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ON SMOOTH SOLUTIONS OF A CLASS OF BOUNDARY
VALUE PROBLEMS ON A FINITE SEGMENT FOR SECOND
ORDER EQUATIONS WITH OPERATOR COEFFICIENTS

ELSHAD G. GAMIDOV

Abstract. Algebraic conditions providing the existence and uniqueness
of smooth solutions of a boundary value problem for an elliptic type
second order operator-differential equations in finite segment are found.

1. Introduction

In separable Hilbert space H consider a boundary value problem
u”(t) + A%u(t) + A/ (t) + Agqu(t) = f(t), t € (0,1), (1.1)
u'(0) =0, ¥/(1) =0, (1.2)
where f(t), u(t) are the functions determined on the interval (0,1) almost every-
where, with the values in H, A is a self-adjoint positive operator, the operators
A and As are linear in H.
Denote by L2((0,1); H) Hilbert space of functions g(¢) determined on the in-

terval (0,1) almost everywhere, with the values in H and Bochner quadratically
integrable with the norm

1/2
”g”hmm:( / lo @)1 dt> < o0,

Then we introduce the Hilbert space [1]
W ((0,1); H) = {u CA™u € Ly ((0,1); HY, ™ € Ly ((0, 1);H)}

with the norm

g o, (H oo )+\\Amu\\i2((0,1);m)m,

where m > 1 is an integer.

Here and in the sequel, the derivatives are understood in the sense of distri-
butions [5]. Assume Lo(X,Y") is a space of linear bounded operators acting from
Hilbert space X to the Hilbert space Y.
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The spaces L, (R; H) and W3 (R; H) for R = (—o0;00) are introduced in the
same way.

Denote by H, a unit of Hilbert spaces generated by the operator A, i.e. H, =
D(AY), (z,y), = (A2, A%y), z,y € D(A7),y > 0 for v = 0 we consider Hy =
H, (z,y)o = (z,y).

2. Main results
Definition 2.1. Let f(t) € W} ((0,1); H). If there exists a function u(t) €
W3 ((0,1), H) satisfying equation (1.1) in the interval (0,1) identically, then u(t)
is said to be a smooth solution of equation (1.1).
Definition 2.2. If for any f(t) € W3 ((0,1), H) there exists a smooth solution
u(t) of equation (1.1) satisfying boundary conditions (1.2) in the sense

tljfoHu H3/2:’ E{HOHU H3/2:

and the estimate
||U”W23((0,1),H) < const ||f||W21((o,1),H)

holds, then problem (1.1)-(1.2) is said to be well-posed in the space W3 ((0,1); H).

Existence and uniqueness of smooth solutions for some boundary value prob-
lems, in an infinite domain was studied in the papers [1-4],[6],[7].

Such problems have not been studied in finite domain. In the present paper we
find sufficient conditions providing well-posedness of problem (1.1)-(1.2) in the
space W3 ((0,1); H).

For this purpose we introduce the following total subspace of the space W3 ((0,1); H):

W3 ((0,1); H) ={u:ueWs((0,1); H), u'(0) =/(1) =0}.
Assume that the followmg conditions are fulfilled:
1)A is a positive-definite operator in H;
2)
Ay € L(Hy, H)(\L(Ha, Hy), Ay € L(Hy, H)( L (Hs, Hy).
Subject to condition (1.2), we can define the following operators
Pyu = Py (d/dt)u = —u" (t) + Au(t)
and
Pu=DP (d/dt) U = Alu'(t) + Agu(t)

acting from the space W3 ((0,1), H) to W2 ((0,1); H). The following theorem is
valid.

Theorem 2.1. The operator Py isomorphically maps the space W3 ((0,1); H)
into W3 ((0,1); H).

Proof. As the general solution of the equation Py (d/dt)u(t) = 0 from the
space W3 ((0,1); H) is of the form

uo(t) = e_tA$1 + e(t_l)AI‘Q
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where 1,72 € Hs /o, then from condition (1.2) it follows that —Awxy + Ae Ay =
0 and —Ae 4z, + Axy = 0,i.e —x1+ e A2y =0 and —e 421 + 29 = 0. Hence
we get —x1 + e 24z =0, ie. (E - 6_2A) z1 = 0. As the operator E — e 24 is
invertible in Hy /9, then x1 = 0. Then and 29 = 0 as will. Consequently, uo(t) =0
i.e. KerPy = {0}. Show that ImPy = W3 ((0,1); H) . From the extension theorem
[1] it follows that there exists a function f1(t) € Wit (R, H) such that f1(t) = f(t)
fort € (0,1) and Hf1HW21(R;H) < const |]fHW21((071);H) . Let us consider the equation

Py(d/dt)u(t) = fi(t), tE R, (2.1)
and denote by
uy(t) = L /+oo (EE+ A7 fi(©)etds, teR, (2.2)
V21 J oo

where f)(€) is the Fourier transformation of the function fi(¢). Show that uy(t) €

W3 (R, H). Indeed, it follows from (2.2) that @ (¢) = (€2E + A2) ™" fi(€). Then
by the Plancharel theorem we have

|2 2 ~ 2
HUIHIQ/Vg(R;H) = ’ u, Lo(RH) + HA?)UIHLQ(R'H = ||§3u1(€)”LQ(R;H)
3. _ 3/¢2 2 1
A% ()| 1, rory = Hf (E+ A7) fl(f)‘ La(EH)
| @) ho)
L (RH)
2 2 -1
< sup [ (€8 + 4 I*-||eArte) )
2/(¢2 2 \—1 £ 2
tsup[A€E+ A AR,
H'Sfl ’ La(rim) | H file ‘ Lz(RH)) < const || fllw(o.1:m) -

Here we used the following inequalities

SupH§2 EE+ A2 <1, supHA2 (2E + A2)~ H<1

Thus, u1(t) € W5 (R; H). Then it is obvious that ui(t) satisfies the equation
Py(d/dt)u(t) = f1(t), identically, as f1(¢) is a continuous function. Denote by «/(t)
the contraction of u;(t) on the segment [0,1], i.e. a(t) = ui(t), t € [0,1]. Then
at) € W3 ((0,1); ) from the traces theorem it follows that a()(0) € Hs_j 1/,
al)(1) € Hy_j 19,7 =0,1,2.

Obviously, for t € [0,1] Py(d/dt)a(t) = f(t). Now we will look for the solution
of the equation Pyu = f in the from u(t) = a(t) + e "4z +et=DAzy ¢ € (0,1)

where z; and z9 € Hj/ are unknown vectors, :UQ = e Az — A~'a/(1). Then
from condition (1.2) it follows that —Ax; + Ae™4zy = —a/(0) and

—Ae ™Az + Azg = —o/(1). Thus 1 — e 4y = A7! ()and e Ar — a9 =
A~'a/(1). Hence we obtain z1—e 24z = A~ 1 ’(0) —e AT /(1) =4 € Hy)o.

Then z; = (E — 6_2‘4)71 Y, a0 = (E- 6_2’4)71 Y+ A~1d/(1). Obviously,
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x1 and xg € Hyjo. Therefore u(t) € W3 ((0,1); H), i.e. Pou = f and ImPy =
W4 ((0,1); H). On the other hand, it is easy to see that

||P0UHW21((0,1);H) < const ||U||Wg((o,1);H) :

Therefore, the theorem statement follows from the Banach theorem on an
inverse operator. Now we consider the well-posedness of problem (1.1), (1.2) in
W3 ((0,1); H). The following lemma holds:

Lemma 2.1. For all u € W3 ((0,1); H) the equality holds
2 2 2
”P0u||W21((0,1);H) - Hu||W§((O,1);H) +3 HA“/HWQ((O,U;H) : (2:3)

Proof. Let u € W3 ((0,1); H) («/(0) = /(1) = 0). Then

HPOu”Wl ((0,1;H) = H —u’ + AQ“H% (0,1):H) — H_ " Azu/H;((OJ);H)
2
+ H_A“” +A3UHL2((O,1);H) = H“/”HLQ (0,1);H) T HA3UHL2 (0,1);H)
2
4% 0.y + 140 2 00580
—2Re (u", A2u’) Lo((01):H) 2Re (Au”, A3u) La((0.1):H) ° (2.4)
As for u € I/I(}Q?) ((0,1); H) we have
1
(Au”, A3u)L2((0,1)§H) - (Ag/gul(t)’ A5/2u(t)) ‘0
2 2
- HAQU,HLQ((O,I);H) - HA2“/HL2((0,1);H) (2:5)
and
1
(u///’A2u/)L2((O’1);H) _ <A1/2u"(t),A3/2u’(t)) ‘0 — HAU”HiQ((O,l);H) . (2.6)

Then taking into account equalities (2.5) and (2.6) in (2.4), we have

HP0u||W1 ((0,1):H) = HUHW3 ((0,1); H)+3<HAUHHL2 0,1); +HA2U“/HL2((O,1);H))'

Since

HAUIH;/QI((O,I);H) = HA“”HLQ( 0,1);H) T HAQUIHLQ((OJ);H)’
then

2
1 Powllvys oy = Il co,nyerry + 3 149 53 0.1).00) -

Lemma 2.2. For all u € W3 ((0,1); H) it holds the inequalities

2
HA uHW%((O,l);H) = Co ”PU“”W%((OJ);H) (2.7)

HAU/HW%((OJ);H) < a ||P0UHW21((0,1);H) : (2.8)

where co =1, c1 = 5
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Proof. Let u € W3 ((0,1); H). Then from lemma 2.1 we get

HA2“HW2 (0,1);H) — HA2U’/HL2(01 +HA3UHL2 ((0,1);H)

2 2
< HA“/HW;((Q,U;H) + HU\|W§((0,1);H) < HP0U||W21((0,1);H) :

i.e. inequality (2.7) is valid. Then taking into account u’(0) = u/(1) = 0 we
obtain

HAU,H?/V%((O,I);H) = HA“NHLQ (01):m) T HAQUIHLZ((O,I);H)

= (Au", Au") p,(0,0);m) + (A%u ,A ') La((0,0):H)
1

= (A2 (1), AV (1 )>‘ — (A% ") L0 1)em)

(0, 00,

1 2./
35(”“

La((0,1);H)

nr|2

HLQ((O,I);H) + H“ HLQ((O,I);H))

1 2
i) (HASUHLz (.15 T HA“””LZ((OJ);H))

1
= <||U”W3 o,1;H) T HA“ HWl (0,1); H))
Taking into account equahty (2.3) in the last inequality, we get

1
40 gy < 3 (100 Btcomsn — 2140 By ) -

Hence we have 1
2
HAUIHI/I/Ql((O,l);H) < 4 ”POUHWQI((OJ);H)’
and consequently
1
HAUIHWg((o,U;H) < 9 HPO“HWQI((OJ);H) :

The lemma is proved.
Now prove the main theorem of this paper.

Theorem 2.2. Let conditions 1), 2) fulfilled and the following inequality hold:

1
q= 5 max (||A1”H1—>H ) ||A1||H2—>H1) + max (||A2HH2—>H ) ||A2”H3—>H1) <1
Then (1.1)-(1.2) is well defined in W3 ((0,1); H).
Proof. Write problem (1.1)-(1.2) in to form of the equation Pyu + Piu = f,

where f € Wy ((0,1); H), u € W3 ((0,1); H). After substitution w = Pyu and
using Theorem 1, we get the equation w + P1 Py 'w = f in Wy ((0,1); H). As for
any w € W4 ((0,1); H), we have

“Plp(flwllwg((o,1);H) = ||P1”HW21((0,1);H) < HAlu,HWZ}((o,l);H)

, 1/2
+ HA2U||W21((0,1);H) = (HAW HLQ 01):H) T | AA HL2 0 1);H)>
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1/2
+ (HAQU/Hiz((O,l);H) + HAA?“”%Q((o,l);m)
9 1/2
< (HA1II§{2_>H1 ' HA“//HZ((OJ);H) + 1A, S HAzulHLg((o,l);m)

1/2
+ <||A2|\§{2—>H ' HAQU,HiQ((O,l);H) + | Aol i, - HABUHZ((OJ);H))

< max (|| A1l gy, - 1A 11, 1r) HAU/HWQI((O,I) H)

)

+ max (||A2HH3—>H1 ; ||A2HH2—>H) : HAQUHWQ((OJ) H)*

)

Taking into account (2.7) and (2.8), from Lemma 2.2 we get

_ 1
[Rati 1“‘)HW21((0,1);H) < 5 max (FA iy, - 1A 1, 1r)

|| Poully 0,1);rr) + max (| A2l g, rr, » 1420, 17)

X ||POUHW21((O,1);H) =4q- HPOU||W21((O,1);H) =4 ||w||W21((071);H) :

As g <1, then E+ PPy ! is invertible in W3 ((0,1); H). Then

w =

(E+ PlP(;l)_l fandu= P (E+ PlPal)_l f. Hence we have

||UHW§((0,1);H) < const ”fHWzl((O,l);H) :

The theorem is proved.

[1]
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