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LIE DERIVATIVES OF ALMOST CONTACT STRUCTURE AND
ALMOST PARACONTACT STRUCTURE WITH RESPECT TO
XV AND X# ON TANGENT BUNDLE T(M)

HASIM CAYIR

Abstract. The differential geometry of tangent bundles was studied by
several authors, for example: D. E. Blair [1], V. Oproiu [3], A. Salimov
[5], Yano and Ishihara [8] and among others. It is well known that
differant structures deffined on a manifold M can be lifted to the same
type of structures on its tangent bundle. The main aim of this paper
is to study Lie derivatives with respect to XV and X of almost contact
structure and almost paracontact structure on tangent bundle T'(M).

1. Introduction

Let M be an n—dimensional differentiable manifold of class C* and let T),(M)
be the tangent space of M at a point p of M. Then the set [8]

T(M) = U T,(M) (L1)

is called the tangent bundle over the manifold M. For any point p of T'(M), the
correspondence p — p determines the bundle projection 7 : T'(M) — M. The set
7~ 1(p) is called the fibre over p € M and M the base space.

Suppose that the base space M is covered by a system of coordinate neighbour-
hoods {U sah } , where (z") is a system of local coordinates defined in the neighbour-
hood U of M. The open set 7= 1(U) C T(M) is naturally differentiably homeo-
morphic to the direct product U x R"™, R"™ being the n—dimensional vector space
over the real field R, in such a way that a point p € T,,(M)(p € U) is repre-
sented by an ordered pair (P, X) of the point p € U, and a vector X € R" ,
whose components are given by the cartesian coordinates (y") of f in the tangent
space T),(M) with respect to the natural base {0}, where 0) = 878,1. Denoting

by (2") the coordinates of p = 7(p) in U and establishing the correspondence
(z", y") — p € 7~1(U), we can introduce a system of local coordinates (z,y")
in the open set 71 (U) C T'(M). Here we cal (2", y") the coordinates in 7—1(U)
induced from (z") or simply, the induced coordinates in 7=(U).
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We denote by 3% (M) the set of all tensor fields of class C*°and of type (r, s)
oo
in M. We now put (M) = > %(M), which is the set of all tensor fields in M.

s
r,5=0

Similarly, we denote by % (T(M)) and I(T'(M)) respectively the corresponding
sets of tensor fields in the tangent bundle T'(M).

1.1. Vertical lifts. If f is a function in M, we write fv for the function in T'(M)
obtained by forming the composition of 7 : T(M) — M and f: M — R, so that

FY = for. (1.2)

Thus, if a point p € 771 (U) has induced coordinates (z",y"), then

fop) = f(z,y) = for(p) = f(p) = f(@). (1.3)

Thus the value of f¥(p) is constant along each fibre T),(M) and equal to the value
f(p). We call f¥ the vertical lift of the function f [8].

Let X € S4(T(M)) be such that X ¥ = 0 for all f € SY(M). Then we say that

X is a vertical vector field. Let (%Z) be components of X with respect to the

induced coordinates. Then X is vertical if and only if its components in 7~ (U)

satisfy )
()~ (%)

Suppose that X € J$(M), so that is a vector field in M. We define a vector

field X¥ in T(M) by
X w) = (wX)" (1.5)
w being an arbitrary 1—form in M. We cal X" the vertical lift of X [8].

Let @ € SY(T(M)) be such that ©(X)? = 0 for all X € S§(M). Then we say
that @ is a vertical 1—form in T'(M). We define the vertical lift w” of the 1—form
w by

W' = (w;)¥(dx")? (1.6)
in each open set 71(U), where (U;z") is coordinate neighbourhood in M and

w is given by w = widx® in U. The vertical lift w’ of w with local expression
w = w;dx® has components of the form

W' : (W', 0) (1.7)

with respect to the induced coordinates in T'(M).

Vertical lifts to a unique algebraic isomorphism of the tensor algebra (M)
into the tensor algebra (7' (M)) with respect to constant coefficients by the
conditions

(PQ)Y" =P 2Q", (P+R)" =PV +RY (1.8)

P,@Q and R being arbitrary elements of I(M). The vertical lifts FV" of an element
F € $3(M) with lokal components F* has components of the form [§]

0 0
V.
F'<Fz‘h0>'
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Vertical lift has the following formulas ([4],[8]):
(fX) = f°X¥, I'X"=0, n°(X") =0, (1.9)

(fm)° = f'n", [X",Y']=0, 9"X" =0,
XUf" = 0, Xf'=0
hold good, where f € SY(M,), X,Y € S4(My), n € SVUM,), p € IH(M,),
I =1idyy,.
1.2. Complete lifts. If f is a function in M, we write f¢ for the function in
T(M) defined by
F© = u(df) (1.10)

and call f¢ the comple lift of the function f. The complete lift f¢ of a function f
has the lokal expression

fe=yof=0of (1.11)

with respect to the induced coordinates in T(M), where df denotes 3'0; f.
Suppose that X € S3(M). We define a vector field X¢ in T(M) by

Xefe=(Xf)", (1.12)

f being an arbitrary function in M and call X¢ the complete lift of X in T'(M)
([2],[8]). The complete lift X¢ of X with components = in M has components

X¢ = <;§;> (1.13)

with respect to the induced coordinates in T'(M).
Suppose that w € SY(M), then a 1—form w® in T(M) defined by

W (X°) = (wX)° (1.14)

X being an arbitrary vector field in M. We call w® the complete lift of w. The
complete lift w® of w with components w; in M has components of the form

Wt (Ow; w;) (1.15)

with respect to the induced coordinates in T'(M) [2].

The complete lifts to a unique algebra isomorphism of the tensor algebra (M)
into the tensor algebra I(T'(M)) with respect to constant coefficients, is given by
the conditions

(P2Q)° =P 2Q" +PV2Q° (P+R)" =P°+RC, (1.16)

where P,Q and R being arbitrary elements of I(M). The complete lifts FC of
an element F' € 3}(M) with lokal components F* has components of the form

Fr 0
C . I3
(o)
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In addition, we know that the complete lifts are defined by ([4],[8]):
(fX) = [fX"+ f'X°=(X[)S, (1.17)

X o= (XN 0" (@) = ()",
XUt = (X)), ¢"X = (pX)",
P X" = (pX)", (pX)"=p°XC,
n’ (X9 = (X)), n°(X )—(n(X))”,
(XY, Y] [(X,Y]", I°=1, I"X® = X", [X°Y°]=[X,Y].

1.3. Horizontal lifts. The horizontal lift f# of f € S(M) to the tangent
bundle T'(M) is given by

=19 -v,f, (1.18)
where
V,f =~Vf. (1.19)
Let X € 33(M). Then the horizontal lift X of X defined by
X =x%-v,x (1.20)
in T(M), where
V,X =4VX. (1.21)
If we compare horizontal and complete lift, we obtain
H _ (@X)C

for any X € $4(M,), where V is an affine connection in M,, defined by
VxY = VyX +[X,Y]

or
(VyX)? = (VxY)" + [V, X]" (1.22)
and (V)€ is the complete lift of the derivation Vx. The horizontal lift X of
X has the components
H X"
X7 , 1.2
(o) (23
with respect to the induced coordinates in T'(M ), where
h _ ,iph
It =yl . (1.24)

Let w € SY(M) with affine connection V. Then the horizontal lift w of w is
defined by

wl =Wl -V w (1.25)
in T(M), where V,w = yVw. The horizontal lift w” of w has component of the
form

Wi (Thwy, w;) (1.26)
with respect to the induced coordinates in T'(M).
Suppose there is given a tensor field

9 3
S=577® 85 @dit ® ... ©da! (1.27)
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in M with affine connection V and in T'(M) a tensor field V,YS is defined by

8 0

with respect to the induced Coordlnates (z"y ) in 7=1(U). In addition, we define
a tensor field vy S in 7=1(U) by

0 0
xS = (XS ])8Z® ®W®dx ®...®dr’
and a tensor field 7S in 7= 1(U) by
0 0
vS = (y'Sih ])al® ®W®daz ® ... da?

with respect to the induced coordinates (z",y"), U being an arbitrary coordinate
neighborhood in M. Then we have

vx8 = (Sx)V
for any X € S3(M) and S € SU(M) or SL(M), where Sx € S0, (M) or 3L, (M)
. The horizontal lift S of a tensor field S of arbitrary type in M to T(M) is
defined by
st =8¢ _v,8S. (1.29)
For any P,Q € T(M), we have
V(P2Q) = (V,P)eQ" +P' o (V,Q), (1.30)
PoQ) = PleQY+PY eQ.
We also know that the horizontal lifts are defined by ([8],[4])
M = 1 Axv=xV prx=xv 17x7 = xH, (1.31)
XU = (XY, (P07 =[x, W () =0,
WX = (W)Y, (X)) = (w(X))",
Fix® = (FX), FEXH = (FX)H,
Let M be an n—dimensional differentiable manifold of class C'*°. Differantial

transformation, defined by D = Ly, is called as Lie derivation with respect to
vector field X if

Lxf = X[, VfeS0M), (1.32)
LxY = [X,Y], VX,Y € S{(M).

[X,Y] is called by Lie bracked. The Lie derivative LxF' of a tensor field F' of
type (1,1) with respect to a vector field X is defined by [8]

(LxF)Y =[X,FY]| - F[X,Y]. (1.33)
Differantial transformation of algebra (M), defined by
D=vx:3(M)— (M), X €I4(M),
is called as covariant derivation with respect to vector field X if
Vixigvt = [fVxt+gVyt, (1.34)
vxf = X[,



LIE DERIVATIVES WITH RESPECT TO XV AND XH OF STRUCTURES 43

where Vf,g € SY(M),VX,Y € I§(M), vt € I(M).
On the other hand, a transformation, defined by
v : SH(M) x SH(M) — SH(M),

is called as affin connection ([5],[8]).

Proposition 1.1. For any X,Y € S§(M,,) [8]
DXV, vH = (XYY - (VxY)Y = —(VyX)Y, (1.35)
i) [XO, VA = [X, Y] —~4(LxY),
i) (X, vV] = [X,Y]Y + (VyX)Y,
w) (X7, vH] = [X, Y7 —4R(X,Y),

where R denotes the curvature tensor of the affine connection V.

2. Main Results

Let an n—dimensional diferentiable manifold M,, be endowed with a tensor
field ¢ of type (1,1), a vector field £, a 1—form 7, I the identity and let them
satisfy
P’ =—T+1Q¢, p(€) =0, nop =0, (€ =1, (2.1)

Then (¢, &, n) define almost contact structure on M, ([8]). From (2.1), we get on
taking horizontal and vertical lifts

"? = —-I+n" @ +9 ¢, (2.2)
per = 0, e =0, nroc =0,
nfopt = 0, n°(€") =0, n'(¢") =1,

(€)= 1, 9"Em =0
We now define a (1,1) tensor field J on I(M,) by
J=¢" - on + M ant. (2.3)

Then it is easy to show that J2X? = —X? and J2X = — X which give that
J is an almost contact structure on (M,,). We get from (2.3)
IX" = (pX)"+ (X)),
IXT = (eX) = (n(X))"
for any X € S§(M,,) [4].
Theorem 2.1. For Lx the operator Lie derivation with respect to X , J €
31(S(M,y,)) defined by (2.3) and n(Y) = 0, we have
i) (Lxn )Y" = ((Vxe)Y)" + ((Vxn)Y)e”,
i) (Lxn HYT = (Lx)Y)" = 7R(X, oY) + ¢"yR(X,Y) = (Lxn)Y)"¢"
—(°YR(X,Y))E" + (Y R(X,Y))EM,
iti) (Lx»J)Y? = 0,
w) (Lo HYT = ((Lx@)Y)" = (Vx@)Y)" + (Lx)Y)" e — (Vxn)Y)'er,
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where X, Y € )

n € SY(M,,).
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(M,,), a tensor field ¢ € 3}(M,,), a vector field £ and a 1—form

Proof. For J = o —¢*@n? + 7 @ and n(Y) = 0, we get

i) (LynJ)Y"

i) (LynJ)Y!

LynJY? — JLynY"

(X (@Y)" + (n(N))Y] = (" = ¢ @n’ + T @) X", Y

(X (V)] + (X7, (n())T] — "X, Y]+ 0 (X, Y¥])eY
" ((x7, v et

(X, 0Y]" + (Vor X)" — " (X, Y]" + (Vy X)¥) + (X, Y]’

+H(Vy X)")E" =" (X, Y] + (Vy X)")e"

(Lx@)Y)" + (p(LxY))" + (Vx@Y)" + [¢Y, X]" = (pLxY)"

—(eVy X)" + 0" ([X, Y]")" + (n"(Vy X)")&"

—(n[X, Y] =t (vy x)e!

(Lx@)Y)" + (p(LxY))" + (Vx@)Y)" + (¢pVxY)"

—((Lx)Y)" = (p(LxY))" = (p(LxY))" = (¢Vy X)"

—([X, Y] — (" (VyX)")e!

(Vx@)Y)" + (oVxY)" = (p(LxY))" — ¢ (VYX)

H((Lxm)Y) " — (" (VY)Y + Y, X))

(Vx@)Y)' + (oVxY)" — (p(LxY))" — ¢ ((VXY)” +[v, X7]%)

H((Lxm)Y) e — (n(VxY)) €7 — (n(Ly X))"€

(Vx@)Y)" + (pVxY)" = (p(LxY))" — (o(VxY))" + (¢(LxY))"

H((Lxn)Y) e + (Vaxm)Y))E! + (n(LxY)) ¢!

(Vxe)Y)" + (cNXY)” — (e(VxY))" + (Lxn)Y)"e”
H((VxmY)) €™ — (Lxn)Y)) e

(Vx@)Y)" + (Vxn)Y)")EH,

(
)e!

LynJY? — JLyuYH

X7 (@) = (n(¥))"] = (¢ = " @n’ + T @) [ X7, Y]

(X7, (oY) = X7, (n(V)&)*] = M (X Y T (X7, Y )
(X", vt

(X, oV = yR(X, oY) — " (X, Y = yR(X,Y))

(XY —yR(X,Y))E" — (X, V)7 —yR(X,Y))e"

(Lxe)Y)™ + (o(LxY)T = yR(X, oY) — (p(LxY))"

+oYR(X,Y) + (nLxY)"€" — (1°yR(X,Y))¢"

—n" (X, YT + Ty R(X,Y))EH
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= (Lxp)Y)" —qR(X, oY) — (Lxn)Y)"¢" + o"yR(X,Y)
— (Y R(X,Y))E" + (" yR(X,Y))e"
(Lxe)V)" — yR(X,0Y) — (Lxn)Y)"¢" + J(vR(X,Y)),

iti) (Lxo )Y = LyodY" — JLyxoY"
= [X" (oY)’ + (n(Y))"] = (" =" @n" + T @n™)[X", V"]
= [X"(Y)"] + [X", (n(Y)O)"]
= 0,

w) (Lxo )YH = LyxoJYH — JLx. Y
= [X" ()T = (V)" = (¢ =" @’ + T @) X7, Y]
= [X" (V)] = [X", (n(Y))"] = " (X", Y]
0 (X7, YH))e — M (X, Y H))e!
= [X, Y] = (VxoY)" = " (X, Y] <vXY> )
+0"([X, Y] = (VxY)")E" —n"([X, Y] = (VxY)")e"
= ((Lxp)Y)" + (p(LxY))" ((VXSO)Y)U (pVxY)"
—(p(LxY))" + (¢VxY)" + (n"([X,Y]"))€"
(" (VxY)")E" = (nLxY) ™ + (nVxY)e!
= (Lx9)Y)" = (Vx@)Y)" + (Lxn)Y)"€" = (Vxn)Y)"€",
where nLxY = Lxn(Y) — (Lxn)Y and nVxY =Vxn(Y) — (Vxn)Y. O
Corollary 2.1. If we put Y =¢, i.e. n(§) =1 and & has the conditions of (2.1),

then we get different results

i) (Lxu )& = (Lx&)" —vR(X,€) + (Vxp)€)" + (Vxn)€) e?,

i) (Lyxn DEH = —(Vx€)' + (Lxp)&) — (Lxn)€)ve’ + ¢ yR(X,€)
—(°YR(X,€))€" + (" yR(X, €))E",
iii) (LxoJ)E" = —(VeX)Y,

w) (Lxo J)ET = ((Lx9)€)" — (Vxe)&) + (Lxm)€) ¢™ — (Vxn)€) ",
Let an n—dimensional diferentiable manifold M,, be endowed with a tensor
field ¢ of type (1,1), a vector field £, a 1—form 7, I the identity and let them
satisfy
' =1-n®¢, p(&) =0, nop =0, (€ =1 (2.4)

Then (¢, &,n) define almost paracontact structure on M, [7]. From (2.4), we
get on taking horizontal and vertical lifts [4]

©")? = I-n'e" —n"ee, (2.5)
e =0, "M =0, not™ =0,

nop™ =0, n°(¢") =0, n°(¢") =1,

() = 1, 97" =o.
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We now define a (1, 1) tensor field J on $(M,) by
TJ=¢"—¢on —e"ag". (2.6)

Then it is easy to show that J2XV = XV and J2XH = XH  which give that J is
an almost product structure on J(M,,). We get from (2.6)

X = (X)" = (X)),

JXT = (eX)T = (n(X)¢)"

for any X € S§(M,,).

Theorem 2.2. For Lx the operator Lie derivation with respect to X, J €
31(S(M,,)) defined by (2.6) and n(Y) = 0, we have

i) (Lxn )Y = (Vxp)Y)" = (Vxn)Y)'€ed,
it) (Lyxa )YT = (Lxp)Y)" = yR(X,0Y) — (Lxn)Y)"€" + "vR(X,Y)
—("YR(X,Y))&" — (nTyR(X, V)",
iii) (Lxs YY" = 0,
w) (Lxe )Y = ((Lx@)Y)" = (Vx@)Y)" = (Lxn)Y) € + (Vxn)Y) e,

where X, Y € S$3(M,,), a tensor field ¢ € S}(M,,), a vector field € and a 1—form
n € SY(M,,).

Proof. For J = o —¢* @ n* — ¢# @ nH and n(Y) =0, we get

) (Lyn)Y" = LyuJY’— JLynY"
= X7 (oY) = ()] — (" = @’ =T ™) [XT, Y]
= X7 (oY) = X7, (n(N)E)™T] = "X Y 4 (X7, V)
+nf (X, Y]
= [X,0Y]" 4+ (Vey X)¥ — 0" (X, Y]" + (V¥ X))
+7°([X, Y] + (Vy X)*)E" + 0" ([X, Y]" + (Vy X))
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= ((Lx9)Y)" + (p(LxY))" + (Vx9Y)" + [V, X]" = (¢LxY)"
—(eVyX)" +0°([X, Y]")E" + (n"(Vy X)")E"
+(n[X, Y ! +nf (Vy X)e!

= (Ix@)Y)" + (9(LxY))" + (Vx@)Y)" + (¢pVxY)"
—((Lxp)Y)" = (p(LxY))" = (p(LxY))" = (¢Vy X)"
+[X, YD) + (" (Vy X))

= (Vx@)Y)" + (pVxY)" = (o(LxY))" — " (Vy X)"
—((Lxn)Y) €™ + T (VxY)" + Y, ]>>5H
= (Vx@)Y)"+ (pVxY)" — (p(LxY))" — <<©XY>“+[Y,X]”>
+

¥
—((Lxn)Y )" + (n(VxY)")E! + (n(Ly X))°€
= ((Vx@)Y)" + (9VxY)" = (p(LxY))" = (¢ <vXY>> + (p(LxY))"
—((LxmY) e = (Vxn)Y)")E! — (n(LxY))"¢
= (Vxp)Y)"+ WXY>”—( (VxY)" = ((Lxn)Y)"e?
—((VxmY))E + (Lxm)Y)) e?

= (Vxe)Y)" = (Vxm)Y)")e",

i) (Lyn YY" = LyuJY™ — JLyuY!
= X" (@) = (1)) — (" =" @’ — M @n") X", Y]
= X7 ()] = (X7, (n(V)&)"] — "X, Y]+ o (X, Y H])e
™ (X, e
= [X,oY]T —yR(X,¢Y) — o" (X, Y]" —yR(X,Y))
0" (X, YT —yR(X, V) + ™ (X, Y] — yR(X,Y))e"
= (Lxe)Y)T + (o(LxY) = yR(X,0Y) — (p(LxY )"
+o Y R(X,Y) + (nLxY)"¢" — (n"yR(X,Y))¢"
=" (X, Y — Ty R(X, V)"
= ((Ixp))" =vR(X, 0Y) = (Lxn)Y)*€" + "R(X,Y)
—(n"yR(X,Y))E" — (" yR(X,Y )"
= ((Lxe)Y)" —yR(X,¢Y) — (Lxn)Y) " + J(vR(X,Y)),

iit) (Lxs J)YY = LxoJYV — JLxwY"
= [X" (V)" = (V)" = (p" =" @ n’ — T @ n™)[XV, Y]
eY)"] = [X", (n(Y)6)"]

[
= 0,
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w) (Lxo HNY? = LyodYH — JLxoYH

(XY, (@) — (1)) = (9" — ¢ @’ — M on™)[xv, Y]

= [XY (eY)"] = XY, (n(Y)E)"] — " [X", Y H] 4+ 071X, Y H])e

T(xe, Yy

= [X,pY]" = (VxY)" — o"([X,Y]" = (VxY)") + n°([X,Y]"
—(VxY)")E" + 0" (X, Y] — (VxY)")"

= ((Ix9)Y)" + (p(LxY))" = (Vxp)Y)" — (¢VxY)"
—(p(LxY))" + (¢VxY)" + 0" ([X, Y]")E" —n"(VxY)"€"
+(nLxY) ¢ — (nVxY)ve

= ((Lxp)Y)" = (Vxo)Y)" = (Lxn)Y )" + (Vxn)Y)*e™,

where nLxY = Lxn(Y) — (Lxn)Y and nVxY = Vxn(Y) — (Vxn)Y. O

Corollary 2.2. If we put Y =&, i.e. n(§) =1 and & has the conditions of (2.4),
then we have

) (Lxn )" = —(Lx&)™ +R(X,€) + (Vx9)§)" = (Vn))"e”,
i) (Lyn )" = —(Vx¢ "+ (Lx@))™ = ((Lxm)&)"¢” + " YR(X,€)
—("vR(X,€))&" — (/" yR(X, €))e",

A

iii) (LxeJ)E" = (VeX)",
w) (Lxo)ET = ((Lx9)&)” = (Vx9)€)" — ((Lxm)&) s + (Vxm)€) e
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