proof of lemma 9.2 in [12, p. 74], it is easily seen that

[o
T

From this inequality, (1.4) and (3.2)

_ul@) | e
Hu<x>r(M>J (e =1

/<I>M (Dykonu(x)) w(x)de

_C/q)M( (@) )@M (DMkHUW(:U)H(M)M)w(x)dx

Hgn lt H

< s (Daghllonu(@)l,,) -
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Consequently, we get

zn: (1 - /\,(,”)> A, (2)

v=1

(M),w

. -1 /
< é&%k 1+Z()‘I)M (DMkHUn,u(m)H(M)M)
H:

< ;ifi% U1+ Z{)@M (DikBou_1(f)pwoon )
=

This completes the proof.
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