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FORMULA FOR SECOND REGULARIZED TRACE OF THE
STURM-LIOUVILLE EQUATION WITH SPECTRAL
PARAMETER IN THE BOUNDARY CONDITIONS

HAJAR F. MOVSUMOVA

Abstract. In the paper we calculate formula for the second regularized
trace of the problem generated by Sturm-Liouville operator equation
and with spectral parameter dependent boundary condition.

1. Introduction

The study of regularized traces of ordinary differential operators has a long
history and there are a large number of papers and books studying this issue.
The regularized trace of the differential operators can be regarded as a general-
ization of the traces of matrices and operators .The trace formula for the scalar
differential operators have been first found by Gelfand and Levitan [15] .The
formula obtained there gave rise to a large and very important theory, which
started from the investigation of specific operators and further embraced the
analysis of regularized traces of discrete operators in general form. In a short
time, a number of authors turned their attention to trace theory and obtained
interesting results. For example, Dikii provided a proof of the Gelfand-Levitan
formula in [11] on the basis of direct methods of perturbation theory, and in [12],
he derived trace formulas of all orders for the Sturm-Liouville operator by con-
structing the fractional powers of the operator in closed form and by computing
an analytic extension for its zeta function. Later, Levitan [17] suggested one more
method for computing the traces of the Sturm-Liouville operator: by matching
the expressions for the characteristic determinant via the solution of an appro-
priate Cauchy problem and via the corresponding infinite product, he found and
compared the coefficients of the asymptotic expansions of these expressions thus
obtaining trace formulas. Gasymov’s paper [14] was the first paper in which a
singular differential operator with discrete spectrum was considered. Afterwards
these investigations were continued in many directions, such as Dirac operators,
differential operators with abstract operator-valued coefficients, and the case of
matrix-valued Sturm-Liouville operators (see, [21]). In [18] , the trace of the
Sturm—Liouville operator with unbounded operator coefficient has been first cal-
culated by F.G. Maksudov,M. Bayramoglu and A.A. Adigezalov. Higher order
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regularized traces investigated for example, in [1, 7, 10, 13] . In [7] , M. Bayra-
moglu and N.M.Aslanova found a formula for the second regularized trace of the
problem generated by a Sturm-Liouville operator equation and a spectral param-
eter dependent boundary condition.The trace formulas for differential operators
with operator coefficient are investigated in the works [1-5,7-10, 18,19].

In the present paper we consider an operator different from operator in [7] by
boundary condition.The main goal of the paper is to establish a formula for the
second regularized trace of that operator. A formula for the first regularized trace
is obtained in [19].

2. Problem statement

Let H be a separable Hilbert space. Denote by (-, - ) and | - | the scalar
product and the norm in H, respectively. In the Hilbert space Lo (H, (0, 1)) we
consider the following boundary value problem

Lyl = —y"(t) + Ay(t) + q(t)y(t) = My(t) (2.1)
y'(0)=0 (2.2)
ay(1) +y'(1) = =2y'(1) (2.3)

where A is a self-adjoint positive-definite operator in H (A > E, F is an identity
operator in H) with a compact inverse, ¢ (¢) is a selfadjoint operator-valued func-
tion in H for each t. Suppose that ¢ (t) is weakly measurable and the following
conditions are satisfied:

1) There exist fourth order weak derivatives on [0, 1] denoted by ¢'*) (¢) which
is from oy (H) and ||¢® (t)HUl(H) < const for each t € [0,1], (k = 0,4),
AlQ)®) (t) € oy (H), HAq(k) (t)Hal(H) < const for k =0, 1, 2. Note that, o1 (H)
is a trace class (see [16], p.88), a class of compact operators in separable Hilbert
space H , whose singular values form a convergent series. In [16] this class is
denoted by o1 (H) .

2) ¢ (0)=¢'(1) =q(1) =0;

3) Ji (q(t) f, f)dt =0 for each f € H.

In direct sum Lo = Lo (H, (0, 1)) @ H associate with problem (2.1)-(2.3) for
q (t) = 0 the operator Ly defined as

D(Lo) ={Y : Y = {y(t), ;1 }/ — y"(t) + Ay(t) € L2(H, (0,1)),
y'(0) =0, y1 =—y'(1)}, (2.4)
LoY = {—y"(t) + Ay(t), ay(1) +y' (1)} (2.5)

The operator corresponding to the case ¢(t) # 0 denote by L = Ly + @, where
Qly (), =y (1)} ={q )y (t), 0}. The scalar product in Ly defined as

1
V. 21 = [ 0l0) =)t + L. 20) (2.6
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where Y = {y(t), y1}, Z = {z(t), 21}, y(t), 2(t) € L2 (H, (0, 1)), y1, 21 € H,
a> 0.

It is known that [6] operators Ly and L have a discrete spectrum. Denote their
eigenvalues by 1 < pg < ... and A\ < A9 < ..., respectively.

3. Auxiliary facts

Denote the eigenvalues and eigen-vectors of operator A by 71 < v < ... and
Y1, Y2, - .., respectively.

Let Rg be resolvent of operator L3. In view of asymptotics for py, it follows
that RY is from oy (H). In [20] the following theorem was proved.

Theorem 3.1. Let D (Ag) C D (B), where Ay is a self-adjoint positive discrete
operator in separable Hilbert space H, such that AO_1 € o1 (H) and let B be a
perturbation operator. Assume that there exist a number 6 € [0; 1) such that
BAa‘S is continuable to bounded operator and some number w € [0; 1), w+d < 1,
such that Af(lféfw) is a trace class operator. Then there exist subsequence of

natural numbers {nm}_, and sequence of closed contours 'y, € C such that for
N>2
- W

j=1 ka; 1

where {un} and {\,} are eigenvalues of Ag + B and Ay, respectively, arranged
in ascending order of their real parts, Ry (\) is a resolvent of Ay.

The conditions of this theorem are satisfied for Lg and L?. Really, if we
take Ag = L%, B = LoQ + QLo + Q2 (L2 = A0+B) and 6 = %, provided
LOQLa1 is bounded, BAa1 is also bounded and for w € [0; 1), w < 1_ 24a

2 4o )
Ag(lf‘sfw) = Laz(k&*w) is an operator of the trace class. Thus by statement of

Theorem 3.1 for N > i

W%i_r}loo (TLZ M” 27'(1 /F Z

m k- 1
xtr [(LoQ + QLo + Q) Ro ()] d)\> =0. (3.1)
4. Second regularized trace of the operator L

Nm 1
. 2 2 2
77%1_1}(1)0 < E ()\n — 1 —/0 trq” (t) dt> +

=1

Let’s call

2m /F

a second regularized trace of L and denote it by 7,

tr [(Lo@ + QLo + Q%) Ry (V)" dA) (4.1)
m =2
)\,(12) — ,ug)). Further, we

will show that it has finite value which doesn’t depend on choice of {n,,}.
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By virtue of [20, lemma 3] for great m the number of eigenvalues of L3 and L?
inside the contour I'y, is the same and equals to n,.

In view of (3.1)
(2 o o
n}gr(lx) E ()\n — = /0 trq= (t) dt> +

N k—1
+i' /F Z (_1,2“" [(LoQ + QLo + Q%) Ro (,\)]’“ d/\> —

1 1 2 < [t

= lim_ (m/rm tr[(Lo@ + QLo + Q%) Ry (\)]dA 7;1/0 trq® (t) dt)
(4.2)

Denote the eigenvectors of Ly by 1, ¥2, .... By our assumption operator

LOQLa1 is bounded, so (LOQ + QLo+ Q2) Rg is trace class operator and thus
eigenvectors of Ly form a basis in L. From (4.2) we get

L 0 [(20Q + QLo + Q%) Ry (V)] dA =

2mi Jr,,

= ([LoQ + QLo + Q%] thn,tn) 1, (4.3)
=1

Note that in [19] the orthonormal eigenvectors of the operator L is obtained
and are of the form:

v i {cos (zi.nt) i }
= cos (x , Tg.pSin T ,
" 2axy , + asin 2z, + 4:6‘% nsinz Tkn knt) Pk, Thin ki Pk
n=20,00, k=N, ©
T D Y 4.4
<n:1,oo,k:1,N—1> (4.4)

where zy, ,, are the roots (see [19]) of the equation

acosz—zsinz—(z2+’yk)zsinz:o, z2 == Y. (4.5)

The following lemma is true.
Lemma 4.1. If properties 1,2 hold, and v, ~ gk%, 0< g <00, 2 < a < 00,
then the following series is absolutely convergent

>3

k=1n=

1
20y [y €08 (2Tknt) fr (1) dt
2amk n + asin2xy , + 4xk sin? g,

[y

>0 2 s 2z ot t) dt
+Z ($k0+’}’k) a$k70f0 COb( xk,O )fk()

. 3 .
= 2azy,0 + asin 2z + 4;7:,6708@712 Tk

4axyy, [y cos? (Trnt) g (t) dt 1
S Jo c00* (2at) g1 (1) - [ o+
k=1

3
— = 2axy , + asin 2xg, , +4xk’nsm Thn




FORMULA FOR SECOND REGULARIZED TRACE ... 97

daxy, ! cos? Tpot) gx (t) dt 1
0

< o0. 4.6
2axy0 + asin 2wy + 423 sin® @ (4.6)

53
k=N
where fi, (t) = (¢ (t) ¢k, @k) > gk (t) = (% () @k @) -

Proof. Let’s denote the sums on the left of (4.6) by di, do, ds, dsy according to
their order. By virtue of property 2, integrating by parts at first twice, then four
times, we have

1 1
/ cos 2z ptfi (1) dt = — ! 2/ cos 2zt fy, (t) dt. (4.7)
0 (2z1,0)" Jo
! 1
/ cos 2xp ntqy (t) dt = ————— fi (1) sin 2zp ,,—
0 (2xk,n)
1

1
4/ cos 2xk,ntflglv) (t)dt. (4.8)
0

1
—————— cos 2xputfr (1) ‘(1) +
(2:1/‘]{;’71

(2$k,n)
In virtue of estimate

2ax 1
: L =1+0(—). (4.9)
2axg,o + asin 2xg o + 4x;, o Sin” Tk o Tk

Taking into property 1 and (4.7) we have

i 2ax ). 0Vk fol cos 2z ot fi (t) di
= 2axy,0 + asin 2z o + 41:%’0 sin® Tpo|

<§: (1+O<1>>/1|f ()] dt < oo
_k:N% wo) ) ) 7

i 2az} fol cos 2z ot fi; () dt
= 2ax,0 + asin 2z o + 435%,0 sin® Tk0

§§<;+O<x;)>>/ol\fg’(t)\dt.

So, we get that series denoted by ds is absolutely convergent.
Then by using relation (4.8) and asymptotics zj, ~ 7n (see [6]), property
1Aq" ()|, (rry < const and (4.7) the following estimate holds

EEn(re0())o(2) [rois-

- Z Z 0 (;) /0 |(Aq" (t) ¢, )| dt < const (4.10)

k=1n=1

20T Yk fol cos 2z nt fi; (t) dt

2axy p, + asin 2z, + 4x% n sin? Thon
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Since Hq(k) (t)HUl(H) < const (k = 2,3,4) , in virtue of asymptotics zy, , and (4.8),
we get

Zax%,n fol cos 2z nt fi. (t) dt

2axy , + asin 2z, + 4x2’n sin? Thn

k=1n=1
-33- (10 (3) [ i +
+ £ (0 D+(2xin/ ‘kaV) ‘dt] (4.11)

Obviously that sin 2z, = 0. From (4.10) and (4.11) it follows that series
denoted by d; is also convergent.

Then
2 - 4amknf0 COS (xkn )gk( )dt !
>3 o] SCLE
1 el aZpn +a sin Trn + a:,m sin? Tkn 0
SIS 1
2axy, + cos 2z . t) gi (L )dt 1
=303 ey O e e - [ty -
11 aTk.n + asin Thn + xk sin? Tkn 0
oo 1 1 1
= ZZ (1 +0 <>> / (14 cos 2z nt) gr (t) dt —/ agr (t) dt’ <
k=1n=1 " 0 0

< ig <1 +0 (i)) /01 |cos 225 nt i (t)|dt+§:i0 (i) /01 lgi ()] dt.

k=1n=1

The last equality in virtue of (4.7) and properties g (t) € o1 (H), g; ()
o1 (H) gives that series denoted by ds converges. dy is also converges:

>

=N
oo

m

dazyyp [ cos® (zyot) i (t) dt /1 () dt| =
2axy o + asin 2wy o + 43:2 0 sin? Tk,0 0 Tk B

bl

Il
iy

2azy 0 fol (1 + cos 2z ot) g (t) dt /1 (1) dt
2axk0 + asin 2z o + 42 sin® 2k 0 Tk

< Z <1+0 (xko» /Ol\cos 2k olgh (t)\dt+§;o (mkl() /01 e (1)] dt

this completes the proof of the lemma. O

Now let’s calculate the value of series called the second regularized trace. For
that we prove the following theorem.

Theorem 4.1 Let q(t) be an operator-function with properties 1-3, LalQLO
be bounded operator in Ly and vy ~ gk® g >0, a > 2, then
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3 (/\512) 3 Ng)) _ t?”qz(o) N trAq(0) J;tr Aq(1)

trg” (0) +trg" (1) /1 trg? (1) dt. (4.12)
0

n=1

8
Proof. 1t follows from Lemma 4.1 and relations (4.2) and (4.3) that

Nom 1
: Z 2 2 2
Tr%lﬁoo ( — <)‘n Hn A fra (t) dt) -

n=1

k:—l
tomi | > 0 (@ oo+ @) R ()]’“dA>=

Pm g—2

N—-1 oo 1
daxy, cos 2xy ntfi (t) dt
> (@ +m) o ;

2axy p + asin 2z, + 43}% n sin? Thon

k=1 n=1
oo oo 1
4axyy, [y cos 2zt fi (t) dt
o e aTpp + asin 2y, + 4} | sin® vg,
N—-1 o 1
2axy (1 + cos 2xy, L (1) dt 1
T D B B UL
o1 nm1 [ 20%kn + asin 2$kn+4xknsm Thom, 0

X = 2azy, ! (14 cos 2z ,t) g (t) dt 1
+ZZ[ f“, — —/ng(t)dt . (413)
k=N n—0

2axy , + asin 2xy , + 4xk’n sin® xg

We first derive a formula for the fourth term on the right of (4.13). Compute
the value of series

o0
2axg n
n=0

2axg, + asin 2z, + 4wy, sin® xy o,

N-1
= lim Y 202k —1]. (4.14)
N—o00 0 i in2

2axy p + asin 2wy, + 43;2 o SINT Tp

For this at N — oo we will investigate the asymptotics behavior of the following
function

= 2ax
k,n
Sy (t) = : —1].
N () 7;) [2amk7n + asin 2z, + 43,’% n sin® Thon ]
Express the k—th term of sum Sy (¢) as a residue at the pole zj,, of some
function of complex variable z:

az

(“C92 1 — (22 + ) 22sin? 2
This function has simple poles at the points xy, ,, 7 and z = 0.

Find the residue at xj, ,,:

G(z)=—

(4.15)
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ngs G(Z) - 2 2 a ct Zxk,n ! -
e :Ek,n SN Tgn (Tg —1- (22 + ’Yk))z:ka
2axy
n 2axy , + asin 2z, + 4:”%@ sin® :r;w'
We have
az
ZieffnG (2) = - s (%2 —sin z — 22sin 2z — g sin z) 22 sin 2 -
B amn _ 1
B a eI (mn)?cos mn

Take as a contour of integration the rectangle with vertices at +iB, Ay £ 185,
which has cut at iz and will pas it by on the left, and the points —ixy g
and 0 on the right. Take also B > xj. Then B will go to infinity and take
An = mN + 3. For such choice of Ay we have x y—1 < Ay < xp N and the
number of points inside of the contour of integration equals N (k: =0,N — 1).

One can easily show that inside this contour the function %tgz —1- (z2 + ’Yk)
has exactly N roots, so xj v—1 < Ay < X N-

Since G (z) is an odd function of z, then the integrals along the part of contours
on imaginary axis, and the integral along semicircles centered at +ixy o vanish.

If z = u+ dv, then for large v and for u > 0, G (2) is of order O <%) that
is why for the given value of Ay the integrals along upper and lower sides of the
contour also go to zero when B — oo.

So, we arrive at the following equality

1 An+iB 1
t)=5_ M dz + 5— i dz. (4.1
Sx() =gz dm [ CEdrggln [, G (416)
—g<p<j3
As N — o0
1 An+iB 1 Apn+ioco d
2mi B—~oo Jay—iB 270 J Ay —ico 25SIn” 2
. 1/+OO dv _ 1/+<>o dv
T Jooo (An +i0)® (1 —cos (2Ax +2iv)) T J oo (Anx +iv)® (1 + cos 2iv)
1 [To° d
= / ] 3U =K. (4.17)
T Joco (AN +iv)” (14 ch2v)
Then,

K| =

l /+oo dv _ /+oo dv B

_2/+oo dv <2/+oo dv B
0 (A% 402 ANV a2
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2 > ™
v const
=—1In|— — 41 = . 4.18
Ay Ay T\ Azt Ax (4.18)
0
Therefore,
1 1 1 AN+iOO
/ SN () gr (t) dt = — gr (t)dt / G (z)dz+
0 211 0
An—ico
1 1
— i 4.1
s tim [ g / G () dz (4.19)
|2l =r
—5<p<3
We get
1
— G (z)dz =
2mi ) Jel=r  GEE
—5<p<3
_ 1 adz
- 2mi 7T|Z|:7” _ 2sin 2z — (14 22 + ;) zsin? 2
-3 <p< b
1 (2 ire’?d 1 [z 1
rv—./2 , are ey : —>—/2dg0:— (4.20)
271, ,% are¥ — (1 + (Teup)Q +’7k;) (7"6“’0)3 r—0 2 7% 2
So, using (4.16), (4.17), (4.18) and (4.20) in (4.19) we have
1 1 /1
lim / SN (t) g (t) dt = —/ g (t) dt. (4.21)
N—oo 0 2 0
Now let us derive calculations for
N-1
2 2 t
Ty () = Z axy n CoS 2Ty p

. .9 .
o 2axy , + asin2xy , + 4xz7n sin® xg

Consider the function of complex variable

—azcos 2zt

(7‘1 Cztgz —1—(22+ ’)/k)) 22gin? 2z

F(z)=
This function has simple poles at the points z, ,,, 7n and z = 0:

2axy 5 cos (2x pt)

res F(z) = - 5
Z=Tk,n 2axgp, + asin 2xy, + 4wy sin® xp,
and
res F(z) = — cos 2mnt.
Z=TNn

Again take as a contour of integration the above considered contour. One can
show that as N — oo
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i Apn+ioo __ azcos 2ztdz o~ const (4.22)
210 Jay —ico (H22E —1— (22 + 1)) 2% sin” 2 AN
From here we get
1 AN+ioo
lim [ gk () / F (2)dzdt = 0. (4.23)
N—oo Jo AN —ioco
By virtue of (4.23)
1 1
lim Ty (t) g (t)dt = lim My (t) gi (t) dt+
N—oo 0 N—oo 0
1 1
+%}% ; gk (t) dt / F(z)dz (4.24)
|2 =7
—5<p<73
Here
N
My (t) = Z cos 2mnt.
n=1
The first term in (4.24) is equal to
1
0 1
im [ My (8) gy (t) dt = 2L 96 (D)
N—oo 0 4
and the second term in (4.24) as r — 0 goes to —3 fol g () dt.
Other words
1 1
0 1 1
im [ Ty (1) go (1) dt = Q@) 1 / gr () dt. (4.25)
N—oo 0 4 2 0
From (4.21) and (4.25), we have
e 2azy . fol (1 + cos 2xp ,t) gi (t) dt 1
Sy (e (Lt eon 2t on ([T ) )
Py (o aTkn + asin 2oy, + Ty, SIM” Tk 0
00 00 1 0 & 1
B gr (0) + gx (1) B agr (0)
_2—4 -3 ng(t)dt—z 4 = ng(t)dt (4.26)
k=N k=N k=N k=N

(4.26) is followed from

gk (1) = (¢ (1) ¢r,0k) = (q (1) ¢k, q (1) ¢3) = 0.
By similar way we will have

N—-1 oo 2axy p fol (14 cos 2z ,t) g (t) dt 1
Z Z 2 in 2 423 sin2 - gk (t) dt | =
o \ 200k, + asin 2xg g, + 4ay | sinT 2, 0
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N-1 N-1
o ok(0) !
— 2 ; /0 gr () dt. (4.27)

- i / 1 g (1) dt = trqz(O) - / 1 trq® (t) dt. (4.28)
0 0

Z Z /1 2a$k7n COSs 2$k7ntfk (t) dt i
— Jo 2axp, +asin 2z, + 4:p% n sin® Thn
n Z Z /1 2axy, y, cos 2z ntfi, (t) dt B
0 2axgy, +asin 2xy, + 4:1:2 n sin? Tk N
1 o0
-1

Zcosn-()-i/oﬂcos nz fi <§)dz+
Jricosn.w-i/oﬂcos nzfi <§) dz] . (4.29)

n=0
n=0

From (4.29) we get

i o daxy fol cos 2zt fi, (1) dt
2azy,, + asin 2z, + 4o} sin? x,

daxy fol cos 2zt fi, (1) dt

(o) oo
. 3 )
Py o 2axy , + asin 2xy , + 4xk’n sin®

Ly o | Yeosn 0.2 [Meosmegy (2) det
=- cosn-0-— cos Nz —)dz
1 Vi =/, R
k=1 n=0
> 2 (7 z
—i—g COSTl'T("/ cosnsz<—)dz =
0 m™Jo Y

_ tréq (0) 4+ trAq (1)

5 (4.30)

and by using condition 2) we have (Note that in this case we consider as the func-
i i — —2azcos 2zt .

tion of complex variable H (z) = (T2 1 (22 o)) i 2, whose residues at the

46”3%7” cos 2yt

2
poles mn and z, ,, are equal to —2 (7n)” cos 2mnt and Sazn o Fasin 2op sl _silorn

respectively.)
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i i 4a:1:%’n fol cos 2z nt fi; (t) dt
k=N n=

. 3 . 2
: 2y, + asin 2ry , + 41:,6’” sin® xg

o 0o 1
= ZZ/O 2 (mn )? cos 2mntfy, (t) dt =

k=N n=0

& S 1 [e.9] [e.e] 1 1
= Z Z/ mnsin 2mnt fi (t) dt = — Z Z 2/ cos 2mntf} (t)dt =
0 0

k=N n=0 k=N n=0
o0 o0
1 ™
:—222/ cosanf,’g'(E>dz:
m™Jo s
k=N n=0
I K& 2 (7 z
= —— 0= "<f)d
8ZZ|:COSTI 7T/0 Cos Nz f, - z +

k=N n=0
9 i S/ 0 (1
—I—cosn~7r-/ cos nz ,'C’(Z>dz] :—ZM (4.31)
T Jo T 8
k=N
By similar way we will get
S P ekt UL ¥ AU AP
] 3 2axk, +asin 2o, + 4x27n sin? Tk pt 8
From (4.31) and (4.32) we have
N-1 i 40@‘27” fol cos 2xp nt fi (t) dt
Pt 2axy p + asin 2z, + 4x%7n sin? Thon
N i i 4ax2}n fol o8 2z nt fi; (t) dt _
=i 2axy, + asin 2z, + 4x2’n sin® Thon
N71,,0 "1 < (0 "1 tra" (0) - tra” (1
:_ZQk()+Qk()_ZQk()+Qk():_Tq()+ rq” (1) (4.33)
8 8 8 ' '
k=1 k=N
Combining (4.28), (4.30) and (4.33) we get the formula (4.12). Theorem is proved.
O
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