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APPROXIMATION OF ANALYTIC FUNCTIONS BY
SEQUENCES OF LINEAR OPERATORS IN A POLYDISC

RASHID A. ALIEV

Abstract. We consider the space of analytic functions in polydisc with
the topology of compact convergence, and prove some theorems on the
approximation and statistical approximation of functions in this space
by the sequences of linear operators.

1. Introduction

Let Dy = {z € C: |z| <1} be a unit circle with center at the origin, and

0" = Dg x ... x Dy be a polydisc in space C"™. By A (Dg") we denote the space
of analytical functions in domain D{", where convergence is meant as a uniform
convergence in any closed domain lying inside Dyg".

For linear operators defined on A (Dy), A.D.Gadjiev [5] introduced the con-
cept of k-positiveness and obtained Korovkin type approximation theorems for a
sequence of k-positive linear operators. Various problems of approximation of an-
alytic functions by k-positive linear operators have later been studied extensively
in [1,3,6,7,9,11,12]. The approximation of analytic functions by linear operators
without k-positivity has been considered in [8,10].

This paper is dedicated to the approximation of analytic functions in A (Dg")
by sequences of linear operators. The paper is structured as follows. In Section 2,
we give necessary and sufficient conditions for convergence to zero of the sequence
of functions in the space A (D{"), and prove the theorems on the approximation
of analytic functions by sequences of linear operators. In Section 3, we present
similar results for statistical convergence.

2. Approximation of analytic functions by sequences of linear
operators

It is known [see, for example, 2] that the system of functions
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where z = (21, ..., zm) € C™, k = (k1, ..., k) € 27", Z4 = N|J{0}, forms a
basis for A (D{"), i. e. every function f € A (D{") can be represented in the form
i)=Y fud". (2.1)
kezm
Note that the coefficients fi, k € Z* are defined by the formula
1 k-1
= —n d
o= g [ 1)

and satisfy the condition

im (> |fl | <1,

n—00
|k[=n

where I = {z = (21, ..., zm) : |zi| =7, i=T,m},0<r <1, |k| =k + ...+ km.
First we prove the following theorem on the convergence to zero in A (D{*) for
the sequence of analytical functions.
Theorem 2.1. The sequence fy (z) tends to zero in A (D{") if and only if the
coefficients of expansion f, (z) = ZkeZ_T f,gn)zk for anyn € N, k € ZT" satisfy
the condition .
‘f,g") < &p (1 + 6(”)> ,
where lim &, = 0, 6§ = (65"),...,5,(5)), lim 6™ = 0,:=1,m, (1 +6(”))k =

n—oo ¢

n—oo
(1 + 5§”))k1 (1 + 653))km

Proof. The sufficiency follows from the fact that for every 0 < r < 1 we have

En
Valla(pg).r = {seDp: |2 2, =T} <15 (1400m)’ (22)

1 o 1 1 . . . .
where ) 1 (1+6§">) 1_r(1+6§")> , and the right side of the inequality

(2.2) tends to zero as n — oo.
To prove the necessity, we choose §(") = (55"), ...,55721)) — (0, ...,0) such that

En = max [fn (2)]
{ZGD{)”: |zi|:ﬁ, i:l,m}

tends to zero as n — oo. Then the equality

)y _ 1 k1
Ix = @) Jom (2) z dz,

1
IM=<z=(21,0,2m): |2i| = ——=, i=1,m
{ 14467

)

implies the estimate

-

(2m)™

<en (1 + 5<n>)k.

[ 1@ la
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Theorem is proved. O

Let the sequence g = { g} zm of positive numbers satisfy the conditions

ke ZY Aulg) = inf Vo =G| > 0,

peZlp
lim (Ag ()™ =1, lim (g)"/" = 1. (2.3)
|k]—o0 |k|—o0

Definition 2.1. By A, (Dj') we denote the set of analytic functions f(z) =
Yok zm frz® € A(DFY) whose coefficients satisfy the following condition

| ful < Mgy, (2.4)
for every k € Z'", where M} is a constant independent of k.

Now we consider the linear operators in A (D{"). It follows from (2.1) that for
any linear operator T': A (D{") — A (D{") the expansion

(ThHE =D | 2 Tenlo |
kezm \pezy
is valid, where f (z) = Zkezzﬁ fe2® and T (2P) = Zkezzﬁ T p2".
Theorem 2.2. Let T, : A(D{") — A(D{") be a sequence of linear operators
@) ()= 3 | 2o Tiphs | 25 (2:5)
kezZT \pezT
where f(z) = ZkezzL fez® € A(D™). If there exist sequences €, and 6 =
(6§n), ...,57(,?)> satisfying the conditions

lim £, =0, lim 6" = 0,i=T,m, (2.6)
n—oo n—od
such that the inequalities
(n) )"
ST <en<1+5 ) , (2.7)
pGZ_T
k
3 ‘T,gf;) 1] <en (1 + 5(">) : (2.8)
pEfo
n n k
3 ]T,;; Vi = ok | <z (1460)7 (2.9)
pEZ_T
n k
S )T,Eyp))gp —gi| < (140™)7, (2.10)
pEZT

hold, then for any function f € Ay (D{") the sequence T, f (z) tends to f(z) in
A (D).
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Proof. From (2.7) - (2.10) we have

> |

pEZT

gr)" < ey (1400 ) 1+ vor?.  (211)

Consequently,

de, (14 6M)"F (1+\ﬁ)
< A (o) (2.12)

(n)
‘Tk,p
pEZY, p#k

For every function f (z) = Zkezzl frz® € A(D™) we have

Tuf ()= f(2)= > 3 > T fy— fup 2

kezi \ pezl’

SR DO

kezm \ pezr

DR DI F=J0 (2)+ I (). (2.13)

kezm | pezr

If f e Ay (D)), then from (2.4), (2.7), (2.11) and (2.12) we have:

G < XS T Il < My 30 (1460 gl

kezy |\peZ? kezm

k
— fxl ¢ |2]

()< 38> |

keZi \ pezl’

k
<Mp Y S || le+ad 1ol
kezm | pezr p#k

<Mp Y8 > [T [2(vE - V) +3a] ¢ Il

kezi | pezp p#k

<4Mse, S <2+Aij2€g(’“g)> (1+5 ) 1+ gr)? 2"

keZT

Hence, by virtue of (2.13), we obtain that the sequence T, f (z) — f (z) is
uniformly converging to zero in every compact lying inside Dg'. Theorem is
proved. ]

Now we state the following general result on the approximation in A (D{").
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Theorem 2.3. Let the sequences of positive numbers b = {bk}kezrf and g =
{gk}keZ$ satisfy (2.3) and T,, : A(DgF') — A(Dg") be linear operators defined by

(2.5). If there exist sequences e, and 6™ = (55"), ...,55,?)) satisfying (2.6) such

that the inequalities

3 Tg, — gi| < e (1 + 5(”>)k, (2.14)
pGZ_T
3 )T,gf;})gp — gl <en (1 n 5(”)>k, (2.15)
peZ_T
3 ‘ b | < en (1400 >) : (2.16)
pGZm
3 ‘T,gf;}‘ 9oty — kbe| < 2a (14 5<">>k, (2.17)
pGZJ’f

hold, then for any function f € Ay (Dg') the sequence T, f (z) tends to f(z) in
A (D§).

Proof. From (2.14) - (2.17) we have

S ‘T,gj;) 9 (\/@—\/@2 < dey (140 ) (1+\f) (2.18)

peZﬁf

Consequently,

_den (1400 bk (1+f)

, < 220 (2.19)

(n)
’Tkyp
peZY", p#k

For every function f (z) = Zkezr frz® € A(D™) we have

Tof(2)=f(z)= Y { > T,Ef;)fpfk}zk

kez \ peZl’

= E: { E: Tkp%) gk}”m k

kezm \ peZl

s m -t womo.  en

kezm \pezm
If fe Ay (D)), then from (2.4), (2.14), (2.18) and (2.19) we have:

‘j;(zl) (2) ‘ Z Z T7pgp

k
ol | 2] a1 < hgen S (1+600) "2
keZm |pezm k

keZ
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IO DRI

kezm | pezr

7p_flc

k
'p |2|

k
9p ¢ 12

SL/DSEND I
kezm \ pezr p#k

(146 ) (1+B)° 2"
A7 (b) '

<8Mjen »
kezm

Hence, by virtue of (2.20), we obtain that the sequence T, f (z) — f(z) is
uniformly converging to zero in every compact lying inside Dg'. Theorem is
proved. O

3. Statistical approximation of analytic functions by sequences
of linear operators

Using the methods of [11], it is not difficult to obtain statistical analogues of
the above theorems. Let us first recall

Definition 3.1. [4]. A sequence z,, is said to be statistically convergent to the
number z if for every € > 0

f Hpns foy—al > ¢}
n— 00 n

=0,

where |{i <n: |z, — x| > €}| is the number of all p < n for which |z, — z| > «.
In this case we write st. — lim z,, = x.
n—oo

First we prove the following theorem on the statistically convergence to zero
in A (Dg") for the sequence of analytical functions.

Theorem 3.1. The sequence fy (z) statistically tends to zero in A (D{') if and
only if the coefficients of expansion f, (z) = Zkezzl f,gn)zk foranyn € N, k €
Z" satisfy the condition

‘f,ﬁ")‘ <én (1 + 5("))k,

n—o0 n—oo

where st. — lim e, =0, 6™ = (5%71),...,5%)), lim 5( n - =0,i=1,m.

Proof. The sufficiency follows from the inequality (2.2). We prove the necessity.
The conditions of the theorem imply that for any § > 0 and € > 0

) 1
Jim o< pllag oz > e} =0 (3.)
Take d = ¢ = % , ¢g=1,2,3, ... It follows from (3.1) that there exists a sequence
ny < ng <ng < ... <ng < ..such that if n > ny, then

Lo <n g P (3.2)
" psn.: p’A(D(r)n)v%Lq>q <q. .



132 RASHID A. ALIEV

q Y
1, 2, 3, ... According to the definition, it follows from (3.2) that st. — hm en =0

Denote 5510) — =P =1 ep = HfPHA(Dm) q forpengngi—1,q¢ =
+q

and lim (5( " = 0, ¢ =1,m. Then for any n € N, k € Z" the equahty

n—o0

W= L ),

2m)" Jrm
IM=<z=(21,,2m) : \zi\:%, i=1,m
1446;"
implies the estimate
k
- | ] 10
Theorem is proved. O

Theorem 3.2. Let the sequences of positive numbers g = {gk}keZ;" satisfy (2.3)
and T,, : A(D§) — A(D{") be linear operators defined by (2.5). If there exist
sequences e, and 6™ = (5§n), ...,52?)) satisfying the conditions

n)

st. — lim ¢, =0, hm(5( =0,i=1,m, (3.3)
n—o0 n—00
such that the inequalities (2.7)-(2.10) hold, then for any function f € Ay (D)

the sequence T, f (z) statistically tends to f (z) in A(Dg").
The proof is similar to the one of Theorem 2.2 and uses Theorem 3.1.

Theorem 3.3. Let the sequences of positive numbers b = {bk}kezr and g =
{gk}kerﬁ satisfy (2.3) and T,, : A(Dy') — A(Dy") be linear operators defined by

(2.5). If there exist sequences e, and 6" = ((5£n), ...,5%”) satisfying (3.3) such

that the inequalities (2.14)-(2.17) hold, then for any function f € Ag (D{") the
sequence T, f (z) statistically tends to f (z) in A (Dg").

The proof is similar to the one of Theorem 2.3 and uses Theorem 3.1.
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