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RIEMANN BOUNDARY VALUE PROBLEMS IN
GENERALIZED WEIGHTED HARDY SPACES

BILAL T. BILALOV, ALT A. HUSEYNLI, AND FIDAN SH. SEYIDOVA

Abstract. Riemann boundary value problem of analytic function the-
ory in weighted Hardy classes with variable summability index is con-
sidered in this work. The Fredholmness of this problem is investigated
under certain conditions on coefficients and a weight. The general so-
lution for homogeneous problem is obtained in weighted Hardy classes
with variable summability index. In the case where the weight function
satisfies the Muckenhoupt condition with variable summability index,
the solvability of the non-homogeneous Riemann problem with the right
side from the generalized weighted Lebesgue space is studied.

1. Introduction

The boundary value problems of analytic functions theory has a deep history.
Well-known monographs like [12, 24, 13, 27, 20], have been dedicated to the
boundary value problems of analytic functions. In the classical formulation these
problems are well studied (see [24, 13, 27, 20]). In terms of L,-metrics in Hardy
and Smirnov classes, the theory of boundary value problems has been developed
by various mathematicians and has been illuminated in monographs I.I. Danilyuk
[12], G.S.Litvinchuk [20], etc. Since recently, there arose an interest in the study
of the Riemann boundary value problems in different spaces of analytic functions
(see e.g. [17,22, 15, 21, 14, 23, 8,9, 2, 3, 4, 5, 6, 7, 10], etc). All the above-cited
works dealing with weighted spaces of analytic functions consider the spaces with
power weights.

In the present paper, we consider the Riemann boundary value problem in the
weighted Hardy space with general weight and piecewise Holder coefficient. We
will find a sufficient condition on the weight under which this problem is Noe-
therian. We will also calculate the index of the problem. The general solution
for homogeneous problem is obtained in weighted Hardy classes with variable
summability index. In the case where the weight function satisfies the Muck-
enhoupt condition with variable summability index, the solvability of the non-
homogeneous Riemann problem with the right side from the generalized weighted
Lebesgue space is studied. It should be noted that in [25] the Noetherness of
Riemann problem is studied in generalized weighted Hardy classes with power
weight.
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2. Needful information

Let C be the complex plane, w = {z € C': |z| < 1} be the unit circle, and
Ow = {z € C:|z| =1} be the unit circumference. We will need some notion
from the theory of generalized Lebesgue spaces.

Let p : [-m,7m] = [1,4+00) be some Lebesgue-measurable function. By % we
denote the class of all functions measurable on [—7, 7] with respect to Lebesgue
measure. Denote

Juﬂ?/|ﬂwmw

—T

Let
L={f €L I(f) < +oo}.

With respect to the usual linear operations of addition and multiplication by a
number .Z is a linear space as p™ = sup [vrai] p(t) < +oo. With respect to the
—,T

def. ) f
Hpr(.) = mf{)\ >0:1, <)\> < 1} ,

& is a Banach space, and we denote it by L,.). Let

norm

d
wi {p:p(—m)=p(r);3C >0, Vti,ts €[-m ]|t —to] < 3=

= |p(t1) —p(t2)| < 4_ln|tci—t2|}'

Throughout this paper, ¢ (t) will denote the conjugate of a function p (t): p(lt) +

ﬁ = 1. Denote p~ = inf vrai p (t). The following generalized Holder inequality

[771-771-}
is true

™
[ 1Ol < o) 11,0 ol

where ¢ (p~;pT) =1+ p% — p%. Directly from the definition we get the property,
which will be used in the sequel.

Property 2.1. If |f (t)| < |g(t)| a.e. on (=7, ), then Hpr(A) < Hng(A).

We will need the following easy-to-prove statement.

Statement 2.1. Letp € WL, p(t) > 0,Vt € [-m,7|; {a;}]" C R. The weighted
function p (t) = TTiZ, [t — 7|™, belongs to the space Ly, if a; > _Wln)’ Vi =

1,m; where —m =7 <19 < ... < T, = 7.

By S we denote the singular integral

gr= L (T)dT, t € duw,
¢

21 Jo, T —
Let p : [-m, 7] — (0,400) be some weight function. Define the weighted classes
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def
Lp(y,00) * L) {f: pfelyy},

d
with a norm || f[[,y ) 2 2]l The validity of the following statement is

established in [16].

Statement 2.2. [16] Let p € WL, 1 < p~. Then, singular operator S is acting
boundedly from Ly 5.y to Ly () if and only if

1 < < 1
——— <o < —,
p (k) q ()

We also will use the following variable Muckhenhoupt condition.

k=T1,m. (2.1)

Definition 2.1. Given p(-) : [-m, 7] — [1,+00], and a weight function w (). We
say that w € A, if

sup 1117 oo () xr Ollyey o™ () xr Ol < +oo.
IC[—m,n)

It should be noted that for more details on these and other facts one can see
works [11, 19, 28, 26].

We will also need the weighted Hardy classes. By Hz‘f we denote the usual
Hardy class of analytical functions in w. Let &7 be the o-algebra of Borel sets in
[—m, 7] and p— be a o-finite measure on <. Ly(.y.qp = Lyp(.):dp (—7, ™) will denote
the Banach space o/ of measurable functions on [—, 7] furnished with the norm

def . f
[ £l = inf {)\ > 0: Ly).dp <)\) < 1} ,

(1) = [ TP OP dp(e).

where

Assume

E[ = {f € Hf_ : er S Lp(.);dp},
where f+ (eit) are non-tangential boundary values of function f on dw. The
norm in space H is defined by

||f||f{ = Hf+ (eit) Hp(~);dp . (22)

Let us show that if the continuous inclusion L,.).q, C L1 is true, then His a
Banach space with respect to the norm (2.2), where Ly = L; (—m, 7) is a Lebesgue
space of summable functions on (-, 7). Let {fn},cn C H be some fundamental
sequence, i.e.

HfTT (eit) — I (eit)Hp(,);dp — 0, n,m — oo,

where f,F = f./s., are non-tangential boundary values of function f, on dw.
From completeness of Ly, it follows that

Jp € Ly fn ( )—)go(t),n—)oo, in Ly,
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We have

1= Fllz = 55 () = £ ()], <
< M| £ (") - £ (eit)Hp(-);dp =0, n,m— oo,

where M is a constant depending only on p () and p (-). This immediately implies
that {f},,cn is fundamental in H 1 and, consequently

If € H : fo— f, n— oo, in Hi .

Thus

(e = fH(e"), n— oo, in Ly, where f* = f/g,.

On the other hand, from
15 () = o0, < MEF () = o 0]y = 00 1=

it follows that, f, (¢) — ¢ (t), n — oo, in Ly. Then it is absolutely clear that
fr(e") = (t) ae. on (—m, ), and, as a result, f, — f, n — oo, in H,ie H

+

is a Banach space, and we denote it by Hp(.) dp’ Thus, we get the validity of

Theorem 2.1. Let the embedding Ly(.y.q, C L1, 1 < p < 400, be continuous.

Then H

is a Banach space.
p(-).dp P

Let us define the class mef(‘) , where m € Z is some integer. So, let ® (z) be
an analytic function outside w, which has finite order at infinity, i.e. let

be the Laurent series in a neighborhood of the infinitely remote point of the
function @ (z).

Under the order of the function ® (z) at the infinitely remote point we will
mean the largest number n = k of these expansions, for which a, # 0. In the
case of k = 0 the function ® (z) is bounded and different from zero at the point
z = 00; in the case of k > 0 it has a pole of order k; and in the case of k < 0—has a
zero order (—k). Thus, ® (-) has a form ® (z) = &g (2) +P; (2), where ®q (z) —is a
regular part, and @1 (z) is a main part of Laurent series of ® (z) at the infinitely
remote point. If in this case £k < m and the function ®q (1) belongs to the

z
class H;(_), then we will say that the function @ () belongs to Hardy class me_(_)
outside w. Denote

H ={fenHy : (") € Lyyap},
where f~ (e“) = f/aw are non-tangential boundary values of f on dw from the
outside of w. The norm in H~is defined as follows

1l = 15 )0y - VF € H (2.3)
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Similarly to the previous case, we can prove that for Ly.y.q, C L1, the class H-

is a Banach space with respect to the norm (2.3), and we denote it by ,, H o()sdp”

Thus, we have
Theorem 2.2. Let Ly.y,q, C L1, 1 <p < 400, be true. Then the space defined
above me_(_).dp s a Banach space.

3. General solution of homogeneous problem

In the sequel, we will assume that the measure p(-) is absolutely continuous
with respect to a Lebesgue measure on [—m, 7] and dp (z) = 9 (z) dz. Cor-
responding spaces are denoted by L),y and H;'E.); o » respectively. Consider the
following homogeneous Riemann problem

FT (1) = G(r)F (1) =0, 7 € 0w, (3.1)
where G : dw — C' is some complex-valued function (coefficient of the problem).
By solution of the problem (3.1) we mean a pair of analytic functions

(FH (=) F(2) € Hyoyp Xm Hy g0

whose non-tangential boundary values on dw a.e. satisfy the relation (3.1), where
p(-) € WL Ap~ > 1and m < 0 is some fixed integer. In the sequel, we will
assume that G satisfies the following conditions:

a) GFl € Ly (0w);

B) 0(t) = arg G (e") is a piecewise Holder function on [—m, 7] and —m < 51 <
.. < 8 < m are the corresponding points of discontinuity.

Consider the following functions:

X1(2) = exp {4;/_7r In|G (¢")] = il Zdt}

6
’Lt +Z
XZ( = €xp 0 )

which are analytic inside and out81de w, respectlvely. Let

Xi(2), |2] <1,
Zi(z) =
(Xe(2)] 7' J2l > 1, k=1,2.
Denote

Z(2) = Z1(2) Z2(2).
As usual, by Z*(7) we denote non-tangential boundary values of Z(z) on dw
from inside and outside w, respectively. Using Sohockii-Plemelj formulas, we
directly obtain

Z+ it
L (<) expif (t) =

’G(eit)‘ - Z7 (eh)’ Zy (eit)’

Consequently, we have
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Z+(ez‘t)
Z(eity’
Z(z) will be called the canonical solution of the problem (3.1). Taking into
account the relation (3.2), from (3.1) we get

G(e') = a.e. on (—m,m). (3.2)

F(r) _ (1) a.e. T w
) - ) ¢ € Jw.
Assume
D(2) = 223

Due to the fact that Z(z) has neither zeros and nor poles at z ¢ Jw, it is clear
that the functions ®(z) and F(z) have the same order at infinity. By definition
of solution, we have F' € Hi". Let us express the function (t) as the sum

0(t) = 0o(t) + 01(¢),
where 6y is a continuous part, and #; is a jump function defined by
O1(-m+0)=0, 61 ()= > he+[0(t)—0(t—0)],
—n<sp<t

where

hk = 9(8k +O) — H(Sk - 0) k=
are jumps of the function 6(-) at s. Following [12], wi denote

ho = b — n?,

where

b = 61~ +0) = 61 (7 — 0), by = fo(—x — 0) — fo(m — 0).
Let
r{®

Us(t) = {sin . }_ - exp{—/ fo(s }

As shown in [12], from condition «) it follows that the followmg inequality is true

— 7 +1
12 ()]l < +oo,
where || - ||, denotes the norm of L. (—m, ). Using the results of [12] again, we
find that the boundary values of Z5 (z) can be represented as
_hg
2m

t—m

2z ()] = ()T (¥)

sin

)

where

r " ;hk
v =11
k=1
Using this notation, we can write the boundary values of |Z (7)| as follows

sin
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U(t).

hg
t— | 2m
S1n

27 ()] =T () |21 ()]

According to the results of [12], the functions Uj" (t) belong to L, (—m,7) , ¥p €
(0, +00), and, moreover, for sufficiently small values of § > 0 we have Z*! (2) €
Hj . As a result, we obtain that the function ®(z) belongs to the Hardy class
H for some p > 0. Tt is absolutely obvious that if ®*(e") € Ly (—7,7), then
® € H{". Since we have ®* (1) = &~ (7) a.e. T € Jw, it is clear that it suffices
to prove that ®~(e¥) belongs to L (—m, 7). We have

B ()| = |F~ ()]|2 ()|, ae te(—mm).
By definition of solution, £~ (eit) € Ly(.),9- Therefore, if

3

27 ()] € Lyeyos
then ®~ (7) € Ly, which follows directly from the generalized Holder’s inequality

in L,). So assume that the following inequality is fulfilled
" ®
/ o ()9~ ()| dt < +oc, (3.3)
—T
where
ho I
t— |2 t— sg|2

T
H sin
k=1
If the condition (3.3) holds, then |Z~ (7')|_1 belongs to Lg(.y.p-1, and, as a result,
O (1) € L1, 50 F~ € Lyyg and @ (e) = F~ (¢*) (Z~ (")) . Then, by
Smirnov theorem,® € H 1i, and, as a result, it follows from the uniqueness theorem
that ® (2) is a polynomial of order k < m (because ®* (1) = ®~ (1) a.e. T € dw),
i.e. ®(z) = Py (2), where Py (z) is a polynomial of order k¥ < m. Thus

w (t) = |sin

(3.4)

F(2)=Z(2) Py (2). (3.5)
Assume that the inequalities

hp <2m, k=0,r, (3.6)
are fulfilled. Then we have Z*(e') € Ly (—, w) and, again by Smirnov theorem,
we obtain Z (2) € Hif. So, Z(-) has a zero order at infinity, then it follows
directly from (3.5) that F' € Hi. Let the following inequality also be fulfilled

/7r lw™ (¢) ﬂ(t)\p(t) dt < +o0. (3.7)

Then from the expression for boundary values Z~ (eit) it follows Z~ (e”) €
L,(.);9, which means that F~ (e”) € Ly(.);9- As a result, we obtain that if m >0
and k < m, then it is true

(F*(2);F (2)) € H;r(_);ﬁ X Hp -
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Thus, if m > 0, then the expression (3.5) is the general solution of the homoge-
neous problem (3.1) in the classes H;r(.),ﬂ Xm Hp (.90 where P, () is an arbitrary

polynomial of order k < m. So the follc;wing theorem is true.

Theorem 3.1. Let p(-) € WL Ap~ > 1 and the coefficient G (1) of the problem
(3.1) satisfy the conditions «) and [3). Suppose that the jumps of functions 6 (t) =
arg G (e') satisfy the relations (3.3), (3.6), (3.7), where w (t) is defined by (3.4).
Then, under m > 0, the general solution of the homogeneous problem (3.1) in
classes Hp+(~)'19 X H () can be represented in the form of (3.5), where Z (2)

)

is a canonical solution, and Py (z) is an arbitrary polynomial of order k < m.
If m < —1, then under the conditions (3.3), (3.6), (3.7), the problem (3.1) in
H;(,).ﬁ Xm Hp_(.),19 has only trivial, i.e. zero solution.

4. General solution of nonhomogeneous problem

Consider an nonhomogeneous Riemann problem

Fr(r)—G(r)F (1) =g(1),7 € 0w, (4.1)
where g € L,.),y is a given function. By the solution of problem (4.1) we mean
a pair

+ () - - -
(F (2); F (z)) S Hp(.);ﬁ Xm Hp(.);ﬁv
for which the boundary values F* (7) satisfy the relation (4.1) a.e. on Qw. It is
clear that the general solution of (4.1) can be represented as

F(z)=Fy(z)+ Fi (2),
where Fj(z) is a general solution of the corresponding homogeneous problem
(3.1), and Fj (z) is some particular solution of the nonhomogeneous problem
(4.1). We will construct a particular solution of (4.1). Let Z (z) be a canonical
solution of (3.1). Consider the piecewise analytic function

Ro= 20 [ ale) (12)

21 J_ o ZT (€)1 — ze7i0’
Applying Sokhotskii-Plemelj formulas to (4.2), we obtain that the boundary val-
ues FiF (1) satisfy (4.1) a.e. on dw. We have

oy L ooy 2 () [T og(€?)  do
Fl (6 ) - 29 (6 )+ o - 7+ (eia) 1— ei(tfo)'

Let
e ioc)]1—1
flo)=g(e”) [27 ()] -

Consequently

- 1 1 (™ f(o)do

+ () — = il St

() = 2f () + 21 |1 — eilt=0)’

where
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Fi(t) = F (") [2F ()]
It is absolutely clear that f (-) belongs to the weighted space Ly(y.s where

v(t)=wt(t)9(t).
It is known that the singular operator
_ [T [f(o)do
S(f)= 1)
is bounded in Ly, 1 <p~ < pt < 400, p € WL, if and only if the weight
v (-) satisfies the Muckenhoupt condition A, ), i,e, v € Ay ( see, for example,

Hll,tm]). Consequently, if v € A, then F, e Ly, It is not difficult to see
a

Fl S Lp(,);,, s e Lp(.);ﬁ.

The condition v € A,y implies v € L; and v=te Lyy. Then from Holder’s
inequality it follows

/_W!f(t)ldt—/_wlf(t)IV(t) L@ydt < ey 115 O v Ol | 77 Ol

Thus, f belongs to L1, and, as a result, the Cauchy-Lebesgue type integral
flo)do

a1 —zeTio’
belongs to the Hardy class H;El, for Vp; : 0 < p1 < 1, (see, for example, [18]).
From expression for Fj (z) it directly follows that it belongs to the space H:[
for sufficiently small z > 0. As we have already established, F;" (eit) € Lp()w-
Then it is evident that if 9! € Ly, then Ffr (eit) € Ly. Then, by Smirnov
theorem [18], the function F;" (z) belongs to the class H; . As a result, we
obtain F;" (2) € H;r(.w. Consider F| (z), and let all the above conditions be
satisfied. Similar reasoning yields F; (z) €_4 H )5+ It is absolutely clear that

F[ (00) = 0. Therefore

Fy (2) €m Hyy g, Ym > —1.

Let m < —1. In this case, in order for the inclusion F| (z) &, Hy g, tobe
valid, it is necessary that the following orthogonality conditions hold
™ g(e) L
/_7T 7Z+ (eig) e do = 0, n = ]., —m. (43)

Thus, under these conditions, the expression (4.2) is a particular solution of (4.1)
in classes H ()0 Xm Hpyy o If the conditions (3.3), (3.6) and (3.7) are fulfilled,
then the general solution of the corresponding homogeneous problem has the form
(3.5), where Z (z) is a canonical solution, and P, (z) is an arbitrary polynomial
of order < m. For m < —1 it is clear that P,, (z) = 0. In this case, the problem
(4.2) is uniquely solvable. So we have the following
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Theorem 4.1. Let the coefficient G (1) of the problem (4.1) satisfy the conditions
@); ). Assume that the jumps of the function 6 (t) = argG (e") satisfy the
relations (3.3), (3.6), (3.7), where the weight function w (t) is defined by the
expression (3.4). Let v € Ay, p(-) € WL Ap~ > 1, where v (t) = w™ ()9 (t)
and 9t € Lgy- Then the nonhomogeneous Riemann problem (4.1) is solvable in
classes H;r(.);ﬂ Xm H;;(~);q9’ if the orthogonality conditions (4.3) hold. For m > 0
the general solution of (4.1) can be represented as

F(2)=Z(2) P (2) + F1(2), (4.4)
where Z (z) is a canonical solution of the homogeneous problem, P, (z) is an
arbitrary polynomial of order < m, and F (z) is defined by the expression (4.2).
Moreover, for m < —1 the problem (4.1) is uniquely solvable, and for m = —1 it
has a solution for Vg € L.y

5. Special case

Consider the special case

m
9 () =[] 1t - txl, (5.1)
k=1
where {t;}}" C (—=,m) are different points. For simplicity, we assume

(s}t ({1 = 0. (5.2)

In this case, the weight v () has the following form

k=1
It is known that v € A, if and only if (see, for example [16])

b
v(t) = T

sin

_PhE oy
. t — Sk 2 ay,
sin H [t — t|™* .
2
k=1

1 h
- <" ! , k=0,r;
p(sk) 21 q(sp)
1
e <ap < ——, k=T1,m. 5.3
FICAINTOY >3
Consequently
1 h -
- “k  k=0,r. (5.4)

a(sx) " 2n " plsn)
From this relation it directly follows that the conditions (3.3), (3.6), and (3.7)
are fulfilled. It is obvious that the relation ¥ € L1 also holds. As a result, from
Theorem 4.1 we obtain the following

Corollary 5.1. Letp(-) € WL Ap~ > 1 and the coefficient G (1) satisfy the con-
ditions «); B) and let (5.2)-(5.4) hold. Then the general solution of the Riemann
problem (4.1) in classes H;E');ﬂ XmH 5 is given by (4.4), where the weight ¥ has
the form (5.1). For m < 0, the orthogonality conditions (4.3) are necessary for
solvability. Then the problem is uniquely solvable and P, (z) = 0. For m >0, the
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homogeneous problem has mlinearly independent solutions, while the nonhomo-
geneous problem is solvable for Vg € Ly).9. For m = —1, the nonhomogeneous
problem is uniquely solvable for ¥g € Ly,.).9-
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