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ON THE UNIFORM CONVERGENCE OF FOURIER SERIES

EXPANSIONS IN THE SYSTEM OF EIGENFUNCTIONS OF

THE EQUATION OF A VIBRATING ROD AT ONE END OF

WHICH THE MASS IS CONCENTRATED

KONUL F. ABDULLAYEVA, ZIYATKHAN S. ALIYEV, AND NAZIM B. KERIMOV

Abstract. In this paper we consider a spectral problem for ordinary
differential equations of fourth order with a spectral parameter in the
boundary condition. This problem arises when variables are separated in
the dynamical boundary value problem describing bending vibrations of
a homogeneous rod, in cross-sections of which the longitudinal force acts,
the left end of which is fixed and on the right end a mass is concentrated.
We study the uniform convergence of the spectral expansions in terms
of eigenfunctions of this problem.

1. Introduction

Consider the homogeneous Euler-Bernoulli beam of length L, density ρ and
cross-sectional area F , the left end of which is fixed rigidly, and on the right end
of which load with mass of m is concentrated.

The free bending vibrations of a homogeneous rod of constant rigidity, in cross
sections of which the longitudinal force acts, is described by the equation [11, Ch.
8, § 5, formula (84)]

EJ
∂4U(X, t)

∂X4
− ∂

∂X

(
Q̃(X)

∂U(X, t)

∂X

)
+ ρF

∂2U(X, t)

∂t2
= 0,

where U(X, t) is a flexure of the current point of axis of the rod, EJ is the

flexural rigidity of the rod, Q̃(X) is longitudinal force, ρ is rod density, F is a
cross-sectional area.

If the left end is fixed rigidly and at the right end is concentrated a load with
mass of m, then the boundary conditions can be written in the following form
[11, Ch. 8, § 5, Table 6, p. 154]

U(0, t) = 0,
∂U(0, t)

∂X
= 0,
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EJ
∂2U(L, t)

∂X2
= 0, EJ

∂3U(L, t)

∂X3
− Q̃(L)

∂U(L, t)

∂X
= −m∂2U(L, t)

∂t2
.

Introducing the notation x = X
L , u = U

L we write the equation of free bending
vibrations of a homogeneous rod and the boundary conditions in the form

∂4u(x, t)

∂x4
− ∂

∂x

(
Q(x)

∂u(x, t)

∂x

)
+
ρFL4

EJ

∂2u(x, t)

∂t2
= 0,

u(0, t) = 0,
∂u(0, t)

∂x
= 0,

∂2u(1, t)

∂x2
= 0,

∂3u(1, t)

∂x3
−Q(1)

∂u(1, t)

∂x
= − mL

3

EJ

∂2u(1, t)

∂t2
,

where Q(x) = L2

EJ Q̃(Lx).

Let λ = ρFL4ω2/EJ . Then this problem with substitution u(x, t) = y(x) cosωt
is reduced (see, e.g., [11, Ch. 11, § 2, formula (12)]) to the following eigenvalue
problem

y(4)(x) − (q(x)y′(x))′ = λy(x), 0 < x < 1, (1.1)

U1(y) ≡ y(0) = 0, U2(y) ≡ y′(0) = 0, (1.2)

U3(y) ≡ y′′(1) = 0, (1.3)

U4(y) ≡ Ty(1)− aλy(1) = 0, (1.4)

where q(x) ≡ Q(x), Ty ≡ y′′′ − qy′, a = m
ρFL .

It is obvious that the following conditions are satisfied

q(x) > 0, x ∈ [0, 1], a > 0. (1.5)

Moreover, we suppose that the function q(x) is absolutely continuous on [0, 1].
The location of eigenvalues in the complex plane (on the real axis), the struc-

ture of the root subspaces, the asymptotic formulas for eigenvalues and eigenfunc-
tions, the basis property of subsystems of eigenfunctions of problem (1.1)-(1.4) in
more general form were investigated in the paper [1]. In [1], in particular, a nec-
essary and sufficient condition is established for the system of eigenfunctions of
this problem after removing one function to form a basis in Lp(0, 1), 1 < p <∞.

One of the most common methods for solving partial differential equations is
the Fourier method. The justification of this method in boundary value prob-
lems for partial differential equations is based on the proof of the convergence
of spectral expansions in the subsystems of root functions of the corresponding
eigenvalue problems in various function spaces. The subject of the present paper
is the study of uniform convergence of Fourier series expansions for continuous
functions in the subsystems of eigenfunctions of problem (1.1)-(1.4).

The spectral properties of ordinary differential operators with spectral param-
eter in the boundary conditions were studied by many authors (see, e.g., [1-8,
12, 13, 15-20, 22-25, 30, 31, 33-36]). The basis properties of subsystems of root
functions in the space Lp(0, 1), 1 < p < ∞, of Sturm-Liouville problems with a
spectral parameter in the boundary conditions were studied in [2, 3, 13, 15-20, 25,
30], of ordinary differential operators of fourth order with spectral parameter in
the boundary conditions were studied in [1, 4, 5, 7, 22]. The uniform convergence
of Fourier expansions in terms of root functions of Sturm-Liouville operators with
a spectral parameter in the boundary conditions were investigated in [13, 16-18,
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20, 23, 24, 30], and of ordinary differential operators of fourth order when the
spectral parameter is not contained in the boundary conditions in [28, 29] (see
also their references). The uniform convergence of Fourier series expansions of
continuous functions in the subsystems of eigenfunctions of differential operators
of fourth order with a spectral parameter in the boundary conditions have been
investigated in recent papers [6, 33].

In this paper, it is shown that the uniform convergence of spectral expansions
in terms of eigenfunctions of problem (1.1)-(1.4) reduces to studying the uniform
convergence of Fourier series in the functions of one particular system.

The structure of this paper is as follows. In Section 2 we give the spectral
properties (the location of eigenvalues on real axis, the structure of root sub-
spaces, the asymptotic formulas for eigenvalues and eigenfunctions, the oscilla-
tion properties of eigenfunctions and the basis properties of eigenfunctions in
Lp(0, 1), 1 < p <∞) of problem (1.1)-(1.4) and problem (1.1)-(1.3) with the ad-
dition of the ”asymptotic” boundary condition y(1) = 0 which have been studied
in [1, 10, 22]. It should be noted that in order to study the uniform convergence
of spectral expansions in eigenfunctions of problem (1.1)-(1.4) are not beneficial
to us the asymptotic formulas for the eigenvalues and eigenfunctions of prob-
lems (1.1)-(1.4) and (1.1)-(1.3), y(1) = 0, which were obtained earlier in [1]. In
Sections 3 and 4 we obtain refined asymptotic formulas for the eigenvalues and
eigenfunctions of problems (1.1)-(1.3) (with q(x) ≡ 0), y(1) = 0, and (1.1)-(1.4)
respectively. In Section 5 we find a sufficient condition and also necessary and
sufficient condition for the uniform convergence of Fourier series expansions for
continuous functions in the subsystems of eigenfunctions of problem (1.1)-(1.4).
Here we also establish a necessary and sufficient condition for the uniform con-
vergence of Fourier series expansions of a continuous function in the systems of
functions which is adjoint to the subsystems of eigenfunctions of problem (1.1)-
(1.4).

2. Some auxiliary facts and statements

We consider the boundary condition

Ũ4(y) ≡ y(1) = 0. (2.1)

Alongside the problem (1.1)-(1.4) we shall consider the problem (1.1)-(1.3),
(2.1). Problem (1.1)-(1.3), (2.1) has been considered before in [9, 10, 14], where
the authors study the oscillation properties of the eigenfunctions and their deriva-
tives.

The following theorems are special cases of the general results of [10] and [1].
Theorem 2.1. (see [10, Theorem 5.4 and 5.5]) The eigenvalues of the prob-
lem (1.1)-(1.3), (2.1) are real, simple and form an infinitely increasing sequence
{ηk}∞k=1 such that ηk > 0 for k ∈ N. Moreover, the eigenfunction vk(x), k ∈ N,
corresponding to the eigenvalue ηk has precisely k− 1 simple zeros in the interval
(0, 1).
Theorem 2.2. (see [1, Theorem 4.1] and [22, Theorem 3.1]) The eigenvalues of
the problem (1.1)-(1.4) are real, simple and form an infinitely increasing sequence
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{λk}∞k=1 such that λ1 < 0 and λk > 0 for k ≥ 2. Moreover, the eigenfunction
yk(x), k ≥ 2, corresponding to the eigenvalue λk has precisely k − 1 simple zeros
in the interval (0, 1).
Theorem 2.3. (see [1, Theorem 5.1]) The following asymptotic formulas hold:

4
√
ηk =

(
k +

1

4

)
π +O

(
1

k

)
, (2.2)

4
√
λk =

(
k − 3

4

)
π +O

(
1

k

)
, (2.3)

vk(x) = sin

(
k +

1

4

)
πx− cos

(
k +

1

4

)
πx+ e−(k+ 1

4)πx +O

(
1

k

)
, (2.4)

yk(x) = sin

(
k − 3

4

)
πx− cos

(
k − 3

4

)
πx+ e−(k− 3

4)πx +O

(
1

k

)
, (2.5)

where relations (2.4)-(2.5) hold uniformly for x ∈ [0, 1].
Theorem 2.4. (see [1, Lemmas 6.1-6.3, Corollary 6.1, Theorem 6.2]) Let r be an
arbitrarily fixed natural number. Then the system of eigenfunctions {yk(x)}∞k=1, k 6=r
of problem (1.1)-(1.4) forms a basis in the space Lp(0, 1), 1 < p < ∞, which is
an unconditional basis for p = 2.
Remark 2.1. It should be noted that, using the asymptotic formulas (2.4) and
(2.5), it is impossible to find sufficient conditions for the uniform convergence
of Fourier series expansions of continuous functions in the system of eigenfunc-
tions of problem (1.1)-(1.4) after removing one function. Therefore, in order
to establish these conditions we need to obtain the asymptotic formulas for the
eigenpairs (ηk, vk(x)) and (λk, yk(x)) of problems (1.1)-(1.3), (2.1) and (1.1)-(1.4)
respectively up to the term with 1

k2
.

3. Refinement of asymptotic formulas for eigenvalues and
eigenfunctions of the boundary-value problem (1.1)-(1.3), (2.1)

with q(x) ≡ 0

In this section we consider the spectral problem (1.1)-(1.3), (2.1) with q(x) ≡ 0.
Lemma 3.1 For sufficiently large k ∈ N for the eigenvalues ηk and corresponding
eigenfunctions vk(x) of problem (1.1)-(1.3), (2.1) with q(x) ≡ 0 the following
asymptotic formulas hold:

4
√
ηk =

(
k +

1

4

)
π +O

(
e−kπ

)
, (3.1)

vk(x) = sin

(
k +

1

4

)
πx− cos

(
k +

1

4

)
πx+ e− (k+ 1

4)πx +O(e−kπ), (3.2)

where relation (3.2) holds uniformly for x ∈ [0, 1].
Proof. In the case q ≡ 0 equation (1.1) has four linearly independent solutions

zk(x, ρ) = eρωkx, k = 1, 2, 3, 4 ,

where ρ = 4
√
λ and ωk, k = 1, 2, 3, 4, are distinct fourth roots of unity:

ω1 = −ω4 = −1, ω2 = −ω3 = −i. (3.3)
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Hence we have

z
(s)
k (x, ρ) = eρωkx(ρωk)

s, k = 1, 2, 3, 4, s = 0, 1, 2, 3 . (3.4)

Then by (3.4) it follows from (1.2), (1.3) and (2.1) that

U1(zk) ≡ zk(0, ρ) = 1, U2(zk) ≡ z′k(0, ρ) = ρωk,

U3(zk) ≡ z′′k(1) = ρ2ω2
ke
ρωk , Ũ4(zk) ≡ zk(1) = eρωk .

(3.5)

Now we consider the characteristic determinant

∆(λ) =

∣∣∣∣∣∣∣∣
U1(z1) U1(z2) U1(z3) U1(z4)
U2(z1) U2(z2) U2(z3) U2(z4)
U3(z1) U3(z2) U3(z3) U3(z4)

Ũ4(z1) Ũ4(z2) Ũ4(z3) Ũ4(z4)

∣∣∣∣∣∣∣∣ . (3.6)

By (3.3) and (3.5), from (3.6) we obtain

∆(λ) = ρ3

∣∣∣∣∣∣∣∣
1 1 1 1
−1 − i i 1
e−ρ − e−iρ − eiρ eρ

e−ρ e−iρ eiρ eρ

∣∣∣∣∣∣∣∣ =

2ρ3eρ
{

(1 + i)e− iρ − (1− i)eiρ +O(e−ρ)
}
.

Thus, the roots of the characteristic determinant ∆(λ) are the roots of the
following equation

(1 + i)e− iρ − (1− i)eiρ +O(e−ρ) = 0.

It is easy to show that this equation is equivalent to the following equation

e2iρ = i+O
(
e−ρ
)
. (3.7)

By virtue of (2.2) we have

ρk = 4
√
ηk =

(
k +

1

4

)
π + εk, (3.8)

where εk = o (1).
Since ρk, k ∈ N, are the roots of ∆(λ), taking (3.8) into account, from (3.7)

we obtain

e2iεk = 1 +O
(
e−kπ

)
,

which implies that

εk = O
(
e−kπ

)
. (3.9)

Then from (3.8) and (3.9) we obtain the asymptotic formula (3.1).
By virtue of (3.1) we have the following relations

eiρk =
√
2
2 (−1)k(1 + i) +O(e−kπ),

e−iρk =
√
2
2 (−1)k(1− i) +O(e−kπ).

(3.10)
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Now we show that the asymptotic formula (3.2) is true. It is known that the
eigenfunction v(x, ρ) corresponding to the eigenvalue λ = ρ4 has the form

v(x, ρ) = Cρ

∣∣∣∣∣∣∣∣
z1(x, ρ) z2(x, ρ) z3(x, ρ) z4(x, ρ)
U1(z1) U1(z2) U1(y3) U1(z4)
U2(z1) U2(z2) U2(z3) U2(z4)

Ũ4(z1) Ũ4(z2) Ũ4(z3) Ũ4(z4)

∣∣∣∣∣∣∣∣ , (3.11)

where Cρ is an arbitrary nonzero constant that depends on ρ.
By virtue of (3.1), (3.3)-(3.5) and (3.10) it follows from (3.11) that

vk(x) = v(x, ρk) = Cρkρke
ρk


∣∣∣∣∣∣∣∣

e−ρkx e−i ρkx ei ρkx eρk(x−1)

1 1 1 0
−1 − i i 0

0 e−iρk eiρk 1

∣∣∣∣∣∣∣∣+O(e−ρk)

 =

2i Cρkρke
ρk

{
sin

(
k +

1

4

)
πx− cos

(
k +

1

4

)
πx+ e− (k+ 1

4)πx +O(e−kπ)

}
.

Considering (2.4) we can choose the constant Cρk as follows: Cρk = −−ie−ρk2ρk
.

Then from the last relation we obtain the asymptotic formula (3.2). The proof
of this lemma is complete.

In view of (3.2) we get

||vk(x)||22 =

1∫
0

v2k(x) dx = 1 +O(e−kπ). (3.12)

Remark 3.1. Let

Φk(x) = vk(x)||vk(x)||−12 , k ∈ N,
i.e. Φk(x), k ∈ N, is a normalized eigenfunction corresponding to the eigenvalue
ηk of problem (1.1)-(1.3), (2.1) with q ≡ 0. Then it follows from (3.2) and (3.12)
that

Φk(x) = sin

(
k +

1

4

)
πx− cos

(
k +

1

4

)
πx+ e− (k+ 1

4)πx +O(e−kπ). (3.13)

4. Refinement of asymptotic formulas for eigenvalues and
eigenfunctions of the boundary-value problem (1.1)-(1.4)

In this section we consider the eigenvalue problem (1.1)-(1.4).
Lemma 4.1 For sufficiently large k ∈ N for the eigenvalues λk and correspond-
ing eigenfunctions yk(x) of problem (1.1)-(1.4) the following asymptotic formulas
hold:

4
√
λk =

(
k − 3

4

)
π +

q0 − 2/a

4kπ
+O

(
1

k2

)
, (4.1)
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yk(x) = sin
(
k − 3

4

)
πx− cos

(
k − 3

4

)
πx+ e− (k− 3

4)πx+

(q0−2/a)x−q0(x)
4kπ sin

(
k − 3

4

)
πx+ (q0−2/a)x−q0(x)

4kπ cos
(
k − 3

4

)
πx−

(q0−2/a)x+q0(x)
4kπ e− (k− 3

4)πx +O
(

1
k2

)
,

(4.2)

where q0(x) =
x∫
0

q(t)dt, q0 =
1∫
0

q(x)dx, and relation (4.2) holds uniformly for

x ∈ [0, 1].
Proof. Since all eigenvalues of problem (1.1)-(1.4), except for the first eigenvalue,
are positive, in equation (1.1) we set λ = µ4 with µ > 0. As is known (see [32, Ch.
II, § 4.5 Theorem 1 and § 4.6 formulas (27)-(29)]), equation (1.1) has four linearly
independent solutions ϕk(x, µ), k = 1, 2, 3, 4, regular in µ (for sufficiently large
µ > 0) and satisfying the relations

ϕ
(s)
k (x, µ) = (µωk)

seµωkx
{

1 + q0(x)
4µωk

+O
(

1
µ2

)}
,

k = 1, 2, 3, 4, s = 0, 1, 2, 3,

(4.3)

where ω1 = −ω4 = −1, ω2 = −ω3 = −i (see (3.4)).
By virtue of (4.3) and boundary conditions (1.2)-(1.4) we have

U1(ϕk) = 1 +O
(
µ−2

)
, U2(ϕk) = µωk

(
1 +O

(
µ−2

))
,

U3(ϕk) = µ2ω2
ke
ρωk
(

1 + q0
4µωk

+O
(
µ−2

))
,

U4(ϕk) = − aµ4eµωk
(

1 + q0−4/a
4µωk

+O
(
µ−2

))
.

(4.4)

Taking (4.3) and (4.4) into account for the characteristic determinant

∆(λ) =

∣∣∣∣∣∣∣∣
U1(ϕ1) U1(ϕ2) U1(ϕ3) U1(ϕ4)
U2(ϕ1) U2(ϕ2) U2(ϕ3) U2(ϕ4)
U3(ϕ1) U3(ϕ2) U3(ϕ3) U3(ϕ4)
U4(ϕ1) U4(ϕ2) U4(ϕ3) U4(ϕ4)

∣∣∣∣∣∣∣∣ (4.5)

we have the following relation

∆(λ) = aµ7eµ×

∣∣∣∣∣∣∣∣∣∣
1 1 1 0
−1 − i i 0

0 − e−iµ
(

1− q0
4µi

)
− eiµ

(
1 + q0

4µi

)
1 + q0

4µ

0 e−iµ
(

1− q0−4/a
4µi

)
eiµ
(

1 + q0−4/a
4µi

)
1 + q0−4/a

4µ

∣∣∣∣∣∣∣∣∣∣
+O

(
µ−2

)
 =

− aµ7eµ



∣∣∣∣∣∣∣∣∣∣
1− i 1 + i 0

− e−iµ
(

1− q0
4µi

)
− eiµ

(
1 + q0

4µi

)
1 + q0

4µ

e−iµ
(

1− q0−4/a
4µi

)
eiµ
(

1 + q0−4/a
4µi

)
1 + q0−4/a

4µ

∣∣∣∣∣∣∣∣∣∣
+O

(
µ−2

)
 =
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2aµ7eµ
{

(1− i)eiµ
{

1 + q0−2/a
4µi (1 + i)

}
−

(1 + i)e−iµ
{

1− q0−2/a
4µi (1− i)

}
+O

(
µ−2

)}
.

Then it follows that the roots of the characteristic determinant ∆(λ) are the roots
of the equation

(1− i)eiµ
{

1 +
q0 − 2/a

4µi
(1 + i)

}
−

(1 + i)e−iµ
{

1− q0 − 2/a

4µi
(1− i)

}
+O

(
µ−2

)
= 0.

This equation is equivalent to the following equation

e2iµ = i− q0−2/a
2µ +O

(
µ−2

)
. (4.6)

In view of (2.3) we have

µk = 4
√
λk =

(
k − 3

4

)
π + εk, (4.7)

where εk = o(1). By (4.7) from (4.6) we obtain

e2iεk = 1− q0 − 2/a

2kπi
+O

(
1

k2

)
,

which implies that

εk =
q0 − 2/a

4kπ
+O

(
1

k2

)
. (4.8)

Thus, formula (4.1) follows from relations (4.7) and (4.8).
It follows from (4.1) that

e−iµk = −
√
2
2 (−1)k(1− i) +O(e−kπ),

eiµk = −
√
2
2 (−1)k(1 + i) +O(e−kπ).

(4.9)

Now we prove the asymptotic formula (4.2). It is obvious that the eigenfunction
y(x, µ) corresponding to the eigenvalue λ = µ4 has the form

y(x, µ) = Dµ

∣∣∣∣∣∣∣∣
ϕ1(x, µ) ϕ2(x, µ) ϕ3(x, µ) ϕ4(x, µ)
U1(ϕ1) U1(ϕ2) U1(ϕ3) U1(ϕ4)
U2(ϕ1) U2(ϕ2) U2(ϕ3) U2(ϕ4)
U4(ϕ1) U4(ϕ2) U4(ϕ3) U4(ϕ4)

∣∣∣∣∣∣∣∣ . (4.10)

where Dµ is an arbitrary nonzero constant that depends on µ.
By (4.1), (4.3) and (4.9) from (4.10) we obtain

y(x, µk) = aµ5ke
µkDµk×


∣∣∣∣∣∣∣∣∣
e−µkx

(
1− q0(x)

4kπ

)
e−iµkx

(
1− q0(x)

4kπi

)
eiµkx

(
1 + q0(x)

4kπi

)
eµk(x−1)

(
1 + q0(x)

4kπi

)
1 1 1 0
0 1− i 1 + i 0

0
√
2
2 (−1)k(1− i)

√
2
2 (−1)k(1 + i) 1 + q0−4/a

4kπ

∣∣∣∣∣∣∣∣∣+
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O

(
1

k2

)}
= 2i aµ5ke

µkDµk

(
1 +

q0
4kπ

)
×{(

1− q0(x)

4kπ

)
sinµkx−

(
1 +

q0(x)

4kπ

)
cosµkx+(

1− q0(x)

4kπ

)
e−µkx +O

(
1

k2

)}
.

Considering relation (2.5) we can choose Dµk to be Dµk =
µ−5
k e−µk(1+ q0

4kπ )
−1

2ia .
Then from the last relation it follows that

yk(x) = y(x, µk) =
(

1− q0(x)
4kπ

)
sinµkx−

(
1 + q0(x)

4kπ

)
cosµkx+

(
1− q0(x)

4kπ

)
e−µkx +O

(
1
k2

)
.

(4.11)

In view of (4.1) we have the following relations

sinµkx = sin

(
k − 3

4

)
πx+

(q0 − 2/a)x

4kπ
cos

(
k − 3

4

)
πx+O

(
1

k2

)
,

cosµkx = cos

(
k − 3

4

)
πx+

(q0 − 2/a)x

4kπ
sin

(
k − 3

4

)
πx+O

(
1

k2

)
,

e−µkx = e− (k− 3
4)πx

{
1− (q0 − 2/a)x

4kπ

}
+O

(
1

k2

)
.

In view of these relations from (4.11) we obtain an asymptotic formula (4.2). The
proof of this theorem is complete.

5. Uniform convergence Fourier series in the system of
eigenfunctions of problem (1.1)-(1.4)

By (3.13) it follows from (4.2) that for k ≥ 2 the following equality

yk(x) = Φk−1(x) + (q0−2/a)x−q0(x)
4kπ {sin

(
k − 3

4

)
πx+ cos

(
k − 3

4

)
πx}−

(q0−2/a)x+q0(x)
4kπ e− (k− 3

4)πx +O
(

1
k2

) (5.1)

holds. By (3.13) and (5.1) we get

Φk(1) = O
(
e−kπ

)
, yk(1) =

√
2 (−1)k

2akπ
+O

(
1

k2

)
, y2k(1) = O

(
1

k2

)
. (5.2)

Moreover, it follows from (4.11) that

y2k(x) = 1 + q0(x)
2kπ cos 2µkx+

(
1− q0(x)

2kπ

)
e−2µkx − sin 2µkx+

2
(

1− q0(x)
2kπ

)
e−µkx sinµkx− 2 e−µkx cosµkx+O

(
1
k2

)
.
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Integrating this equality from 0 to 1 (using integration by parts) and taking the
relations

1∫
0

q0(x) cos 2µkx dx = O

(
1

k

)
;

1∫
0

e−2µkx dx =
1

2kπ
+O

(
1

k2

)
;

1∫
0

q0(x)e−2µkx dx = O

(
1

k2

)
;

1∫
0

sin 2µkx dx =
1

2kπ
+O

(
1

k2

)
;

1∫
0

e−µkx sinµkx dx =
1

2kπ
+O

(
1

k2

)
;

1∫
0

q0(x) e−µkx sinµkx dx = O

(
1

k

)
;

1∫
0

e−µkx cosµkx dx =
1

2kπ
+O

(
1

k2

)
,

into account we obtain

||yk||22 = 1 +O

(
1

k2

)
. (5.3)

Let r be an arbitrary fixed natural number. Then it follows from the proof of
Theorem 6.2 of [1, p. 776] that an element uk(x) of the system {uk(x)}∞k=1, k 6=r
adjoint to the system {yk(x)}∞k=1, k 6=r is given by the relation

uk(x) = {||yk||22 − ay2k(1)}−1
{
yk(x)− yk(1)

yr(1)
yr(x)

}
. (5.4)

In view of (5.2) and (5.3) from (5.4) we get

uk(x) = yk(x)− yk(1)

yr(1)
yr(x) +O

(
1

k2

)
. (5.5)

It follows from [1, Theorem 6.2] that any continuous function f(x) can be ex-
panded in the following Fourier series in the system {yk(x)}∞k=1, k 6=r of eigenfunc-

tions of problem (1.1)-(1.4) that converges in the space Lp, 1 < p <∞ :

f(x) =
∞∑

k=1, k 6=r
(f, uk)yk(x). (5.6)

We study the uniform convergence of the series (5.6). The main result of this
paper is the following theorem.
Theorem 5.1. Let r be an arbitrarily fixed natural number, f(x) ∈ C[0, 1]
and f(x) has a uniformly convergent Fourier series expansion in the system
{Φk(x)}∞k=1 on the interval [0, 1]. If (f, yr) 6= 0, then the Fourier series (5.6)
of function f(x) in the system {yk(x)}∞k=1, k 6=r is uniformly convergent on every

interval [0, c], 0 < c < 1. Moreover, the series (5.6) is uniformly convergent on
the interval [0, 1] if and only if (f, yr) = 0.
Remark 5.1. It is clear from the asymptotic formula (3.13) that if f(x) ∈
W 2

1 [0, 1] and f(0) = f(1) = 0, then the function f(x) has a uniformly convergent
Fourier series expansion in the system {Φk(x)}∞k=1 on the interval [0, 1].
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Proof of Theorem 5.1. Note that the series (5.6) is uniformly convergent on [0, 1]
if and only if the series

f1(x) =
∞∑

k=r+1

(f, uk)yk(x). (5.7)

is uniformly convergent on [0, 1].
By virtue of (5.5) and (5.7) we have

f1(x) =
∞∑

k=r+1

(f, uk)yk(x) =
∞∑

k=r+1

(f, yk)yk(x)−

(f,yr)
yr(1)

∞∑
k=r+1

yk(1)yk(x) =
∞∑

k=r+1

(f, yk)yk(x)−

√
2

2aπ
(f,yr)
yr(1)

∞∑
k=r+1

(−1)k
k yk(x).

(5.8)

It follows from (5.1) that

yk(x) = Φk−1(x) + O

(
1

k

)
. (5.9)

Then taking (5.9) into account from (5.8) we obtain

f1(x) =
∞∑

k=r+1

(f, uk)yk(x) =
∞∑

k=r+1

(f, yk)Φk−1(x)+

∞∑
k=r+1

(f, yk)O
(
1
k

)
−
√
2

2aπ
(f,yr)
yr(1)

∞∑
k=r+1

(−1)k
k Φk−1(x) +

∞∑
k=r+1

O
(

1
k2

)
.

(5.10)

It is obvious that∣∣∣∣∣
∞∑

k=r+1

O

(
1

k2

)∣∣∣∣∣ ≤ const ·
∞∑

k=r+1

1

k2
< +∞.

Since by Theorem 2.4 the system {yk(x)}∞k=1, k 6=r is a Riesz basis in L2(0, 1) it
follows that ∣∣∣∣∣ ∞∑k=r+1

(f, yk)O
(
1
k

)∣∣∣∣∣ ≤ const
∞∑

k=r+1

|(f, yk)| · 1k ≤

const

{
∞∑

k=r+1

|(f, yk)|2 +
∞∑

k=r+1

1
k2

} 1
2

< +∞.

Therefore, to study the uniform convergence of the series (5.6) it is sufficient to
investigate the uniform convergence of the following series:

∞∑
k=r+1

(f, yk)Φk−1(x), (5.11)

∞∑
k=r+1

(−1)k

k
Φk−1(x). (5.12)
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We define the functions Q1(x), Q2(x) and Q3(x), x ∈ [0, 1], as follows:

Q1(x) ≡ Q2(x) =
(q0 − 2/a)x− q0(x)

4π
,

Q3(x) =
(q0 − 2/a)x+ q0(x)

4π
.

Hence it follows from (5.1) that

yk(x) = Φk−1(x) + Q1(x)
k sin

(
k − 3

4

)
πx+ Q2(x)

k cos
(
k − 3

4

)
πx−

Q3(x)
k e− (k− 3

4)πx +O
(

1
k2

)
.

(5.13)

We introduce the functions ek, j(x), x ∈ [0, 1], k ∈ N, j = 1, 2, 3, which are
defined by

ek, j(x) =


sin
(
k − 3

4

)
πx if j = 1,

cos
(
k − 3

4

)
πx if j = 2,

e− (k− 3
4)πx if j = 3.

Then it follows from (5.13) that

yk(x) = Φk−1(x) +
3∑
j=1

Qj
k
ek, j . (5.14)

By virtue of (5.14) the series (5.11) is represented in the following form

∞∑
k=r+1

(f, yk)Φk−1(x) =
∞∑

k=r+1

(f,Φk−1)Φk−1(x)+

3∑
j=1

∞∑
k=r+1

(fQj ,ek, j)
k Φk−1 (x) +

∞∑
k=r+1

Φk−1 (x)O
(

1
k2

)
.

(5.15)

Note that for each j ∈ {1, 2, 3} the system {ek, j}∞k=1 is a Bessel system (the
Bessel property of the system {ek, j}∞k=1 for j = 1 and j = 2 is obvious, for j = 3
follows from [26, Lemma 5]). Hence we have∣∣∣∣∣
∞∑

k=r+1

(fQj , ek, j)

k

∣∣∣∣∣ ≤ const

{ ∞∑
k=r+1

1

k2
+

∞∑
k=r+1

|(fQj , ek, j)|2
}
≤ const

(
1 + ||f ||22

)
.

Thus the series (5.11) converges uniformly on [0, 1], because by the hypothesis of

this theorem the series
∞∑

k=r+1

(f,Φk−1)Φk−1(x) converges uniformly on [0, 1].

In view (3.13) we have

Φk(x) = sin
(
k + 1

4

)
πx− cos

(
k + 1

4

)
πx+ e− (k+ 1

4)πx +O(e−kπ) =

−
√

2 (−1)k cos π4 (x− 1) sin kπ (1− x) +
√

2(−1)k sin π
4 (x− 1) cos kπ (1− x)+

e−(k+ 1
4)πx +O

(
e−kπ

)
,
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which implies that

(−1)k+1Φk(x) =
√

2 cos π4 (x− 1) sin kπ (1− x)−

√
2 sin π

4 (x− 1) cos kπ (1− x)− (−1)ke−(k+ 1
4)πx +O

(
e−kπ

)
.

(5.16)

It is known (see, for example, [27, p. 610]) that the functional series
∞∑
k=1

sin kπx
k+1

converges pointwise on [0,1] and converges uniformly on [b, 1] for any b ∈ (0, 1);

the functional series
∞∑
k=1

cos kπx
k+1 converges pointwise on (0, 1] and converges uni-

formly on [b, 1] for any b ∈ (0, 1). Hence the functional series
∞∑
k=1

sin kπ(1−x)
k+1 and

∞∑
k=1

cos kπ(1−x)
k+1 converge uniformly on [0, c] for any c ∈ (0, 1).

Obviously, the numerical series
∞∑
k=1

(−1)k
k+1 converges (therefore trivially uni-

formly over [0, 1] since the kth term is independent of x). Also the functions

e−(k+ 1
4)πx for each x ∈ [0, 1] form a monotone sequence and 0 < e−(k+ 1

4)πx ≤ 1
for any x ∈ [0, 1] and k ∈ N. Therefore by the Abel’s Test for Uniform Conver-

gence the series
∞∑
k=1

(−1)k+1

k+1 e−(k+ 1
4)πx converges uniformly on [0, 1].

Thus by using of equality Φk(1) = 0, k ∈ N, it follows from the above consid-
eration that the functional series

∞∑
k=r+1

(−1)kΦk−1(x)

k
=
∞∑
k=r

(−1)k+1Φk(x)

k + 1
(5.17)

converges pointwise on [0, 1] and converges uniformly on [0, c] for any c ∈ (0, 1).
We now prove that the uniform convergence for the series (5.17) does not hold

on the interval [0, 1]. By the above argument it suffices to consider series

∞∑
k=1

(−1)k+1 sin
(
k + 1

4

)
πx− (−1)k+1 cos

(
k + 1

4

)
πx

k + 1

or that the same
∞∑
k=1

sin
(
k + 1

4

)
π(1− x)

k + 1
. (5.18)

Now we consider the function

G(u) = g(u)− u2

4
= sinu− u2

4
, u ∈ R.

Then we have

G′(u) = cosu− u

2
and G′′(u) = − sinu− 1

2
, u ∈ R.

Since G′′(u) < 0 for 0 ≤ u ≤ π
4 and G′

(
π
4

)
=
√
2
2 −

π
8 > 0 it follows that the

function G(u) is strictly increasing on the interval
[
0, π4

]
. Hence for any u ∈

[
0, π4

]
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we have G(u) ≥ G(0) = 0. Therefore, we have

g(u) ≥ u2

4
, 0 ≤ u ≤ π

4
. (5.19)

Let x = xN = 8N
8N+1 , where N is a natural number such that N > r. Then for

N ≤ k ≤ 2N we have

ak =

(
k +

1

4

)
(1−xN )π =

(
k +

1

4

)
π

8N + 1
≤
(

2N +
1

4

)
π

8N + 1
=
π

4
. (5.20)

By (5.20) it follows from (5.19) that

g(ak) ≥
a2k
4
≥ (4k + 1)2 π2

64(8N + 1)2
for N + 1 ≤ k ≤ 2N. (5.21)

Let {Sk(x)}∞k=1 be the a partial sum of the series (5.18). Then by using the
relation (5.21) we obtain

S2N (xN )− SN (xN ) ≥ π2

64(8N + 1)2

2N∑
k=N+1

(4k + 1)2

k + 1
≥

π2

8 (8N + 1)2

2N∑
k=N+1

k =
π2

8 (8N + 1)2
(3N + 1)N

2
≥ π2

8 · 81N2

3N2

2
=

π2

432
.

The proof of this theorem is complete.

By virtue of [21, Ch. 1, Theorem 7] and Theorem 2.4, the system {uk(x)}∞k=1, k 6=r
adjoint to the system {yk(x)}∞k=1, k 6=r is a basis in Lp, 1 < p <∞, which is a Riesz

basis for p = 2. Then it follows that any continuous function f(x) can be ex-
panded in the following Fourier series in the system {uk(x)}∞k=1, k 6=r that converges
in the space Lp, 1 < p <∞ :

f(x) =
∞∑

k=1, k 6=r
(f, yk)uk(x). (5.22)

Now we study the uniform convergence of the series (5.22).
Theorem 5.2. Let r be an arbitrarily fixed natural number and f(x) ∈ C[0, 1].
Then the Fourier series (5.22) of function f(x) in the system {uk(x)}∞k=1, k 6=r is

uniformly convergent on the interval [0, 1] if and only if the function f(x) has a
uniformly convergent Fourier expansions in the system {Φk(x)}∞k=1 on the interval
[0, 1].
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Proof. By virtue of (5.2), (5.5), (5.9) and (5.15) we have

∞∑
k=r+1

(f, yk)uk(x) =
∞∑

k=r+1

(f, yk)yk(x)− yr(x)
yr(1)

∞∑
k=r+1

(f, yk) yk(1) +

∞∑
k=r+1

(f, yk)O
(

1
k2

)
=

∞∑
k=r+1

(f,Φk−1)Φk−1(x) +
3∑
j=1

∞∑
k=r+1

(fQj ,ek, j)
k Φk−1 (x)+

∞∑
k=r+1

Φk−1 (x)O
(

1
k2

)
− yr(x)

yr(1)

∞∑
k=r+1

(f, yk)O
(
1
k

)
+

∞∑
k=r+1

(f, yk)O
(

1
k2

)
.

(5.23)
It follows from the proof of Theorem 5.1 that the series

3∑
j=1

∞∑
k=r+1

(fQj , ek, j)

k
Φk−1 (x) and

∞∑
k=r+1

(f, yk)O

(
1

k

)
are uniformly convergent on the interval [0, 1] (the uniform convergence on the

interval [0, 1] of the series
∞∑

k=r+1

Φk−1 (x)O
(

1
k2

)
and

∞∑
k=r+1

(f, yk)O
(

1
k2

)
is obvi-

ous). Now the assertion of the theorem follows directly from (5.23). The proof
of this theorem is complete.
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