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MAXIMAL AND POTENTIAL OPERATORS ASSOCIATED
WITH GEGENBAUER DIFFERENTIAL OPERATOR ON
GENERALIZED MORREY SPACES

ELMAN J. IBRAHIMOV, SAADAT A. JAFAROVA, AND S. ELIFNUR EKINCIOGLU

Abstract. In this paper we study the boundedness of the maximal (G-
maximal) and potential (G-potential) operators associated with Gegen-
bauer differential operator on generalized G-Morrey spaces. The results
of this paper are generalizations of the corresponding results to gen-
eralized G-Morrey spaces and modified Morrey spaces.We obtain also
analogs of E.Nakai’s results for the Hardy-Littlewood maximal operator
and the Riesz potential in generalized Morrey spaces.

1. Introduction

In 2011, in the paper [11] new integral transformations that formed the ba-
sis of theory of Harmonic analysis of the Gegenbauer differential operator were
constructed. Later, this theory was intensively developed in various directions:
approximation theory, imbedding theory, transformation theory, theory of max-
imal functions and potential theory (see [4-8, 9-11]). The basis of this theory
was the Gegenbauer differential operator G (see [1]). In [1], various represen-
tations (through integral and hypergeometrical functions) of eigen-functions of
this operator, relations between them, formulas of addition and product for these
functions, asymptotic formulas, etc are given. The reader can find detailed infor-
mation in the mentioned paper [1].

One of the important directions of the Gegenbauer harmonic analysis is the
boundedness of maximal operator and potential generated by the Gegenbauer
differential operator G.

The boundedness of the maximal (G-maximal) and potential (G-potential)
operators associated with Gegenbauer differential operator G.

— 2 15 d 2 A1 d 1
G G)\ (.%’ )2 dl'(x ) dev J}E( ) )7 )‘6(072)

on the Lebesgue, Morrey and modified Morrey spaces is considered in [3, 4, 5].
In the present paper, we introduce a generalized Gegenbauer-Morrey (G-Morrey)

space M x (R4, G), and estimate G-maximal and G— potential operators gen-

erated by Gegenbauer differential operator G. The obtained result is an analog of
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the corresponding theorems obtained for the Hardy-Littlewood maximal operator
and the Riesz potential in [16].

2. Definition and notation

Let H(z,r) = (x —r,z + 1) N (0,00), r € (0,00), € (0,00) = Ry. For all
measurable sets E C (0,00), put uE = |E|y = [, sh® tdt.

For 1 < p < oo let Ly z(R4,G) be the space of functions measurable on Ry
with the finite norm

00 1
Ifllz,\ = (/0 |f(cht)\psh2’\tdt)p, 1<p< oo,

[flloox = [ flloo = ess sup [f(cht)|, p = oo.
te(0,00)

In [5], the following notation is introduced.

Let 1 <p<oo,0<A<3 0<y <2 +1, [r]y = min{l,r}. We denote
by Lyx~(R4,G), Ry = (0,00), the G-Morrey space, and by L, » (R4, G) the
modified G-Morrey space, as the set of locally integrable functions f(chx), = €
R, with the finite norms

P
1Ly, = sup {777 / |f(cht)[Psh* tdt |
a0 H(a,r)

1
P
Ifllz, = sup ([r]{” /H( )U(aht)\%h”tdt) ,

z,r>0

respectively.
Note that Lp7)\70(R+, G) = pr)\70(R+, G) = pr)\(R_;,_, G)
If1<p<oo,0<A<3, 0<y<2A+1, then

Lp,/\,v(RJrv G) = va\ff(RJra G)N LP,A(RJm G)
and
1Az, = max{llfllz, .00z, , )

(see [5], Lemma 2.2).

If v <0ory>2X+1, then L, (R4, G) = zp7A7»y(R+, G) = O, where 0 is the
set of all functions equivalent to 0 on R;.

Let 1<p<o0,0< A< %, 0 <y <2A+1. We denote by WL, »~(Ry,G) the
weak G-Morrey space, and Wzn A~ (R4, G) the modified weak G-Morrey space
as the set of locally integrable functions f(chz), x € Ry, with the finite norms

1

£y, = supr sup (£71{y € H(z,t) < | f(chy)| >} )"
r>0 t,x>0

S =

~ — - .
17w ., = s sup (7 1y € o)< |few)] > r}) "

respectively.
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Note that WL, A(Ry,G) = WL, 0(Ry,G) = WLyro(Ry,G), Lyr~(Ry,G) C
WLpxy (R+: G) and HfHWLp,m < HfHLp,A,A,a LP)\:’Y(R'H G) C Wpr)\7’Y(R+? G)
and HfHWL P HfHL A

The generahzed shlft operator associated with the operator G is of the form
(see [6, 9])

TA+3) [T
AN flcha) = ——— 22 / chxcht — shasht cos ¢)(sing)* tdeo.
This operator possesses properties similar to those of the generalized shift oper-

ator in Levitan’s works [13] and [14].
By analogy with [16], we introduce the following notation.

Definition 2.1. Let 1 < p < co and let w : R; — R be a Lebesgue measurable
function. The generalized Gegenbauer-Morrey (G-Morrey) space M, » (R4, G)
associated with the Gegenbauer differential operator G are the set of locally
integrable functions f(chz), v € Ry with the finite norm

1 1
= ‘=  su —_— AN chz)|Psh® tdt)”
) = W= s (s [ Al senaprsn®ian)

and the weak Morrey space WM,y (R4, G) are the set of locally integrable
functions f(chz), z € Ry, with the finite norm

1wz, 5 00 (R, G) = ([ fllwag,, s

1
=supr sup <—Hy € H(0,t) : ]Achy (chx)| > 'r}
r>0 xeR, >0 \W(t)

3=

J

1 1
=supr sup <7 / ShQAZ/d?J) i
r>0 xeR, t>0 \W(t) {yeH(0,t):AY, | f(cha)|>r}

Under the choice w(r) =17, 0 <~y <2\ +1, or w(r) = [r]], we can write that
Lp /\,’Y(R—H G) = Mp,)\,w(R-H )|w(7“):r% and Lp,)\,’y(R—i-v G) = Mp,/\,w(R-H G) ‘w(r):[rn ’

respectively (see [5]).
Let M¢ be the Gegenbauer maximal operator(see [9]) for f € LloC S(R4)

1
Mc¢(chz) = sup/ AN | f(chzx)|sh® tdt,
SR THQ. A S )
where [H(0,7)[y = [, sh®tdt.
For ¢ > 1 let

1
M. f(chx) = (Mg|f|*(cha))s.
The Riesz-Gegenbauer ((R-G)-potential) I8 is defined as follows (see [3, 4, 5])

1 & ® a
I f(chx) = T() /0 </0 r21hr(cht)dr> AN f(chx)sh® tdt,
2

where

hr(cht):/ e~ w2 pA(eht) sh? udu
1

and P)(cht) is an eigen function of the operator G.
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Throughout in the paper, we will denote by shz, chz the hyperbolic functions
and by A < B we mean that A < C'B with some positive constant C' which can
depend on some parameters. If A < B and B < A, we write A & B and say that
they are equivalent.

3. Main results

Let 0 < 6 < 1. Assume that w(r) satisfies the conditions: for any r > 0

r<t<2r=wt)~uwr), (3.1)
oo —(2A+1)6 —9 1: 2.
/ wé(t) it < T_4,\5 w(r), y=22\4+10<r< (3.2)
o+t r=%w(r), vy =4\ 2 <r < oc.
Theorem 3.1. Let conditions (3.1) and (3.2) be valid. Then
(1) For f e My w(Ry,G) and1 <qg<p<oo
IMES N0t 50 S W 125 (3-3)
(17) For fe WMpyx,(Ri,G) ,1<p<ooand for anyt >0
||Mg'fHWMp,>\,w rg HfHMp,A,w‘ (34)

Now, we consider the Riesz-Gegenbauer potential ((R-G)-potential) I¢.

1 11
Theorem 3.2. Let 0 <A< 5 ,0<a<2A+1,1<p< 55 cmd;—a: T -

Assume that w satisfies the conditions (3.1) and (3.2). Then

(7) ifp>1 then for f € My .(Ry,G)

L3Py T 35)
(t3) ifp=1and f € My Ry, G). Then

G flw atgp e S a2y 5 - (3.6)

22+1—
Corollary 3.1. 3] Let 0 < a <2A+ 1,0 <y <2 A+1—-aand 1 < p < =TT,

. 22 4+1—v -y 11 _ e ;
(@) If 1 < p < ==L, then condition 5T g = iy s necessary and

sufficient for the boundedness of I¢ from Ly, (R4, G) to Ly, (R4, G).
(i) Ifp=1< 2’\42%, then the condition 1 — % = ﬁ is mecessary and
sufficient for the boundedness of I¢ from L1 xRy, G) to WLgx~(R4,G).

Corollary 3.2. 5] Let 0 < a <2A+1,0<y<2A+1—aand 1 <p< 2)”?%

2241— oy 11
1) If1 <p<%, then the condztwnﬁgg—ggﬁ

and sufficient for the boundedness of 1 from Ep,)\7fy(R+7 G) to Lgry(R4,G).
2) Ifp=1< 2)\"2%, then the condition % <1- % < ﬁ
and sufficient for the boundedness of 1& from L1y (R4, G) to WLy ~(R4,G).

18 mecessary

1S necessary
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4. Auxiliary results
Further we need the following results.

Lemma 4.1. [9] For 0 < A < 3 the following relations are true:

shf)”‘ﬂ, 0<r<2,

|H(0,7)|x = {( 2

(chf)*, 2 <r < .
Let x g be the characteristic function of H = H(0,r).

Lemma 4.2. [10]. Forx € Ry, r>0, and 0 < A < % the following relation

+r
sh*3+

shi 22+1
( Z ) , O< o +7r <2,
Meaxm(chx) ~

b LA
(53) " 2<e+r<oo
2

18 valid.

Lemma 4.3. For every nonnegative function f(chz), x € Ry the following re-
lation

T

/Ag\htf(ch z)shP tdt ~ / f(chu)sh®u du.
0 H(z,r)
1s valid.

Proof. In the work [9] it is proved that (see [9], proof of Theorem 2.1)

J(x,r) = /A():‘htf(cha:)shz)‘t dt
0

ch(z+r)
SyeN / F2)(2 — 1 / (1 — u®)du d,
ch(z—r) p(z,x,r)

z ch x—ch r

where p(z,z,7) = V—Tsh o and —1 < p(z,2,7) < 1,0y = T3y
2
Then

1 1
Az, z,r) = C)y / (1 —u?)*tdu < C')\/(l —u?) du = 1.
o(z,2,7) -1

Now estimate the integral A(z,z,7). Let —1 < ¢(z,z,7) < 0. Then

1 1
A(z,z,1r) = C) / (1 —u®)*tdu > CA/(l —u®)* du
o(z.a,r) 0

1
2
> 22 1¢y /(1 —u)* tdu =
0

A—1
A

Ch.
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Now, let 0 < p(z,z,7) < 1, then

1 L=p(z,z,7)
Az, z,r) = Cy / (1 — )11+ w)tdu = Oy, / w2 — w)M du
p(zz,r) 0
= O / TR (2 - > du = C) / w? (2u—1D)M du
1 b 1
T=otzam) T=o(zom)

=221, / w P (uw— 1)t du = 222710y, / (u+ 1) tdu

2 1= g(z,2,)
1—p(z,2,1) 1+ (z,z,7)

14+o(z.2,m)
T—p(z,2,m) 1

=221, ¢, / (14 u) 2w du > 22710y, / (14 u) M du

0
1
> 92 -1¢, / du > Cy /
(1+w) 2
0
Consequently,
1
(z,2,7) / DALy ~
p(z,x,r)
and
ch(z+r)
e~ [ f@E -0 = [ ) st
ch(z—r) H(z,r)

g

Theorem 4.1. (Calderon-Zygmund decomposition of R™). Suppose that f is
nonnegative integrable on R™. Then for any fized o > 0, there exists a sequence
{Hj(xj,7m;)} = {H;} of disjoint interval such that
(1) f(chz) <« for a.e. x & |JHj;
J

2) [UH;Ix < 3l ey
J
3) a< ﬁ ij f(chy)shPydy < 2D n=1,2,.. .
The proof of this theorem is similar to Theorem 1.2.1 from [15].

Theorem 4.2. (Fefferman-Stein type inequality)
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(1)  For every monnegative measurable functions f and g on Ry every
1 <p<ooandevery 0 <t < oo,

/R AN (Mg f(chz))Pg(chz)sh* zdx < A AN f(chaz)? Mg (chz)sh* zdz,
: " (4.1)

(1i) For any measurable function on Ry f >0 and g >0

1
g(chx)shPzdx < a/ AN f(chx)Mgg(chz)sh* zdz,

/{xER+:AéhtMgf(chx)>a} Ry

(4.2)

Proof. First assertion follows from the inequality (see[3], Theorem 1.4)

/Aéht(Mgf(ch:n))pg(ch:n)sh”‘xd:):,S/ AN f(cha)? Mg (chx)sh® zdx
0 0

as r — 00.
We prove (4.2). Using the relation from Lemma 4.3

/ Ay f (cha)sh* tdt ~ / f(chu)sh* udu ~ a,
H(O,r) H(z,r)

we obtain

/ AN f(chz)Mag(chz)sh* zdx
Hi (0,7‘)

1
Z Aé\ chx / Ag\ chax 8h2>\ d ShQAZL‘d:L'
/HZ.(OJ) S ( )(|H¢(0,7‘)’>\ Hi(0) 9 (ch) Y y)

> a/ g(chu)shPudu.
{u€R4+: Mg f(chu)>a}

Summing over ¢, we get

/R AN, f(chx)Mgg(chz)sh* zdx > a/R g(chu)shP udu
+ +

2 a/ g(chu)sh* udu.
{u€R: Mg f(chu)>a}

From this it follows (4.2). O

Lemma 4.4. Let the conditions (3.1) and (3.2) hold.
Then for 1 < p < oo and f € My, (R, G) we have

pAw

/IR Al f (cha) P (M xr (cha))’ shPadz S w(r)||f |5
.
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Proof. Let xg be the characteristic function of H(0,r). Then Mgxy < 1. On

the other hand, by Lemma 4.2 for 0 < z 4+ r < 2 we have

[ Al el (e (ch) st
.

~ / AN | f(cha)Psh? dt

21y he (2>\+1)6

+ Z/ h$+r Aé\ht|f(6hx)|p5h2>\tdt

~ - A chx)Ps 2
~ ) (i | Adelleha) st

o0 2k‘+1,’, hﬁ (2)\+1)5
+3 / 5—2) AN | f(cha)|Psh? tdt

0 ok Sh(2k+1 + 1)%

(since shax > ashz for a > 1)

oo
0+ ST P ) 1,

o0 k
< (n(2A+1)8 w(2"r) P
S 0P G Syw) 1
By (3.1)
w@r) T w()
(2kr)@AEDS ~ [ $(2AD)0+] L,
we have

| Al PMoan(cnt) st
Ry

< (re0s [Ty, S 0l
~ . t(2)\+1)5+1 Mp,)\,w ~ Mp,)\,w

If 2 <2+ r < oo, then by Lemma 4.2 and previous case we obtain

g
| st (Mox(cht) sh
.

oo
A\ w(t)
S (T4 /T t4A5+1dt>HfHMpAw S W)ty p0

Now the assertion of Lemma 3.4 follows from (4.3) and (4.4).

5. Proofs of the main results

(4.4)

Proof of Theorem 3.1. (i) We use (4.1) for | f|? and xg > 0, the characteristic

function of H(0,r).
Then

/ Acht( gf(ch:):))pshQ’\:rd:L‘S/ A?ht\f(chx)\pMGXH(chx)shQ)‘xdx
H(0,r)

Ry
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It follows from Lemma 4.4 with § = 1 that

/H(O )A?ht(Méf(chx))psh”fvdw S W) f11a, 50

Therefore we obtain (3.3).

(1) We use (4.2). By Lemma 4.4 with § = 1 we have

}{x € H(0,r) : Ay, Mcf(chz) > a}))\

= / x# (chz)
{z€R:AN Mcg|f|P(chz)>aP}

cht

Sa_p/ AN | f (chax) [P Mx g (cha)sh® xda
Ry

<o Pu()| £l

From this it follows (3.4).

To prove Theorem 3.2 we need the following result (see [4], Theorem 3)

Theorem 5.1. [4] Let0<)\<%,0<a<2)\+1 and1§p<2§T+1.

(a) Ifl<p< 2)%1, then the condition %—l

7 221

137

is necessary and sufficient
for the boundedness of the operator 1& from L, (R4, G) to Ly x(Ry, G).

(b) If p =1, the condition is necessary and sufficient for the boundedness of

the operator I¢ from Ly (R4, G) to Ly (R4, G).

Proof of Theorem 3.2. (i) For f € M, ,(R4,G) and for H(0,r), let

f=fi+ fa, fi = fxu. Since I is bounded from L, y(R4, G) to Ly (R4, G),

)

SIANE, oy S ([, Abulftehe)sh®ada)

)

Therefore,

(w(r)_p / AN T f1 (ch) |qsh2)‘a:dx) ‘
H(0,r)

1 / A 2 %
< A%l f(cha)Psh*tdt )" S | fllar, o -
(w(r) 0r) ht’ ( )‘ ) H H DA,

For z € H(0,7) and for ¢ € (r,00) we have

foo A% | f2(cha)|sh? Mt

16 f2(cha)| S [oe Allfa(ehnlont

r Wdt,2<7”<oo,

foo A2, | fa(chx)|sh? ¢

r Wdt, 0<7"<2,

~ foo A%, | f2(cha)|sh2Mt

r Wdt,2<7a<00,

A\ i (cha)|["shPada SIEANT, | o)
H(O,r @ '

hSAS)

r e Al 0 <r <2,

(5.1)
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s 2 +1—«
(shg)* f Acht\fz(chw)l( }fﬂn) sh2\tdt, 0 < r < 2,

T A—a
(sh5)" 4/\fA el f2( cha:)\( }z+r)4 sh® tdt, 2 < r < oo,

~

- N\ (A (1 520)
sh) V0D T4 oh)| (21 P hdr, 0 < <2,
2 cht shitr

S —AN(1— &) sh 4A(1—‘§)
(sh3) “fA\ﬁmw(HJ shPMdL, 2 < 1 < o0,

|H(0,7)|2 T f AN | fa(cha)|(Maxr(cht)) '™ B sh?dt, 0 < r < 2

|H(0,7) fACht\fg (cha)|(Meaxr(cht))' "ix sh?\dt, 2 < r < co.
(5.2)
2)\+1
By Holder’s inequality, we have
|1¢ f2(cha)|
1 El -
< " Al cha)| (Mo (eha)’ (Mo (eht)) '~ 5515 sh et
|H(0,r)[, >
1
1
< ( [ A atchio)P (o) siiear )
|H(0,7)[, *
0o p=1
x < / (MGXH(cht))P—JﬁI—%h”tdt) !
' 1 N .
P
— e ([ Bl tenal Oexutenn)siar
[H(0,7)[, * g
p—1
o P~ ax 9\
X / (Mgxp(cht))” »=1  sh*Mdt
1
= 7; < / AN | fo(cha) [P(Max mcht) sh2’\tdt>
|H(0,7)[5
p—1
1 0 p,%,(; P
S M, ht)) p1 sh®dt 5.3
X(|H<o,r>|x/r (e (k) s ) >3
Further

ap
1 P oxf1 9

o
|H(0,7)|x / (M (cht)) ™ »=1 sh*tdt

1 00 pL D@8 —ap
N / () 77 sk
HO, )] J, \shEr
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@A) (p—d)—ap

< (sh%) p—1 /oo Sh2>‘tch2)‘t "

(2)\+1)(p 6) ap

2A+1
(sh3) (shi)
(2A+1)(p—8)—ap 5)—ap (2741) h2/\tcht
S ($h§) . / (2)\+1)(p1§) ap dt
S (shi (2,\+1)p(1 S)—ap / (%4_1)((1(_5::_52
2 . (Sh%)%f@“l)ﬂ
ro@DA-8)—ap [ d(shi)
< (shp) e / Ay <y (5.4)
" (shy e
From (5.3) and (5.4) we obtain
_1 o 1
102(cho)] SIHOL T [ Al faleha)P e (cho)shMeat ) (5.5)
for0<z+r<2and0<a<2\+1.
Now we consider the case 2<z+r<ooand 0 < a <4\
Let 0 < 0 <1— ¥. By Hélder’s inequality we have
|1 fa(chz)|
S / Ayl folcha)(Max i (cht)) s (Maxp (cht) ™5 sh*td
|H(0,7)[, **
1 1
s ([ Al satena) (0t (cnn)Psnvar )
|H(O’ T)‘,\
( E)l 2 o0 Zp s p?%l
r22)\+1 o / cht\f2(0hw)\p(MGXH(0ht)) T shPMdt
(sh3) J
( ﬁ)l 2\ P
r22)\+1 @ / cht‘fQ(Chxﬂp(MGXH(Cht)) ShZAtdt
( h) J
(/00( shg )4A<p 8§)—ap h”tdt)T
X
r sh%
ez >
H(O,r
< SHODB ] A patcha) P (Moxeht)) s
|H(0,7)]5
p—1
(sh3)' ™ 1 R s A
x T e o8 ap
1H(0,7)|¢ \ (sh3) v (sht) o e

139
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1
c0 P
1
S | [ Al satcha) P Mo (cho) sk
[H(0,7)[3 \7
p—1
T\ 1—9) 1 e d(sht) !
X(Shi) 2>\+1/ IN(1-0)—ap (5.6)
2 (shg)™" e (spt) Tt

We estimate the expression

1 *_ dlshg) 1
2 2

pP—

From (5.6) we get

p—1
T 1-2x 1 > d(sh) '
(5h§) N\ 2A+1 (A=8)—ap_
()™ (o)
1
< < 1.
~ (sh2)%(4)‘(1 8)+(4r—a)p—22—1) ~
From this and (5.6) we obtain
1
|1 fa(cho)| S ——— (/ Acht|f2(chx) |P(MgX g (cht)) sh2’\tdt> (5.7)

| H (0, r)|)\

for2<z+r<ooand 0<a <4\
It remains to consider the case 2 <z +r < oo and 4\ < o < 2\ + 1.
Let5<1—w,

o o sh? M
T acha)| S [ Al fleha)| et

sh2M
ch®t

< / Ayl foleha)| 2Ly

o Sht a—4X
o a—ih /T A?htlfz(chx)l(sh%) sh2 \tdt

> a—4
o Na—ix / ANy f2(cha)|(Mexm (cht) i sh? tdt

s a-an_s
S a4)\/ Al f2(cha)|(Maxm(cht))» (Maxp(cht) ™ ~»sh®tdt.

By Holder’s inequality we have

1
1 o0 »
|I1¢ fa(chx)| < ( 7}”)&_4)\ </ Aé\ht’f2(chx)]p(MGxH(Cht))%h?)\tdt)
S b) r
a—4

- </ (M (cht)) " m pp;ls}l%tdt) p

p—1
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(Sh£)2)\+1ia 00 %

T T a T a—ix (/ A?ht|f2(6h$)|(MGXH(Cht))6Sh2>\tdt>
(shi) (shy) r

p—1

00 Sht (a—4)\lp—4)\6 D
/ (S5%) 77 sk
v Nsher

(Sh£)6A+172a 0o %
2—1—%1—1 </ Aé\ht|f2(6h$)|p(MGXH(Cht))§Sh2)\tdt>
P T

|H(0,7)|¢

X

N

p—1

00 , ol (a—4)\)]1—4)\5 R -
2 P— 2
x / <sht+7") sh Mt
r 2

1

1 o0 P
— ( / Aﬁhtf2<chm>|<MGXH<cht>>5sh”tdt)
HO,|;

N

P
T\ 2A+1—a 1 o0 Sh2)‘%ch2>‘%
X(Shﬁ) 2>\+1/ (a—4N)p—4xs dt : (5-8)
s o t) p—1
2
Further

00 22Xt 120t
1 sh ich 5 dt
22+1 (a=4\)p—4X§
r ( 1

sht) »-

p—

1
A1 (0—4N)p—4AX3—4A(p—1)
(sh3) =

1 1
~ (a—8N)p+ar—4Xs+(2A+1)(p—1) (a—6A+1)p—4r5+27—1 °

(shg) (sh)
From this and (5.8) we obtain

p
T\ 22 +1—a 1 % sh?ALcp?ML
(s15) o | @
T

1 /OO d(sht)
)2>\+1 , (sh%) (a74)\);7174)\6 4+l
1

: (a—4X)p—4XS
shg) — »-1

~ (@—6A+1)p—aXNd+2A—1—(2A+1—a)p
(sh3) v
~ (2a78]>:)p+2>\7174)\5 5 (a74)\1)p+2/\7174)\6 S L
(sh3) ’ (sh3) ’
From this and (5.8), we have

1
_1 00 »
Iféfz(chﬁ)IS\H(Oﬂ’)W(/ Aé\ht|fQChx‘p(MGXH(Cht))éshQAtdt>p‘ (5.9)
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Combining(5.5), (5.7) and (5.9), by Lemma 4.4 we obtain

1 p

18 fo(char)| < [H(0, )]} 7 ( / Aéht|fchx|p<MGxH<cht>>5sh2*tdt)
_1 )
< VO, Py TP flar, 1 o1 for @ € H(O,7)

and
1
(o) [ g falcha)tshade} S 1l (5.10)
H(0,r) o

By (5.1) and (5.10) we get (3.5).
(#7) For f € Liw(R4,G) and for f € H(0,7) let f = fi+ fo, f1 = fxu. By
Theorem 5.1, I& is bounded from L y(R4, G) to WL, \(R4, G)

o 1 q w(r) q
[ € HO,r) 13 fa(cha) > B} S (G100, )" S (557 1 ) - (511)
It follows from (5.2) and Lemma 4.4 with p = 1, 0 = 1 - 587 = % that at

0<r<?2

_1 oo
[ fa(cha)| S [H(0,7)], / Ayl folch ) P(Mexr(cht)) 7 sh tdt
_1
S H O, 7)) w(r) [ fllan,y,, for @ € H(O,7). (5.12)
Andsupposeézl—%:%at2§r<oo

1

|1 fa(cha)| < [H(0,)]y "w(r)||fllas, s, for = € H(O,7). (5.13)
From (5.12) and (5.13) we have

A ol
o€ HO.} Tk > o s [ (P gy

< ()" (5.14)

Combining (5.11) and (5.14) we obtain (3.6).
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