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MAXIMAL AND POTENTIAL OPERATORS ASSOCIATED

WITH GEGENBAUER DIFFERENTIAL OPERATOR ON

GENERALIZED MORREY SPACES

ELMAN J. IBRAHIMOV, SAADAT A. JAFAROVA, AND S. ELIFNUR EKINCIOGLU

Abstract. In this paper we study the boundedness of the maximal (G-
maximal) and potential (G-potential) operators associated with Gegen-
bauer differential operator on generalized G-Morrey spaces. The results
of this paper are generalizations of the corresponding results to gen-
eralized G-Morrey spaces and modified Morrey spaces.We obtain also
analogs of E.Nakai’s results for the Hardy-Littlewood maximal operator
and the Riesz potential in generalized Morrey spaces.

1. Introduction

In 2011, in the paper [11] new integral transformations that formed the ba-
sis of theory of Harmonic analysis of the Gegenbauer differential operator were
constructed. Later, this theory was intensively developed in various directions:
approximation theory, imbedding theory, transformation theory, theory of max-
imal functions and potential theory (see [4-8, 9-11]). The basis of this theory
was the Gegenbauer differential operator G (see [1]). In [1], various represen-
tations (through integral and hypergeometrical functions) of eigen-functions of
this operator, relations between them, formulas of addition and product for these
functions, asymptotic formulas, etc are given. The reader can find detailed infor-
mation in the mentioned paper [1].

One of the important directions of the Gegenbauer harmonic analysis is the
boundedness of maximal operator and potential generated by the Gegenbauer
differential operator G.

The boundedness of the maximal (G-maximal) and potential (G-potential)
operators associated with Gegenbauer differential operator G.

G ≡ Gλ = (x2 − 1)
1
2
−λ d

dx
(x2 − 1)λ+ 1

2
d

dx
, x ∈ (1,∞), λ ∈ (0,

1

2
)

on the Lebesgue, Morrey and modified Morrey spaces is considered in [3, 4, 5].
In the present paper, we introduce a generalized Gegenbauer-Morrey (G-Morrey)

space Mp,λ,ω(R+, G), and estimate G-maximal and G− potential operators gen-
erated by Gegenbauer differential operator G. The obtained result is an analog of
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the corresponding theorems obtained for the Hardy-Littlewood maximal operator
and the Riesz potential in [16].

2. Definition and notation

Let H(x, r) = (x − r, x + r) ∩ (0,∞), r ∈ (0,∞), x ∈ (0,∞) = R+. For all
measurable sets E ⊂ (0,∞), put µE = |E|λ =

∫
E sh

2λtdt.
For 1 ≤ p ≤ ∞ let Lp,λ(R+, G) be the space of functions measurable on R+

with the finite norm

‖f‖Lp,λ =
(∫ ∞

0
|f(cht)|psh2λtdt

) 1
p
, 1 ≤ p <∞,

‖f‖∞,λ ≡ ‖f‖∞ = ess sup
t∈(0,∞)

|f(cht)|, p =∞.

In [5], the following notation is introduced.
Let 1 ≤ p < ∞, 0 < λ < 1

2 , 0 ≤ γ ≤ 2λ + 1, [r]1 = min{1, r}. We denote

by Lp,λ,γ(R+, G), R+ = (0,∞), the G-Morrey space, and by L̃p,λ,γ(R+, G) the
modified G-Morrey space, as the set of locally integrable functions f(chx), x ∈
R+, with the finite norms

‖f‖Lp,λ,γ = sup
x,r>0

(
r−γ

∫
H(x,r)

|f(cht)|psh2λtdt

) 1
p

,

‖f‖
L̃p,λ,γ

= sup
x,r>0

(
[r]−γ1

∫
H(x,r)

|f(cht)|psh2λtdt

) 1
p

,

respectively.

Note that L̃p,λ,0(R+, G) = Lp,λ,0(R+, G) = Lp,λ(R+, G).

If 1 ≤ p <∞, 0 < λ < 1
2 , 0 ≤ γ ≤ 2λ+ 1, then

L̃p,λ,γ(R+, G) = Lp,λ,γ(R+, G) ∩ Lp,λ(R+, G)

and

‖f‖
L̃p,λ,γ

= max{‖f‖Lp,λ,γ ,‖f‖Lp,λ}

(see [5], Lemma 2.2).

If γ < 0 or γ > 2λ+ 1, then Lp,λ,γ(R+, G) = L̃p,λ,γ(R+, G) = Θ, where θ is the
set of all functions equivalent to 0 on R+.

Let 1 ≤ p <∞, 0 < λ < 1
2 , 0 ≤ γ ≤ 2λ+ 1. We denote by WLp,λ,γ(R+, G) the

weak G-Morrey space, and WL̃p,λ,γ(R+, G) the modified weak G-Morrey space
as the set of locally integrable functions f(chx), x ∈ R+, with the finite norms

‖f‖WLp,λ,γ = sup
r>0

r sup
t,x>0

(
t−γ |{y ∈ H(x, t) : |f(chy)| > r}|γ

) 1
p
,

‖f‖
WL̃p,λ,γ

= sup
r>0

r sup
t,x>0

(
[t]−γ1 |{y ∈ H(x, t) : |f(chy)| > r}|γ

) 1
p
,

respectively.
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Note thatWLp,λ(R+, G) = WLp,λ,0(R+, G) = WL̃p,λ,0(R+, G), Lp,λ,γ(R+, G) ⊂
WLp,λ,γ(R+, G) and ‖f‖WLp,λ,γ ≤ ‖f‖Lp,λ,γ , L̃p,λ,γ(R+, G) ⊂ WLp,λ,γ(R+, G)
and ‖f‖

WL̃p,λ,γ
≤ ‖f‖

L̃p,λ,γ
.

The generalized shift operator associated with the operator Gλ is of the form
(see [6, 9])

Aλchtf(chx) =
Γ(λ+ 1

2)

Γ(λ)Γ(1
2)

∫ π

0
f(chxcht− shxsht cosϕ)(sinϕ)2λ−1dϕ.

This operator possesses properties similar to those of the generalized shift oper-
ator in Levitan’s works [13] and [14].

By analogy with [16], we introduce the following notation.

Definition 2.1. Let 1 ≤ p <∞ and let w : R+ → R+ be a Lebesgue measurable
function. The generalized Gegenbauer-Morrey (G-Morrey) space Mp,λ,w(R+, G)
associated with the Gegenbauer differential operator Gλ are the set of locally
integrable functions f(chx), x ∈ R+ with the finite norm

‖f‖Mp,λ,w(R+,G) ≡ ‖f‖Mp,λ,w
:= sup

x∈R+,r>0

( 1

w(r)

∫
H(0,r)

Aλcht|f(chx)|psh2λtdt
) 1
p
,

and the weak Morrey space WMp,λ,w(R+, G) are the set of locally integrable
functions f(chx), x ∈ R+, with the finite norm

‖f‖WMp,λ,w
(R+, G) ≡ ‖f‖WMp,λ,w

= sup
r>0

r sup
x∈R+,t>0

( 1

w(t)

∣∣∣{y ∈ H(0, t) : |Aλchyf(chx)| > r
}∣∣∣
λ

) 1
p

= sup
r>0

r sup
x∈R+,t>0

( 1

w(t)

∫
{y∈H(0,t):Aλchy |f(chx)|>r}

sh2λydy
) 1
p
.

Under the choice w(r) = rγ , 0 ≤ γ ≤ 2λ+ 1, or w(r) = [r]γ1 , we can write that

Lp,λ,γ(R+, G) ≡Mp,λ,w(R+, G)|w(r)=rγ , and L̃p,λ,γ(R+, G) ≡Mp,λ,w(R+, G)
∣∣∣w(r)=[r]γ1

,

respectively (see [5]).
Let MG be the Gegenbauer maximal operator(see [9]) for f ∈ Lloc1,λ(R+)

MG(chx) = sup
r>0

1

|H(0, r)|λ

∫
H(0,r)

Aλcht|f(chx)|sh2λtdt,

where |H(0, r)|λ =
∫ r

0 sh
2λtdt.

For q ≥ 1 let

M q
Gf(chx) = (MG|f |q(chx))

1
q .

The Riesz-Gegenbauer ((R-G)-potential) IαG is defined as follows (see [3, 4, 5])

IαGf(chx) =
1

Γ(α2 )

∫ ∞
0

(∫ ∞
0

r
α
2
−1hr(cht)dr

)
Aλchtf(chx)sh2λtdt,

where

hr(cht) =

∫ ∞
1

e−u(u+2λ)rP λu (cht)sh2λudu

and P λu (cht) is an eigen function of the operator G.
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Throughout in the paper, we will denote by shx, chx the hyperbolic functions
and by A . B we mean that A ≤ CB with some positive constant C which can
depend on some parameters. If A . B and B . A, we write A ≈ B and say that
they are equivalent.

3. Main results

Let 0 < δ ≤ 1. Assume that w(r) satisfies the conditions: for any r > 0

r ≤ t ≤ 2r ⇒ w(t) ≈ w(r), (3.1)

∫ ∞
r

w(t)

tγδ+1
dt .

{
r−(2λ+1)δw(r), γ = 2λ+ 1; 0 < r < 2.

r−4λδw(r), γ = 4λ; 2 ≤ r <∞.
(3.2)

Theorem 3.1. Let conditions (3.1) and (3.2) be valid. Then
(i) For f ∈Mp,λ,w(R+, G) and 1 ≤ q < p <∞

‖M q
Gf‖Mp,λ,w

. ‖f‖Mp,λ,w
. (3.3)

(ii) For f ∈WMp,λ,w(R+, G) , 1 ≤ p <∞ and for any t > 0

‖Mp
Gf‖WMp,λ,w

. ‖f‖Mp,λ,w
. (3.4)

Now, we consider the Riesz-Gegenbauer potential ((R-G)-potential) IαG.

Theorem 3.2. Let 0 < λ < 1
2 , 0 < α < 2λ+ 1, 1 ≤ p < α

2λ+1 and 1
p −

1
q = α

2λ+1 .

Assume that w satisfies the conditions (3.1) and (3.2). Then
(i) if p > 1 then for f ∈Mp,λ,w(R+, G)

‖IαGf‖M
q,λ,w

q
p
. ‖f‖Mp,λ,w

, (3.5)

(ii) if p = 1 and f ∈M1,λ,w(R+, G). Then

‖IαGf‖WMq,λ,w
. ‖f‖M1,λ,w

. (3.6)

Corollary 3.1. [3] Let 0 < α < 2λ+ 1, 0 < γ < 2λ+ 1−α and 1 ≤ p < 2λ+1−γ
α .

(i) If 1 < p < 2λ+1−γ
α , then condition 1

p −
1
q = α

2λ+1−γ is necessary and

sufficient for the boundedness of IαG from Lp,λ,γ(R+, G) to Lq,λ,γ(R+, G).

(ii) If p = 1 < 2λ+1−γ
α , then the condition 1 − 1

q = α
2λ+1−γ is necessary and

sufficient for the boundedness of IαG from L1,λ,γ(R+, G) to WLq,λ,γ(R+, G).

Corollary 3.2. [5] Let 0 ≤ α < 2λ+ 1, 0 ≤ γ < 2λ+ 1−α and 1 ≤ p < 2λ+1−γ
α .

1) If 1 < p < 2λ+1−γ
α , then the condition α

2λ+1 ≤
1
p −

1
q ≤

α
2λ+1−γ is necessary

and sufficient for the boundedness of IαG from L̃p,λ,γ(R+, G) to L̃q,λ,γ(R+, G).

2) If p = 1 < 2λ+1−γ
α , then the condition α

2λ+1 ≤ 1− 1
q ≤

α
2λ+1−γ is necessary

and sufficient for the boundedness of IαG from L̃1,λ,γ(R+, G) to WL̃q,λ,γ(R+, G).
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4. Auxiliary results

Further we need the following results.

Lemma 4.1. [9] For 0 < λ < 1
2 the following relations are true:

|H(0, r)|λ ≈

{(
sh r2

)2λ+1
, 0 < r < 2,

(ch r2)4λ, 2 ≤ r <∞.

Let χH be the characteristic function of H = H(0, r).

Lemma 4.2. [10]. For x ∈ R+, r > 0, and 0 < λ < 1
2 the following relation

MGχH(chx) ≈


(

sh r
2

shx+r
2

)2λ+1
, 0 < x+ r < 2,(

sh r
2

shx+r
2

)4λ
, 2 ≤ x+ r <∞

is valid.

Lemma 4.3. For every nonnegative function f(ch x), x ∈ R+ the following re-
lation

r∫
0

Aλchtf(ch x)sh2λtdt ≈
∫

H(x,r)

f(ch u)sh2λu du.

is valid.

Proof. In the work [9] it is proved that (see [9], proof of Theorem 2.1)

J(x, r) =

r∫
0

Aλchtf(chx)sh2λt dt

= Cλ

ch(x+r)∫
ch(x−r)

f(z)(z2 − 1)λ−
1
2

∫
ϕ(z,x,r)

(1− u2)λ−1du dz,

where ϕ(z, x, r) = z ch x−ch r√
z2−1sh x

and −1 ≤ ϕ(z, x, r) ≤ 1, Cλ =
Γ(λ+ 1

2)
Γ(λ)Γ( 1

2)
.

Then

A(z, x, r) = Cλ

1∫
ϕ(z,x,r)

(1− u2)λ−1du ≤ Cλ

1∫
−1

(1− u2)λ−1du = 1.

Now estimate the integral A(z, x, r). Let −1 ≤ ϕ(z, x, r) ≤ 0. Then

A(z, x, r) = Cλ

1∫
ϕ(z,x,r)

(1− u2)λ−1du ≥ Cλ

1∫
0

(1− u2)λ−1du

≥ 2λ−1Cλ

1∫
0

(1− u)λ−1du =
2λ−1

λ
Cλ.
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Now, let 0 ≤ ϕ(z, x, r) ≤ 1, then

A(z, x, r) = Cλ

1∫
ϕ(z,x,r)

(1− u)λ−1(1 + u)λ−1du = Cλ

1−ϕ(z,x,r)∫
0

uλ−1(2− u)λ−1du

= Cλ

∞∫
1

1−ϕ(z,x,r)

u−λ−1

(
2− 1

u

)λ−1

du = Cλ

∞∫
1

1−ϕ(z,x,r)

u−2λ (2u− 1)λ−1 du

= 22λ−1Cλ

∞∫
2

1−ϕ(z,x,r)

u−2λ (u− 1)λ−1 du = 22λ−1Cλ

∞∫
1−ϕ(z,x,r)
1+ϕ(z,x,r)

(u+ 1)−2λuλ−1du

= 22λ−1 · Cλ

1+ϕ(z,x,r)
1−ϕ(z,x,r)∫

0

(1 + u)−2λ uλ−1du ≥ 22λ−1Cλ

1∫
0

(1 + u)−2λ uλ−1du

≥ 22λ−1Cλ

1∫
0

uλ−1

(1 + u)2λ
du ≥ Cλ

2

1∫
0

uλ−1du =
Cλ
2λ

.

Consequently,

A(z, x, r) =

1∫
ϕ(z,x,r)

(1− u2)λ−1du ≈ 1,

and

J(x, r) ≈
ch(x+r)∫
ch(x−r)

f(z)(z2 − 1)λ−
1
2dz =

∫
H(x,r)

f (chu) sh2λudu.

�

Theorem 4.1. (Calderon-Zygmund decomposition of Rn). Suppose that f is
nonnegative integrable on R+. Then for any fixed α > 0, there exists a sequence
{Hj(xj , rj)} = {Hj} of disjoint interval such that

(1) f(chx) ≤ α for a.e. x 6∈
⋃
j
Hj;

(2) |
⋃
j
Hj |λ ≤ 1

α‖f‖L1,λ
;

(3) α < 1
|Hj |λ

∫
Hj
f(chy)sh2λydy . 2(2λ+1)nα, n = 1, 2, . . ..

The proof of this theorem is similar to Theorem 1.2.1 from [15].

Theorem 4.2. (Fefferman-Stein type inequality)
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(i) For every nonnegative measurable functions f and g on R+ every
1 ≤ p <∞ and every 0 < t <∞,∫

R+

Aλcht(MGf(chx))pg(chx)sh2λxdx .
∫
R+

Aλchtf(chx)pMGg(chx)sh2λxdx,

(4.1)

(ii) For any measurable function on R+ f ≥ 0 and g ≥ 0∫
{x∈R+:AλchtMGf(chx)>α}

g(chx)sh2λxdx .
1

α

∫
R+

Aλchtf(chx)MGg(chx)sh2λxdx,

(4.2)

Proof. First assertion follows from the inequality (see[3], Theorem 1.4)∫ r

0
Aλcht(MGf(chx))pg(chx)sh2λxdx .

∫ r

0
Aλchtf(chx)pMGg(chx)sh2λxdx

as r →∞.
We prove (4.2). Using the relation from Lemma 4.3∫

H(0,r)
Aλchtf(chx)sh2λtdt ≈

∫
H(x,r)

f(chu)sh2λudu ≈ α,

we obtain∫
Hi(0,r)

Aλchtf(chx)MGg(ch x)sh2λxdx

≥
∫
Hi(0,r)

Aλchtf(chx)
( 1

|Hi(0, r)|λ

∫
Hi(0,r)

Aλchtg(chx)sh2λydy
)
sh2λxdx

≥ α
∫
{u∈R+:MGf(chu)>α}

g(chu)sh2λudu.

Summing over i, we get∫
R+

Aλchtf(chx)MGg(chx)sh2λxdx & α
∫
R+

g(chu)sh2λudu

& α
∫
{u∈R+:MGf(chu)>α}

g(chu)sh2λudu.

From this it follows (4.2). �

Lemma 4.4. Let the conditions (3.1) and (3.2) hold.
Then for 1 ≤ p <∞ and f ∈Mp,λ,w(R+, G) we have∫

R+

Aλcht|f(chx)|p(MGχH(chx))δsh2λxdx . w(r)‖f‖pMp,λ,w
.
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Proof. Let χH be the characteristic function of H(0, r). Then MGχH ≤ 1. On
the other hand, by Lemma 4.2 for 0 < x+ r < 2 we have∫

R+

Aλcht|f(chx)|p(MGχH(cht))δsh2λtdt

≈
∫ r

0
Aλcht|f(chx)|psh2λtdt

+

∞∑
k=0

∫ 2k+1r

2kr

( sh r2
shx+r

2

)(2λ+1)δ
Aλcht|f(chx)|psh2λtdt

≈ w(r)
( 1

w(r)

∫ r

0
Aλcht|f(chx)|psh2λtdt

)
+
∞∑
k=0

∫ 2k+1r

2kr

( sh r2
sh(2k+1 + 1) r2

)(2λ+1)δ
Aλcht|f(chx)|psh2λtdt

(since shax ≥ ashx for a ≥ 1)

.
(
w(r) +

∞∑
k=0

2−(2λ+1)δw(2k+1r)
)
‖f‖pMp,λ,w

.
(
r(2λ+1)δ

∞∑
k=0

w(2kr)

(2λ+ 1)(2λ+1)δ

)
‖f‖pMp,λ,w

.

By (3.1)

w(2kr)

(2kr)(2λ+1)δ
.
∫ 2k+1r

2kr

w(t)

t(2λ+1)δ+1
dt,

we have ∫
R+

Aλcht|f(chx)|p(MGχH(cht))δsh2λtdt

.
(
r(2λ+1)δ

∫ ∞
r

w(t)

t(2λ+1)δ+1
dt
)
‖f‖Mp

p,λ,w
. w(r)‖f‖Mp

p,λ,w
. (4.3)

If 2 ≤ x+ r <∞, then by Lemma 4.2 and previous case we obtain∫
R+

Aλcht|f(chx)|p
(
MGχH(cht)

)δ
sh2λtdt

.
(
r4λ

∫ ∞
r

w(t)

t4λδ+1
dt
)
‖f‖Mp,λ,w

. w(r)‖f‖Mp,λ,w
. (4.4)

Now the assertion of Lemma 3.4 follows from (4.3) and (4.4). �

5. Proofs of the main results

Proof of Theorem 3.1. (i) We use (4.1) for |f |q and χH ≥ 0, the characteristic
function of H(0, r).

Then∫
H(0,r)

Aλcht(M
q
Gf(chx))psh2λxdx .

∫
R+

Aλcht|f(chx)|pMGχH(chx)sh2λxdx
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It follows from Lemma 4.4 with δ = 1 that∫
H(0,r)

Aλcht(M
q
Gf(chx))psh2λxdx . w(r)‖f‖Mp,λ,w

.

Therefore we obtain (3.3).
(ii) We use (4.2). By Lemma 4.4 with δ = 1 we have∣∣∣{x ∈ H(0, r) : AλchtMGf(chx) > α

}∣∣∣
λ

=

∫
{x∈R+:AλchtMG|f |p(chx)>αp}

χH(chx)sh2λxdx

. α−p
∫
R+

Aλcht|f(chx)|pMχH(chx)sh2λxdx

. α−pw(r)‖f‖pMp,λ,w
.

From this it follows (3.4).
To prove Theorem 3.2 we need the following result (see [4], Theorem 3)

Theorem 5.1. [4] Let 0 < λ < 1
2 , 0 < α < 2λ+ 1 and 1 ≤ p < 2λ+1

α .

(a) If 1 < p < 2λ+1
α , then the condition 1

p−
1
q = α

2λ+1 is necessary and sufficient

for the boundedness of the operator IαG from Lp,λ(R+, G) to Lq,λ(R+, G).
(b) If p = 1, the condition is necessary and sufficient for the boundedness of

the operator IαG from L1,λ(R+, G) to Lq,λ(R+, G).

Proof of Theorem 3.2. (i) For f ∈ Mp,λ,w(R+, G) and for H(0, r), let
f = f1 + f2, f1 = fχH . Since IαG is bounded from Lp,λ(R+, G) to Lq,λ(R+, G),∫

H(0,r)
Aλcht|IαGf1(chx)|qsh2λxdx . ‖IαGf1‖qLq,λ(H(0,r))

. ‖f1‖qLq,λ(H(0,r)) .
(∫

H(0,r)
Aλcht|f(chx)|psh2λxdx

) q
p
.

Therefore, (
w(r)

− q
p

∫
H(0,r)

Aλcht|IαGf1(chx)|qsh2λxdx
) 1
q

.
( 1

w(r)

∫
H(0,r)

Aλcht|f(chx)|psh2λtdt
) 1
p
. ‖f‖Mp,λ,w

. (5.1)

For x ∈ H(0, r) and for t ∈ (r,∞) we have

|IαGf2(chx)| .


∫∞
r

Aλcht|f2(chx)|sh2λt
(cht)2λ+1 dt, 0 < r < 2,∫∞

r

Aλcht|f2(chx)|sh2λt
(cht)4λ

dt, 2 < r <∞,

.


∫∞
r

Aλcht|f2(chx)|sh2λt
(cht)2λ+1−α dt, 0 < r < 2,∫∞

r

Aλcht|f2(chx)|sh2λt
(cht)4λ−α

dt, 2 < r <∞,
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.


(
sh r2

)α−2λ+1
∞∫
r
Aλcht|f2(chx)|

(
sh r

2

sh t+r
2

)2λ+1−α
sh2λtdt, 0 < r < 2,(

sh r2
)α−4λ

∞∫
r
Aλcht|f2(chx)|

(
sh r

2

sh t+r
2

)4λ−α
sh2λtdt, 2 < r <∞,

.


(
sh r2

)−(2λ+1)(1− α
2λ+1

)
∞∫
r
Aλcht|f2(chx)|

(
sh r

2

sh t+r
2

)(2λ+1)(1− α
2λ+1

)
sh2λtdt, 0 < r < 2,(

sh r2
)−4λ(1− α

4λ
)
∞∫
r
Aλcht|f2(chx)|

(
sh r

2

sh t+r
2

)4λ(1− α
4λ

)
sh2λtdt, 2 < r <∞,

≈


|H(0, r)|

α
2λ+1

−1

λ

∞∫
r
Aλcht|f2(chx)|(MGχH(cht))1− α

2λ+1 sh2λtdt, 0 < r < 2

|H(0, r)|
α
4λ
−1

λ

∞∫
r
Aλcht|f2(chx)|(MGχH(cht))1− α

4λ sh2λtdt, 2 < r <∞.

(5.2)

First we consider the case 0 < r < 2 and 0 < α < 2λ+1. Let 0 < δ < 1− αp
2λ+1 .

By Hölder’s inequality, we have

|IαGf2(chx)|

.
1

|H(0, r)|
1− α

2λ+1

λ

∫ ∞
r

Aλcht|f2(chx)|(MGχH(chx))
δ
p (MGχH(cht))

1− α
2λ+1

− δ
p sh2λtdt

.
1

|H(0, r)|
1− α

2λ+1

λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

) 1
p

×
(∫ ∞

r
(MGχH(cht))p−

αp
2λ+1

−δsh2λtdt

) p−1
p

=
1

|H(0, r)|
1− 1

p
+ 1
q

λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

) 1
p

×

(∫ ∞
r

(MGχH(cht))
p− αp

2λ+1
−δ

p−1 sh2λtdt

) p−1
p

=
1

|H(0, r)|
1
q

λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGχHcht)
δsh2λtdt

) 1
p

×

(
1

|H(0, r)|λ

∫ ∞
r

(MGχH(cht))
p− αp

2λ+1
−δ

p−1 sh2λtdt

) p−1
p

(5.3)

Further

1

|H(0, r)|λ

∫ ∞
r

(MGχH(cht))
p− αp

2λ+1
−δ

p−1 sh2λtdt

≈ 1

|H(0, r)|λ

∫ ∞
r

( sh r2
sh t+r2

) (2λ+1)(p−δ)−αp
p−1

sh2λtdt
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.

(
sh r2

) (2λ+1)(p−δ)−αp
p−1(

sh r2
)2λ+1

∫ ∞
r

sh2λ t
2ch

2λ t
2

(sh t2)
(2λ+1)(p−δ)−αp

p−1

dt

.
(
sh
r

2

) (2λ+1)(p−δ)−αp
p−1

−(2λ+1)
∫ ∞
r

sh2λ t
2ch

t
2

(sh t2)
(2λ+1)(p−δ)−αp

p−1

dt

.
(
sh
r

2

) (2λ+1)(1−δ)−αp
p−1

∫ ∞
r

d(sh t2)

(sh t2)
(2λ+1)(p−δ)−αp

p−1
−(2λ+1)+1

.
(
sh
r

2

) (2λ+1)(1−δ)−αp
p−1

∫ ∞
r

d(sh t2)

(sh t2)
(2λ+1)(1−δ)−αp

p−1
+1
. 1. (5.4)

From (5.3) and (5.4) we obtain

|IαGf2(chx)| . |H(0, r)|
− 1
q

λ

{∫ ∞
r

Aλcht|f2(chx)|p(MGχH(chx))δsh2λtdt
} 1
p

(5.5)

for 0 < x+ r < 2 and 0 < α < 2λ+ 1.
Now we consider the case 2 ≤ x+ r <∞ and 0 < α ≤ 4λ.
Let 0 < δ < 1− αp

4λ . By Hölder’s inequality we have

|IαGf2(chx)|

.
1

|H(0, r)|1−
α
4λ

λ

∫ ∞
r

Aλcht|f2(chx)|(MGχH(cht))
δ
p (MGχH(cht))

1− α
4λ
− δ
p sh2λtdt

.
1

|H(0, r)|1−
α
4λ

λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

) 1
p

×
(
sh r2

)1−2λ(
sh r2

)2λ+1−α

 ∞∫
r

Aλcht|f2(chx)|p(MGχH(cht))
p−αp

4λ
−δ

p−1 sh2λtdt


p−1
p

.

(
sh r2

)1−2λ(
sh r2

)2λ+1−α

 ∞∫
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

 1
p

×
(∫ ∞

r
(
sh r2
sh t+r2

)
4λ(p−δ)−αp

p−1 sh2λtdt

) p−1
p

.
|H(0, r)|

1−2λ
1+2λ

λ

|H(0, r)|
1
q

+1− 1
q

λ

 ∞∫
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

 1
p

×
(
sh r2

)1−2λ

|H(0, r)|
1
q

λ

 1(
sh r2

)2λ+1

∫ ∞
r

sh2λ t
2ch

2λ t
2(

sh r2
) 4λ(p−δ)−αp

p−1

dt


p−1
p
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.
1

|H(0, r)|
1
q

λ

 ∞∫
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

 1
p

×
(
sh
r

2

)1−2λ

 1(
sh r2

)2λ+1

∫ ∞
r

d(sh t2)(
sh t2

) 4λ(1−δ)−αp
p−1

+1


p−1
p

(5.6)

We estimate the expression

1(
sh r2

)2λ+1

∫ ∞
r

d(sh t2)

(sh t2)
4λ(1−δ)−αp

p−1
+1
≈ 1

(sh r2)
2λ+1+

4λ(1−δ)−αp
p−1

.

From (5.6) we get

(
sh
r

2

)1−2λ

 1(
sh r2

)2λ+1

∫ ∞
r

d(sh t2)(
sh t2

) 4λ(1−δ)−αp
p−1

+1


p−1
p

.
1

(sh r2)
1
p

(4λ(1−δ)+(4λ−α)p−2λ−1)
. 1.

From this and (5.6) we obtain

|IαGf2(chx)| . 1

|H(0, r)|
1
q

λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGXH(cht))δsh2λtdt

) 1
p

(5.7)

for 2 ≤ x+ r <∞ and 0 < α ≤ 4λ.
It remains to consider the case 2 ≤ x+ r <∞ and 4λ < α < 2λ+ 1.

Let δ < 1− (8λ−α)p
4λ ,

|IαGf2(chx)| .
∫ ∞
r

Aλcht|f2(chx)| sh2λt

(cht)2λ+1
dt

.
∫ ∞
r

Aλcht|f2(chx)|sh
2λt

chαt
dt

.
1(

sh r2
)α−4λ

∫ ∞
r

Aλcht|f2(chx)|
( sh r2
sh t+r2

)α−4λ
sh2λtdt

.
1(

sh r2
)α−4λ

∫ ∞
r

Aλcht|f2(chx)|(MGχH(cht))
α−4λ
4λ sh2λtdt

.
1(

sh r2
)α−4λ

∫ ∞
r

Aλcht|f2(chx)|(MGχH(cht))
δ
p (MGχH(cht))

α−4λ
4λ
− δ
p sh2λtdt.

By Hölder’s inequality we have

|IαGf2(chx)| . 1(
sh r2

)α−4λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

) 1
p

×
(∫ ∞

r
(MGχH(cht))

(α−4λ
4λ
− δ
p

) p−1
p sh2λtdt

) p−1
p
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=

(
sh r2

)2λ+1−α(
sh r2

)2λ+1−α(
sh r2

)α−4λ

(∫ ∞
r

Aλcht|f2(chx)|(MGχH(cht))δsh2λtdt

) 1
p

×

(∫ ∞
r

( sh r2
sh t+r2

) (α−4λ)p−4λδ
p−1

sh2λtdt

) p−1
p

.

(
sh r2

)6λ+1−2α

|H(0, r)|
1
q

+1− 1
p

λ

(∫ ∞
r

Aλcht|f2(chx)|p(MGχH(cht))δsh2λtdt

) 1
p

×

(∫ ∞
r

( sh r2
sh t+r2

) (α−4λ)p−4λδ
p−1

sh2λtdt

) p−1
p

.
1

|H(0, r)|
1
q

λ

(∫ ∞
r

Aλcht|f2(chx)|(MGχH(cht))δsh2λtdt

) 1
p

×
(
sh
r

2

)2λ+1−α

 1(
sh r2

)2λ+1

∫ ∞
r

sh2λ t
2ch

2λ t
2

(sh t2)
(α−4λ)p−4λδ

p−1

dt


p−1
p

. (5.8)

Further

1(
sh r2

)2λ+1

∫ ∞
r

sh2λ t
2ch

2λ t
2

(sh t2)
(α−4λ)p−4λδ

p−1

dt

≤ 1(
sh r2

)2λ+1

∫ ∞
r

d(sh t2)

(sh t2)
(α−4λ)p−4λδ

p−1
−4λ+1

.
1(

sh r2
)2λ+1

· 1(
sh r2

) (α−4λ)p−4λδ−4λ(p−1)
p−1

.
1(

sh r2
) (α−8λ)p+4λ−4λδ+(2λ+1)(p−1)

p−1

=
1(

sh r2
) (α−6λ+1)p−4λδ+2λ−1

p−1

.

From this and (5.8) we obtain

(
sh
r

2

)2λ+1−α

 1(
sh r2

)2λ+1

∫ ∞
r

sh2λ t
2ch

2λ t
2

(sh t2)
(α−4λ)p−4λδ

p−1

dt


p−1
p

.
1(

sh r2
) (α−6λ+1)p−4λδ+2λ−1−(2λ+1−α)p

p

.
1(

sh r2
) (2α−8λ)p+2λ−1−4λδ

p

.
1(

sh r2
) (α−4λ)p+2λ−1−4λδ

p

. 1,

From this and (5.8), we have

|IαGf2(chx)| . |H(0, r)|
− 1
q

λ

(∫ ∞
r

Aλcht|f2chx|p(MGχH(cht))δsh2λtdt

) 1
p

. (5.9)
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Combining(5.5), (5.7) and (5.9), by Lemma 4.4 we obtain

|IαGf2(chx)| . |H(0, r)|
− 1
q

λ

(∫ ∞
r

Aλcht|fchx|p(MGχH(cht))δsh2λtdt

) 1
p

. |H(0, r)|
− 1
q

λ w(r)
1
p ‖f‖Mp,λ,w

, for x ∈ H(0, r)

and {
w(r)

− q
p

∫
H(0,r)

|IαGf2(chx)|qsh2λxdx
} 1
q
. ‖f‖Mp,λ,w

. (5.10)

By (5.1) and (5.10) we get (3.5).
(ii) For f ∈ L1,λ,w(R+, G) and for f ∈ H(0, r) let f = f1 + f2, f1 = fχH . By

Theorem 5.1, IαG is bounded from L1,λ(R+, G) to WLq,λ(R+, G)

|{x ∈ H(0, r) : |IαGf1(chx)| > β}|λ .
( 1

β
‖f1‖L1,λ

)q
.
(w(r)

β
‖f‖M1,λ,w

)q
. (5.11)

It follows from (5.2) and Lemma 4.4 with p = 1, δ = 1 − α
2λ+1 = 1

q that at
0 < r < 2

|IαGf2(chx)| . |H(0, r)|
− 1
q

λ

∫ ∞
r

Aλcht|f2(ch x)|p(MGχH(cht))
1
q sh2λtdt

. |H(0, r)|
− 1
q

λ w(r)‖f‖M1,λ,w
for x ∈ H(0, r). (5.12)

And suppose δ = 1− α
4λ = 1

q at 2 ≤ r <∞

|IαGf2(chx)| . |H(0, r)|
− 1
q

λ w(r)‖f‖M1,λ,w
, for x ∈ H(0, r). (5.13)

From (5.12) and (5.13) we have

|{x ∈ H(0, r)} : |IαGf2(chx)| > β|λ .
∫
H(0,r)

(Aλcht|IαGf2(chx)|
β

)q
sh2λtdt

.
(w(r)

β
‖f‖M1,λ,w

)q
. (5.14)

Combining (5.11) and (5.14) we obtain (3.6).
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