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TRIGONOMETRIC APPROXIMATION IN WEIGHTED ORLICZ

SPACES

YUNUS EMRE YILDIRIR AND RAMAZAN CETINTAS

Abstract. In the present article, we prove some trigonometric approx-
imation theorems in weighted Orlicz spaces, having generating Young
functions not necessary to be convex.

1. Introduction

The problems of approximation by trigonometric polynomials in classical Or-
licz spaces were investigated by several mathematicians. In [16], Tsyganok ob-
tained the Jackson type inequality of trigonometric approximation. In [13], Pono-
marenko proved some direct theorems of trigonometric approximation by summa-
tion means of Fourier series. In [17], the results of Ponomarenko were generalized
to weighted Orlicz spaces with Muckenhoupt weights. In [18], similar results were
obtained for fractional modulus of smoothness. In these results, the generating
Young function of Orlicz spaces are convex or quasiconvex. When the generating
Young function is quasiconvex, similar problems were investigated in [1, 3, 4, 5, 6].
In [9],Chen generalized the definition of Orlicz spaces saving almost all known
properties of them. In this definition, the generating Young function of Orlicz
spaces is not necessary to be convex .

In this work we will develop this approach with Muckenhoupt weights and
investigate some direct problems of approximation theory. We generalize the
results obtained in the papers [13, 17, 18] to the weighted Orlicz spaces having
generating Young functions not necessary to be convex.

First of all we give basic definitions and notations.
A nonnegative function ω defined on T := [0, 2π] will be called a weight function

if ω is measurable and positive almost everywhere (a.e.). A convex function ϕ
said to satisfy ∆2 condition if there is a constant C > 0 and u0 > 0 such that
ϕ (2u) ≤ Cϕ (u) for all u ≥ u0.Let ϕ (u) non-negative, convex, vanishing at the
origin and satisfying ∆2 condition, such that ϕ (u) /u→∞ as u→∞. Let ψ(u)
denote the complementary function of ϕ (u) in the sense of Young. Consider the
measurable functions f(t), t ∈ T, such that the product f (t) g (t) is integrable
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over T for every measurable function g (t) and set

‖f‖L∗ϕ,ω := sup


∫
T

|f(t)g(t)|ω (t) dt :

∫
T

ψ (|g(t)|) dt ≤ 1

 . (1.1)

The class of such f is denoted by L∗ϕ,ω which is usually called the weighted Orlicz
space. Furthermore we define the following norm which is equivalent to the norm
(1.1)

‖f‖L∗
(ϕ,ω)

:= inf

k > 0 :

∫
T

ϕ
(
k−1 |f(x)|

)
ω (x) dx ≤ 1

 . (1.2)

This definition was generalized by Yung-Ming Chen in the following way [9].
Let −∞ < p ≤ q <∞. By φ ∈ N [p, q] we mean that the function φ is increasing,
even, nonnegative function in [0,∞) such that φ (∞) = ∞, φ(x)x−p is non-
decreasing and φ(x)x−q is non-increasing as x increases in (0,∞) . If p < q , the
class of functions φ belonging to N [p+ ε, q − ε] for some small number ε > 0 will
be denote by N 〈p, q〉 . By Φ it will be denote the class of functions M belonging
to the class N 〈p, q〉 for some 1 < p ≤ q <∞. Every function M ∈ Φ is continuous
and satisfies the condition M(0) = 0 and M ∈ ∆2. The functions M ∈ Φ are not
necessary to be convex. (See the example given in [9, p. 67-68]). Let M ∈ Φ
and ω be weight on T. We denote ϕM (t) = M(t)/t. Since 1 < p < q < ∞,
we have ϕM (t) → ∞ as t → ∞. Let ψM (t) be the inverse function of positive
nondecreasing continuous function ϕM (t). We set

ΦM (x) =

x∫
0

ϕM (t)dt

and

ΨM (x) =

x∫
0

ψM (t)dt.

The function ΦM is convex and hence ΦM and ΨM are complementary func-
tions in the sense of Young. We denote by LM,ω(T), the class of Lebesgue mea-
surable functions f : T→ R satisfying the condition∫

T

ΦM (c |f(x)|)ω (x) dx <∞

for some positive real constant c. On the space LM,ω(T), we define the Orlicz
norm

‖f‖M,ω := sup
g


∫
T

|f(x)g(x)|ω (x) dx :

∫
T

ΨM (|g(x)|)ω(x)dx ≤ 1


and the Luxemburg norm

‖f‖(M),ω := inf

k > 0 :

∫
T

ΦM

(∣∣k−1f(x)
∣∣)ω (x) dx ≤ 1

 .
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In this case, we have the equivalence

‖f‖M,ω ∼ ‖f‖(M),ω .

It can be easily seen that LM,ω (T) ⊂ L1 (T) and LM,ω (T) becomes a Banach
space with the above norms. For a weight ω, taking M(x, p) := xp, 1 < p < ∞,
we denote Lp(T, ω) :=LM(.,p),ω (T) the weighted Lebesgue space.

A weight function ω belongs to the Muckenhoupt class Ap [0, 2π] if 1

|I|

∫
I

ωp(x)dx

1/p 1

|I|

∫
I

ω−q(x)dx

1/q

≤ C for 1 < p <∞,

with a finite constant C independent of I, where I is any subinterval of [0, 2π]
and |I| denotes the length of I.

For a periodic function f, the Hardy-Littlewood Maximal operator is defined
as

f∗(x) := sup
0<h≤π

1

2h

h∫
−h

f(x+ t)dt.

In [2], it was proved that

‖f∗‖(M),ω � ‖f‖(M),ω

when M ∈ Φ and ω ∈ Ap .
Taking f ∈ LM,ω(T) we define the well-known Steklov’s mean operator

Ahf(x) :=
1

h

x+h/2∫
x−h/2

f(t)dt.

Using the boundedness of the Hardy-Littlewood Maximal operator in LM,ω(T)
for M ∈ Φ and ω ∈ Ap , we get

‖Ahf‖(M),ω ≤ C(M,ω) ‖f‖(M),ω <∞.

Using this fact and setting x, h ∈ T, r ∈ R+ we define via Binomial expansion
that for f ∈ LM,ω(T), x ∈ T

σrhf(x) : = (I −Ah)rf(x)

=
∞∑
k=0

(−1)k [Crk ]
1

hk

h/2∫
−h/2

...

h/2∫
−h/2

f(x+ u1 + ...uk)du1...duk ,

where [Crk ] := r(r−1)...(r−k+1)
k! for k ≥ 1 and [Cr0 ] := 1. Since [14, p.14, (1.51)]

|[Crk ]| ≤ C(r)
kr+1 , k ∈ N, we have

∞∑
k=0

|[Crk ]| <∞. Then we have

‖σrhf‖(M),ω ≤ C(r,M, ω) ‖f‖(M),ω <∞.

Now, we define the weighted fractional modulus of smoothness of index r for a
function f ∈ LM,ω(T) and r ∈ R+, M ∈ Φ, ω ∈ Ap
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Ωr(f, δ)M,ω := sup
0<hi,t≤δ

∥∥∥∥∥∥
[r]∏
i=1

(I −Ahi)σ
r−[r]
t f

∥∥∥∥∥∥
(M),ω

, δ ≥ 0,

where [r] denotes the integer part of the real number r.
In this case

Ωr(f, δ)M,ω ≤ C(r,M, ω) ‖f‖(M),ω .

The concept of fractional modulus of smoothness is not new (see for example [7]
and [15]).

We set

En(f)M,ω := inf
{
‖f − T‖(M),ω : T ∈ Tn

}
for f ∈ LM,ω(T), where Tn is the class of trigonometric polynomials of degree
not greater than n. For a given f ∈ L1(T), let

f(x) ∼ a0
2

+
n∑
k=1

(ak(f) cos kx+ bk(f) sin kx) :=
∞∑
k=0

Ak(x, f)

and

f̃(x) ∼ a0
2

+

n∑
k=1

(ak(f) sin kx− bk(f) cos kx) :=

∞∑
k=0

Ak(x, f̃)

be the Fourier series and the conjugate Fourier series of f. We define the partial
sum of Fourier series of f as

Sn(x, f) := Sn(f) :=

n∑
k=−0

Ak(x, f)

for n = 0, 1, 2, ....
In [2], it was proved that the operators Sn : LM,ω(T)→LM,ω(T) and f̃ :

LM,ω(T)→LM,ω(T) are bounded in LM,ω(T) for M ∈ Φ, ω ∈ Ap , f ∈ LM,ω(T).
Hence we have∥∥∥f̃∥∥∥

(M),ω

≤ C ‖f‖
(M),ω

, ‖Sn(f)‖
(M),ω

≤ C ‖f‖
(M),ω

, n = 0, 1, 2, ...

and

‖f − Sn(f)‖
(M),ω

≤ CEn(f)M,ω, n = 0, 1, 2, .... (1.3)

Furthermore, note that the set of trigonometric polynomials is a dense subset of
LM,ω(T) since the hypothesis of Lemma 3 of [11] are fulfilled for M ∈ Φ, ω ∈ Ap .
Then the approximation problems make sense in LM,ω(T). Hence En(f)M,ω → 0
as n→∞ and therefore the Fourier Series of f converges to f in norm in LM,ω(T),
namely,

f(x) =

∞∑
k=1

Ak(x, f).

Throughout this paper, the constant c denotes a generic constant, i.e. a con-
stant whose values can change even between different occurrences in a chain of
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inequalities. The relation � is defined as ”A � B ⇔there exists a constant C
such that A ≤ CB”

Our main results are the following.
Theorem 1.1. Let M ∈ Φ, ω ∈ Ap and f ∈ LM,ω(T ). For the system of

numbers λ
(n)
ν = 1−

(
ν
n

)2r
(ν ≤ n, r > 0)

Rn (f, λ)M,ω :=

∥∥∥∥∥f(x)−

[
a0
2

+

n∑
ν=1

λ(n)ν (aν cos νx+ bν sin νx)

]∥∥∥∥∥
(M),ω

� Ωr(f,
1

n
)M,ω.

Theorem 1.2. Let M ∈ Φ, ω ∈ Ap and f ∈ LM,ω(T ). For a sequence of
functions

λν (r) = 1− (ν |r − r0|)2k ,
(
ν ≤

[
1

|r − r0|

])
, k > 0, E ⊂ R, r, r0 ∈ E,

if the series a0
2 +

∞∑
ν=1

λν (r) (aν cos νx+ bν sin νx) convergences to a metric of the

space LM,ω (T) , then

Rr (f, λ)M,ω :=

∥∥∥∥∥f(x)−

[
a0
2

+

∞∑
ν=1

λν (r) (aν cos νx+ bν sin νx)

]∥∥∥∥∥
(M),ω

≤ CΩk(f, |r − r0|)M,ω.

Theorem 1.3. Let M ∈ Φ, ω ∈ Ap and f ∈ LM,ω(T ) such that

ΦM (uv) ≤ cΦM (u)ΦM (v) (1.4)

with a constant c > 0. Then for an arbitrary triangular matrix of the numbers{
λ(n)ν

} (
λ
(n)
0 = 1, λ(n)ν = 0, ν > n, n = 0, 1, 2, ...

)

Rn (f, λ)M,ω �


[
m∑
ν=0

E2
2ν−1(f)M,ωδ

2
2ν−1

]1/2
+ En(f)M,ω


if ΦM (

√
u) is convex and

Rn (f, λ)M,ω ≤ inf
k>0

1

k

{
1 +

m∑
ν=0

ϕ [ckE2ν−1(f)M,ωδ2ν−1]

}
+ CEn(f)M,ω

if ΦM (
√
u) is concave, where

δ2r,n : =

2r+1−1∑
l=2r

∣∣∣λ(n)ν+1 − λ
(n)
ν

∣∣∣+
∣∣∣1− λ(n)2r

∣∣∣ ,
2m ≤ n < 2m+1.
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2. Auxiliary results

We give the multiplier theorem and the Littlewood-Paley theorem in LM,ω(T)
which are very important for the proof of the main results.

Lemma 2.1. [2] Let a sequence χk satisfy the conditions

|χk| ≤ A,
2j−1∑
k=2j−1

|χk − χk+1| ≤ A

where A > 0 does not depend on k and j. If M ∈ Φ, ω ∈ Ap and f ∈ LM,ω(T)
then there is a function F ∈ LM,ω(T) such that the series

λ0a0
2

+
∞∑
k=0

λk(ak cos kx+ bk sin kx)

is Fourier series for F and

‖F‖
(M),ω

≤ CA ‖f‖
(M),ω ,

holds with a positive constant C independent of f .
Lemma 2.2. [2] M ∈ Φ, ω ∈ Ap and f ∈ LM,ω(T) there exist constants

C > 0 and c > 0 depending only on M and ω such that

c ‖f‖
(M),ω

≤

∥∥∥∥∥∥
 ∞∑
j=0

∣∣∣∣∣∣
2j−1∑
k=2j−1

Ak(x, f)

∣∣∣∣∣∣
2∥∥∥∥∥∥

1
2

(M),ω

≤ C ‖f‖
(M),ω

.

The following Lemma can be proved by using [8, Th. 3.1].
Lemma 2.3. Let M ∈ Φ, ω ∈ Ap , fn(x) (n = 1, 2, ...) be a sequence of

2π periodic functions in LM,ω (T) and let Sn,kn(x) be the k-th partial sum of
Fourier series of the function fn(x), k = kn is a function of n. Then there exists
a positive constant C such that

∫
T

M

( ∞∑
n=0

|Sn,kn(x)|2
)1/2

ω (x) dx ≤ C
∫
T

M

( ∞∑
n=0

|fn(x)|2
)1/2

ω (x) dx

with a constant C is independent of fn(x).
The following direct approximation theorem can be proved by the same meth-

ods given in [4, prop. 1] and [10, theorems 2 and 4]:
Theorem 2.4. Let M ∈ Φ, ω ∈ Ap and f ∈ LM,ω(T). Then the estimate

En(f)M,ω � Ωr(f,
1

n
)M,ω (2.1)

holds for r ∈ R+ and n = 1, 2, ....
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3. Proof of main results

Proof of Theorem 1.1. Let 2m ≤ n < 2m+1. By virtue of the property of
the norm

∥∥∥∥∥f(x)−

[
n∑
ν=0

λ(n)ν Aν (x)

]∥∥∥∥∥
(M),ω

≤

∥∥∥∥∥
n∑
ν=0

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

+

∥∥∥∥∥
∞∑

ν=n+1

Aν (x)

∥∥∥∥∥
(M),ω

= I1 + I2,

where Aν (x) := aν cos νx+ bν sin νx. From (1.3) and (2.1) we obtain

I2 =

∥∥∥∥∥
∞∑

ν=n+1

Aν (x)

∥∥∥∥∥
(M),ω

� En(f)M,ω � Ωr(f,
1

n
)M,ω.

Now, we estimate

I1 =

∥∥∥∥∥∥
n∑
ν=0

1− λ(n)ν(
1− sin ν

n
ν
n

)rAν (x)

(
1−

sin ν
n

ν
n

)r∥∥∥∥∥∥
(M),ω

.

We define the numbers µ
(n)
ν,r , n = 1, 2, ... as

µ(n)ν,r =


1−λ(n)ν(

1− sin νn
ν
n

)r , for ν ≤ n,

0, for ν > n

.

The sequence
(
µ
(n)
ν,r

)
satisfies the conditions of lemma 2.1 [4]. Applying lemma

2.1, we get

I1 =

∥∥∥∥∥
n∑
ν=0

µ(n)ν,rAν (x)

(
1−

sin ν
n

ν
n

)r∥∥∥∥∥
(M),ω

�
∥∥(I − σ1/n)r f∥∥(M),ω

=

=
∥∥∥(I − σ1/n)[r] (I − σ1/n)r−[r] f∥∥∥

(M),ω
�

� sup
0<hi,t≤ 1

n

∥∥∥∥∥∥
[r]∏
i=1

(I − σhi) (I − σt)r−[r] f

∥∥∥∥∥∥
(M),ω

� Ωr(f,
1

n
)M,ω

and theorem 1.1 is proved.
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Proof of Theorem 1.2. Using the properties of the norm we have

Rr (f, λ)M,ω ≤

∥∥∥∥∥∥∥
[

1
|r−r0|

]∑
ν=1

(1− λν (r))Aν (x)

∥∥∥∥∥∥∥
(M),ω

+

∥∥∥∥∥∥∥∥
∞∑

ν=
[

1
|r−r0|

]
+1

(1− λν (r))Aν (x)

∥∥∥∥∥∥∥∥
(M),ω

= I ′1 + I ′2.

We estimate the norm

I ′1 =

∥∥∥∥∥∥∥
[

1
|r−r0|

]∑
ν=1

1− λν(r)(
1− sin ν|r−r0|

ν|r−r0|

)kAν (x)

(
1− sin ν |r − r0|

ν |r − r0|

)k∥∥∥∥∥∥∥
(M),ω

, k > 0.

Let us assume

µν,r =


1−λν(r)(

1− sin ν|r−r0|
ν|r−r0|

)k , for ν ≤
[

1
|r−r0|

]
,

0, for ν > n
.

The sequence
{
µ
(n)
ν,r

}
satisfies the conditions of lemma 2.1. Using lemma 2.1, we

get

I ′1 ≤

∥∥∥∥∥∥
2m+1∑
ν=1

µν,rAν (x)

(
1− sin ν |r − r0|

ν |r − r0|

)k∥∥∥∥∥∥
(M),ω

�

∥∥∥∥∥
∞∑
ν=1

Aν (x)

(
1− sin ν |r − r0|

ν |r − r0|

)k∥∥∥∥∥
(M),ω

� Ωk(f, |r − r0|)M,ω.

for 2m ≤
[

1
|r−r0|

]
< 2m+1. Let us now estimate I ′2. It is easily seen that the

conditions of Lemma 2.1 are fulfilled for the system of the numbers {1− λν(r)}.
Then, according to lemma 2.1

I ′2 =

∥∥∥∥∥∥∥∥
∞∑

ν=
[

1
|r−r0|

]
+1

(1− λν (r))Aν (x)

∥∥∥∥∥∥∥∥
(M),ω

�

∥∥∥∥∥∥∥∥
∞∑

ν=
[

1
|r−r0|

]
+1

Aν (x)

∥∥∥∥∥∥∥∥
(M),ω

.

Hence, as the theorem 1.1, it follows

I ′2 � Ωk(f, |r − r0|)M,ω.

This completes the proof.
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Proof of Theorem 1.3. Let 2m ≤ n < 2m+1. From the property of the
norm and (1.3)

Rn (f, λ)M,ω =

∥∥∥∥∥f(x)−
n∑
ν=0

λ(n)ν Aν (x)

∥∥∥∥∥
(M),ω

≤

∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

+

∥∥∥∥∥
∞∑

ν=n+1

Aν (x)

∥∥∥∥∥
(M),ω

�

∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

+ En(f)M,ω. (3.1)

Let ΦM (
√
u) be a convex function. Using lemma 2.2,∥∥∥∥∥

n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

= inf

k > 0 :

∫
T

ΦM

(
k−1

∣∣∣∣∣
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∣∣∣∣∣
)
ω(x)dx ≤ 1



� inf

k > 0 : cM

∫
T

ΦM

k−1
 m∑
µ=0

∣∣∣∣∣∣
2µ+1−1∑
ν=2µ

(
1− λ(n)ν

)
Aν (x)

∣∣∣∣∣∣
21/2

ω(x)dx ≤ 1

 .

Moreover, due to (1.4), the constant DM may be chosen such that

cMΦM (u) ≤ ΦM (DMu) . (3.2)

Then∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

� inf

k > 0 :

2π∫
0

ΦM

DMk
−1

 m∑
µ=0

σ2n,µ(x)

1/2
ω(x)dx ≤ 1

 ,

where

σn,µ(x) =

2µ+1−1∑
ν=2µ

(
1− λ(n)ν

)
Aν (x) .

Let ξ (u)= ΦM (
√
u) . Then∥∥∥∥∥

n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

≤ inf

k > 0 :

∫
T

ξ

D2
Mk
−2

m∑
µ=0

σ2n,µ(x)

ω(x)dx ≤ 1


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=

inf

k > 0 :

∫
T

ξ

D2
Mk
−1

m∑
µ=0

σ2n,µ(x)

ω(x)dx ≤ 1

1/2

= DM

∥∥∥∥∥∥
m∑
µ=0

σ2n,µ(x)

∥∥∥∥∥∥
1/2

L∗
(ξ,ω)

≤ DM

 m∑
µ=0

∥∥σ2n,µ(x)
∥∥
L∗
(ξ,ω)

1/2

= DM

 m∑
µ=0

‖σn,µ(x)‖2(M),ω

1/2

,

where∥∥σ2n,µ(x)
∥∥
L∗
(ξ,ω)

= inf

k > 0 :

∫
T

ξ
(
k−1σ2n,µ(x)

)
ω(x)dx ≤ 1


= inf

k > 0 :

∫
T

ΦM

(
k−1/2σn,µ(x)

)
ω(x)dx ≤ 1


= inf

t2 > 0 :

∫
T

ΦM

(
t−1σn,µ(x)

)
ω(x)dx ≤ 1


= ‖σn,µ(x)‖2(M),ω .

Applying the Abel transform to σn,µ, we get

σn,µ(x) =
2µ+1−1∑
ν=2µ

(
1− λ(n)ν

)
Aν (x)

=
2µ+1−1∑
ν=2µ

(Sν(f, x)− S2µ+1−1(f, x))
(
λ
(n)
ν+1 − λ

(n)
ν

)
+ (S2µ+1−1(f, x)− S2µ−1(f, x))

(
1− λ(n)2µ

)
.

From the inequality (1.3) and the monotonicity of the sequence of best approxi-
mations,

‖σn,µ(x)‖(M),ω ≤
2µ+1−1∑
ν=2µ

‖Sν(f, x)− S2µ+1−1(f, x)‖(ϕ,ω)
∣∣∣λ(n)ν+1 − λ

(n)
ν

∣∣∣+

+ ‖S2µ+1−1(f, x)− S2µ−1(f, x)‖(ϕ,ω)
∣∣∣1− λ(n)2µ

∣∣∣
� E2µ−1(f)ϕ,ωδ2µ,n.

Then

∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

≤ DM

 m∑
µ=0

E2
2µ−1(f)ϕ,ωδ

2
2µ,n

1/2

.
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Assume that ΦM (
√
u) is a concave function. We use the well-known formula

for calculation of the norm [12, p. 92]:

∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

= inf
k>0

k−1

1 +

∫
T

ΦM

(
k

n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

)
ω(x)dx


Applying lemma 2.2 and (3.2), we get

∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

= inf
k>0

k−1

1 +

∫
T

ΦM

D2
Mk

2
m∑
µ=0

σ2n,µ(x)

1/2

ω(x)dx

 .

Since ΦM (
√
u) is a concave function

∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

= inf
k>0

k−1

1 +
m∑
µ=0

∫
T

ΦM (DMkσn,µ(x))ω(x)dx

 .

Using the proof of lemma 9.2 in [12, p. 74], it is easily seen that

∫
T

ΦM

[
u(x)

‖u(x)‖(M),ω

]
ω(x)dx ≤ 1.

From this inequality, (1.4) and (3.2)

∫
T

ΦM (DMkσn,µ(x))ω(x)dx

= C

∫
T

ΦM

(
σn,µ(x)

‖σn,µ(x)‖(M),ω

)
ΦM

(
DMk ‖σn,µ(x)‖(M),ω

)
ω(x)dx

≤ ΦM

(
D′Mk ‖σn,µ(x)‖ϕ,ω

)
.



36 YUNUS EMRE YILDIRIR AND RAMAZAN CETINTAS

Consequently, we get∥∥∥∥∥
n∑
ν=1

(
1− λ(n)ν

)
Aν (x)

∥∥∥∥∥
(M),ω

≤ inf
k>0

k−1

1 +

m∑
µ=0

ΦM

(
D′Mk ‖σn,µ(x)‖(M),ω

)
≤ inf

k>0
k−1

1 +
m∑
µ=0

ΦM

(
D′MkE2µ−1(f)ϕ,ωδ2µ,n

) .

This completes the proof.
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