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DISCRETE MAXIMUM PRINCIPLE IN SYSTEMS WITH A
DELAY IN CONTROL

MISIR J. MARDANOV AND SAMIN T. MALIK

Abstract. In the paper, we consider a discrete optimal control problem
with a delay in control. Taking into account the specificity of this prob-
lem, we offer a new research method. The essence of this method is that
unlike previously known ones here we assume that the set of admissible
speeds satisfies convexity type conditions at the moment ¢ + h, but not
at ¢, where h is time delay in the system. The discrete analog of Pon-
tryagin’s maximum principle is obtained under weakened assumptions.
An example showing the content-richness of the obtained result is given.

1. Introduction

As known, research of optimization problems of continuous and discrete sys-
tems with a delay was developed after the proof of Pontryagin’s maximum prin-
ciple [27]. As a result, in numerous works [3,5,7,9,13,16,17,23-26 and others| as a
rule, the analogs of Pontryagin’s maximum principle were obtained.

After A.G.Butkovsky’s work [2] it became known that generally speaking the
analog of Pontryagin’s maximum principle does not hold for a nonlinear discrete
optimization problem. Therefore, we can accept that among optimal control
problems the discrete optimal control problems (even without a delay) occupy
a special place and, naturally, are of theoretical interest. Furthermore, discrete
optimization problems are also of practical interest since mathematical model-
ing of economic planning, organization of production and some other processes
that can be modeled by optimization problems with a delay in control (see for
example [4],[10]). History of occurrence and development of discrete optimal con-
trol problems (with and without delay) was stated, for example, in [1,6,14,15,20,
21,26].

Analyzing works [9,11,14,19,23,29], we can note that when studying optimal
control problems with a delay in control, special difficulties arise. The cause is
that the methods offered and worked out for obtained discrete analogue of Pon-
tryagin’s maximum principle, for example in [8, 28], directly can not be applicable
or can be applied under strict assumptions. More exactly, as far as we know, the
discrete analog of Pontryagin’s maximum principle for the optimization problem
with a delay in control was obtained only in the paper [29] but under rather

2010 Mathematics Subject Classification. 49K15, 34HO05.
Key words and phrases. Discrete maximum principle, delay control systems, optimal control.
284



DISCRETE MAXIMUM PRINCIPLE IN SYSTEMS WITH A DELAY IN CONTROL 285

strict assumptions. Generally speaking, the method offered in [29], can not be
used even for linear optimization problems with a delay in control. We should
note that in [12], giving a specific example, it is shown that discrete analog of the
maximum principle for discrete optimal control problems with a delay in control
that are linear only by their state, does not always hold. As seen, these circum-
stances require a new approach to the study of a discrete optimization problem
with a delay in control. It is natural that realization of such a requirement is still
of current interest.

This paper was devoted to the study of discrete optimization problem with
a delay in control for the case when the set of values of admissible controls is
arbitrary. Taking into account the specifics of considered system, we offer a new
research method. Herewith, unlike the earlier known ones (see [8,12,22,28]), we
assume that the set of admissible speeds satisfies the convexity type condition
at the moment ¢ + h, but not at ¢, where h is time delay in the system. As a
result, we get a discrete analog of Pontryagin’s maximum principle. An example
showing content-richness of the obtained result is given.

2. Problem statement

We consider the following discrete optimization problem with a delay in control:
Su()) =2 (x(t)) — min, (2.1)
u(-

z(t+1)=f(z(t),u), u(t—="h),t)),
tel:= {to,to + 1.t — 1}, x (to) = Xy,
u (t) eU (t) - Rr,t S {to — h, cey B0y ey b1 — 1} =: Ih: (23)
where R" is r-dimensional Euclidean space, z (-) € R" is a state vector, u (-) € R"
is a control vector, ¢ is time (discrete), to,t7 € R, h € N = {1,2,...},z9 € R"
are the given points, moreover t; — tg > h,® () : " — R and f(x, u, w, t) :
R™ x R" x R" x I — R™ are the given functions, U (t), t € Ipare the given sets.
We call the control w(t), t € I, satisfying (2.3) an admissible control, ap-
propriate solution x (t), ¢ € I'|J{t1} of the system (2.2) an admissible trajec-
tory. We call the pair (u(-), z (-)) an admissible process. The admissible control
u(t), t € Ip, that affords minimum to the functional (2.1) under the constraint
(2.2) is called optimal control, the appropriate solution x (t), ¢t € I|J{t1} of
the system (2.2) an optimal trajectory. We call the pair (u (-),  (-)) an optimal
process.
As seen, the system (2.2) is not the most general of the discrete systems with
a delay in control. It was chosen by us only to simplify the formulation and the
proof of the main result, and also to state the essence of the offered approach.
For studying problem (2.1)- (2.3) we assume that the functional @ (-) is con-
tinuously differentiable and furthermore, for each ¢ € I the function f (-, -, -, t)
and its partial derivative f, (-, -, -, t) are continuous with respect to (x, u, w).
When studying problem (2.1)- (2.3) we will use the following definition.

Definition 2.1. [18] The set Z C E™is said to be «- convex with respect to the
point zyg € Z if for each point z € Z there exists such a point v = v (z) € (0,1]
that for all € € (0, 7] the inclusion zy + € (2 — 29) € Z is valid. If the set Z is 7-
convex with respect to each of its points, we call it - convex.

(2.2)
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3. Formulas for the increment of the quality functional

The proof of the maximum principle for problem (2.1)- (2.3) is based on the
result obtained in this section. It should be noted that this result has an inde-
pendent meaning.

Let (@(-), z(-)) be some admissible process and (0,9) € I, x U(f) be an
arbitrary fixed point. Considering the following three cases, we find formulas for
the increment of the functional (2.1):

Case 3.1. Let 6 € {to—h,to—h+1,...,tp — 1} and suppose that the set
f(@@+h), u@ + h), U(@),0 + h) is y- convex with respect to the point
Z (0 + h+1) (in the sense of definition 2.1).

We determine the variation of the control @ (t), t € I; as follows:

' [ v, t=0,
M“a&@—{am,tehuﬂ.
Here the function is determined 9 (¢) : (0, ] — U () is defined (in the implicit
form) as the solution of the system

(3.1)

f@@+hn),a(@+h),9(),0+h)—FfO+h)=
= eA(o+n),0)f (0 +h), e€(0,7], (3.2)
where (0, 7] C [0, 1], the number v = 7 (9) is given according to definition 2.1,
fr)y=f@(r),a(r), a(r—h),),
A(E(T),ﬂ)f(T) = f (j (T) ) ’L_L(T) ) 197 T) - f(T) , T = 0+h,ve U(e) . (33)
By definition 2.1, such a solution exists since the set f (z (1), u (1), U (0), 7)
is - convex with respect to the point f (7), where 7 = 6 + h.
Obviously, for all € € (0, 4] the function w (-, 8, 9, €) is an admissible control.
Let us consider an admissible process (u(-; 0, ¥, €), z (+; 6, 9, €)). It is clear
that the increment z (¢; 0, 9, ¢) —z(t) = Ax(t;0,0,¢), t € I U{t1} is the
solution of the system
Az (t+1;0,90,¢e)=f(Z(t)+Ax(t; 0,9, ¢),u(t; 0,9, ¢),
’U,(t—h70, 197 6)7t)_f(t)7 (34)
Azx(ty; 0,9,e)=0, € €(0,].

Taking into account (3.1)-(3.3), we can write the system (3.4) in the form:

0, _ to—1<t<0+h,
A:EG(t+1;0,19,8): €A 9+h)19 f((9+h), t=0+h,
A(t@ﬂa (t>7 9+h<t<t1.
(3.5)

Here € € (0, 7], while Az(p1n),0)f (6 + h) is determined by (3.3),

Az(t;@,ﬂ,a)f (t) = f ('1: (t; 97 "93 5) ) u(t) , U (t - h) ) t) - f(t) )
te{0+h+1, ..t —1}, (3.6)
where z (t; 0, 9, ) =z (t) + Az (t; 0, 0, €).
Using the Taylor formula, from (3.5), allowing for (3.6) and applying the
method of steps, it is easy to obtain

|Ax(t; 0,0, ¢)|| < Ke, te IU{t1}, €€ (0, ], K = const >0, (3.7)
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where ||-|| is Euclidean norm.
Now, taking into account (3.1) and (3.5)-(3.7), we calculate the increment
S(u(s 0,9, ) =S (@() = A,9,05 (u())

of first order of the functional (2.1). B
We consider the auxiliary vector-function v (t), ¢t € I corresponding to the
process (u(+), Z(+)) as the solution of the system in the form

D(t—1)=fL @) t), te{to+1,tg+2,....,t1 — 1},

Pty —1) = =P, (7 (t1)) - (3.8)
By the Taylor formula, allowing for (3.7), we have
Ag,u,e) S () =0 (z (1)) Az (t1; 0,9, ¢) +0(e), e € (0,7], (3.9)

where o (¢) /e — 0, as € — +0.
Using (3.5) and (3.8), we can write equality (3.9) in the following form:

Ao, (@() =47 (1 = 1) Az (t15 6, 9, ¢) +o(e) =

t1—1
= e (T) Aury, o) f (1) = D &7 (8) Ap,0,0f (1) +
t=7+1
t1—1
+ > Tt —1) Ax(t; 0,9, ) +o(e), €€ (0,]
t=7+1

where 7 =6 + h.
Hence, taking into account (3.6)-(3.8), by the Taylor formula we get the sought-
for formula for case 3.1:

A, 9,65 (@(-) = =" (04 h) Aorn),0)f (0+h)+o(e), e €(0,7], (3.10)
where A(ﬁ(ﬂh)’ﬂ)f(@ + h) is determined by (3.3).

Case 3.2. Let 0 € {to, to+1,...,t1 — h — 1} and the set f(fP~U@+h -1,
U@))u(@+h),U(d),0+h) be ~- convex with respect to the point z (6 + h + 1),
where the function "~ (6 + h — 1, ¥) with respect to the variable ¥ € U (6) is
determined as follows:

{ O+ k,9) = f(fFU0+k—1,9)

, O+k—h),0+k),
O 0,9) = f(z(0), 9, a0 — h),e) k

a(0+k) u
= L h.

(3.11)
Obviously, (0 + h+ 1) = f (f=U (O +h—1,a(0)), u(0+h), u(0),0+h).

The following equality is also valid

O+ k—1,a(0)=70+k), for all ke{l,2,..h}.  (3.12)

Let us consider variation (3.1), moreover 6 € {to, to+1, ...,t1 —h — 1}, ie.
to < 6 < t1 — h , and the function ¥ (¢) : [0, y] — U (#) is determined (in
the implicit form) as the solution of the system

F =10, a ), 96 7)=f (70 =1 a0),a ()0 0),7) =
= [ (/N —n ) a ), vr) = f (= a),a (), a ), 7)),
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e € (0, ], (3.13)

where 7 = 6 + h, (0, 7] C (0, 1], the number v = ~ (¢9) is given by definition 2.1,
while f*=1 (7 — 1, 9 (¢)) and fI"~1 (7 — 1, ¥) are determined by (3.11).

Note that since the set
FOPUO0+n—-1,U(0)),a(@+h),U (), 0+h) is 7- convex with respect to
the point Z (6 +h + 1), i.e. to the point f (fI'=1 (0 +h—1,a(9)),a(d+h),
u(6), 6+ h), then by definition 2.1 the solution 9 (¢), € € (0, 7] exists.

In this case, considering (3.1), (3.12)-(3.15), we can write the system (3.4) in
the following form:

Az (t+1;0,9,¢) =

0, to—1<t<,
_ ) O 9(e) —F (), 0<t<0+h,
e[f(fPU(O+n—1,9), u(0+h),9,0+h)—FO+h)], t=0+h,
Aw(t;e,ﬁ,a)?(t)7 0+h<t<t.
(3.14)

By the Taylor formula, from (3.14) allowing for (3.6) and by means of the
method of steps, we get

|Ax(t; 0,0, ¢)|| < Ke,te{0+h+1,...,t1},e€(0,~], K = const > 0.

(3.15)
We consider the following identity :
t1—1
T (= D) Az (t;0,9,6) = > T (W) Az (t+1;0,9,¢) -
t=0+h
t1—1
- > BT t-1)Az(t; 0,9, ¢), (3.16)
t=6+h+1

where the functions ¢ (-) and Az (+; 0, 9, €), € € (0, 7] are determined by (3.8)
and (3.14), respectively. At first we take into account (3.14) in (3.16), and then
taking into account (3.6) and (3.15), we apply the Taylor formula. As a result,
by (3.8) we get

DT (8 — 1) Az (t1; 0,9, ) =T (0 + h) x

x [f(f[h_l](9+h—1, 19),17(«94—}7,),19,94—}1) —f(9+h)} Yo(e). (3.17)

Since 9 (t — 1) = —®, (% (t1)), then in this case, allowing for (3.17) the incre-
ment (3.9) takes the form

D00 (@ () = ==0" (0 +h) [ (4770 +h—1,9),

@(@+h), 0, 0+h) —FO+h)]+o(), DeU®), c€(0,4],  (3.18)

where fI"=1 (9 4+ h —1, ) is determined by (3.11).

Case 3.3. Let0 € {t; —h,t1 —h+1,...,t; — 1} and let the set f (z (8), U (9),
u (@ —h), 0) be y- convex with respect to the point z (6 + 1).

In this case, obtaining the increment formula of the quality functional (2.1)
is carried out quite similarly to case 1. More exactly, here as a variation of the
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control u (t), t € I, we choose (3.1), wherein now the function ¥ (¢) : (0, 7] —
U (6) is determined (in the implicit form) as the solution of the system

f@(©),0(), u®—h),0)—F(0)=

:s(f(j(G),ﬁ,ﬂ(@—h),ﬂ)—f(@)),56(0,7], (3.19)

where (0, v] C (0, 1], the number v = v (1) is given according to definition 2.1.
In what follows, similar to (3.5), taking into account (3.19), we can write the
system (3.4) in the following form:

0, i to—1<t<0,
Aw(t+1:0,0,6)={ ¢ [f@0), 0, a(0-h),0 - FO)], t=0,
A:v(t;@,ﬁ,s)f(t)v O <t<ty,
(3.20)

where ¢ € (0, 7], Ag(0,0,0)f (t) is determined by (3.6).
From (3.20), similar to (3.7), we have

Az (t; 0,0, e)|| < Ke,t e IU{t1},ec € (0,v], K = const > 0. (3.21)
Using an identity of the form
T (= 1) Az (t1;0, 0, e) =47 (0) Aw (0 +1; 0, 9, ) +

t1—1 t1—1
+ DT AT(t+ 10,0, 2) = Y DT (- 1) Ax(t,0, 9, €)
t=60+1 t=60+1

and taking into account (3.8), (3.20), by the Taylor formula for the increment
(3.9) we get the following sought-for formula:

Agg,9.e)S (U(-)) = ) [f(@(0),0,a(@—h),0)—f(0)]+o0()

veU(d), e€(0,n]. (3.22)

Thus, we prove the following statement.

Proposition 3.1. Let the function @ (-) be continuously differentiable, and
furthermore for each ¢t € I the function f(:, -, -, ¢) and its partial derivative
fz (-, -, -, t) be continuous with respect to (z, u, w). Further, let (a (-),  (-)) be
some admissible process. Then:

(1) if for the point 0 € {to — h, to —h + 1, ..., to — 1} the set
f@@+h),u@+h),U(d), 0+ h)isy- convex with respect to the point
Z (0 + h+ 1), then formula (3.10) is valid;

(2) if for the point 6 € {to, to + 1,...,t1 —h — 1} the set

fFUP O +h—1,U0(),a®+h),U(®),0+h) is - convex with

respect to the point & (0 + h + 1), then formula (3.18) holds, where the
function fI"=1 (4 h —1, ¥) is determined by (3.11);

(3) if for the point 0 € {t; —h, t1 —h+1, ..., t; — 1} the set
f(@(@), UB),u(@—h),0)is~- convex with respect to the point z (6 + 1),
then formula (3.22) is valid.
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4. Optimality conditions
Based on proposition 3.1, we prove the following theorem.

Theorem 4.1. Let the functional ® (-) be continuously differentiable, and further-
more for each t € I the function f (-, -, -, t) and its partial derivative fy (-, -, -, t)
be continuous with respect to (x, u, w). Further, let the admissible process (u (+), T (+))
be optimal and the function 1 (-), t € I be the solution of the system (3.8). Then:
(1) if for each 0 € {tg — h, to —h+ 1, ..., tg — 1} the set f(z(0+h), u(f+h),
U(0), 0+ h) is y-convex with respect to the point T (0 + h + 1), then for
all ¥ € U () we have the inequality

YT O+ h)[f(@@O+h),a@+h),d,0+h)—z(0+h+1)] <0; (4.1)
(2) if for each 6 € {tg, to+ 1, ..., t1 — h — 1} the set
FOPO0+h—1,U (), a(@+h),U(0),0+h) is y- conver with

respect to the point T (0 + h+ 1), then for all ¥ € U () the following
inequality is valid

GO +m) [ (O +h—1,9), a(O+h), 9, 0+h) —T(6+h+1)| <0,
(4.2)
where f1(0 + h —1,9) is determined by (3.11);
(111) if for each 0 € {t1 —h,t1 —h+1, .., t1 — 1} the set f(z(0), U (6),
u (0 — h), 0) is y- convex with respect to the point T (0 + 1), then for all 9 € U (0)
the following inequality is valid
GT(O)[f (7 (6), 0, u(®—h), 0)—7(9+1)] <0. (43)
Proof. At first we prove part (i) of theorem 4.1.  Since for each
0 {to—h,to—h+1, .., tg—1} theset f(z(@0+h), u(@+h),U(0),0+h)
is 7- convex with respect to the point z (¢ + h + 1), then by (i) part of Proposition
3.1, allowing for (3.3) and f (# + h) = T (6 + h + 1) along the process (u (), Z (+)),
for arbitrary fixed ¥ € U (0) the following equality holds

N oS (@()=—epT (0 +nh)[f(@O+h), a(d—h),d, 0+h)—

—z(@+h+1)]+o0(), e€(0,].
Since the process (u(:), () is optimal, then Ay y.)S(u(-)) = 0 for all
e € (0, 7]. Therefore, having divided the obtained expression for A S (@ (-))
into € and passing to limit as ¢ — 40, we get the sought-for inequality (4.1).
Thus, part (i) of theorem 4.1 is proved.
Quite similarly, using (ii) and (iii) parts of Proposition 3.1, we prove parts (ii)
and (iii) of theorem 4.1. Theorem 4.1 is proved.

Remark 4.1. If in the problem (2.1)-(2.3)

FO) =A@ t)z+bu, w, t) and® (z) = 'z,
where A (u, t) is n X n- matrix, then in the paper [12] it is proved that the discrete

analog of the maximum principle holds even without any convexity type assump-
tions. Further, if additionally by the matrix function A (u, t) is independent of
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w and b (u, w, t) = by (u, t) + ba (w, t), then it is shown in [29] that the discrete
maximum principle is a necessary and sufficient condition for optimality.

5. Discussions. Example

The statement of theorem 4.1, in principle is a discrete analog of Pontryagin’s
maximum principle for the problem (2.1)-(2.3). If in the problem (2.1)-(2.3) we
suppose h = 0, then theorem 4.1 in a more enhanced form was proved in [22].
Additionally, using characteristic details of research methods of [21, 22], we can
strengthen the statement of theorem 4.1. We also note that if in problem (2.1)-
(2.3) we have f(-) = f(x(t), u(t),u(t —ho), u(t —h1),...,u(t — hg),t), where
ho < h1 < ... < hy =: h*, h; € N and t; — ty > h*, then in our technique, we
should take we should take maximum delay A* instead of h.

In conclusion, we give an example showing the content-richness of theorem 4.1.

Example 5.1. Let us consider the problem

S(u(-)=22(3) = %L (5.1)
z1(t+1)=0—-t)u(t—1 () +(2-1t) u(?),
Y4 u? (t—1), (5.2)

zo(t+1) = -2} (t) + 22 (1) +u? (¢
21 (0) =22 (0) =0, t € {0, 1, 2} =: I,
()eU(),te{—1,0,1,2}::Ih,h:l,t1:3, (5.3)
where U (-1) = {-1,0,1}, U(0) = {-1}U[1,3],U (1) = U (2) = {-1, 0, 1}.
Study optimality of the admissible control @ (¢), t € {—1, 0, 1, 2}, wherea (—1) =
0,@(0) =2, (1) = @(2) = 1. By (3.8) and (3.11) we have z (0) = (0, 0)*, z (1) =
(474)T’ j(z) = (17 _7)T’ j(?’) = (_17 _6);

$(0)=(8 -1)", v(1)=(2 -1, ¥ (2)= (0, -1)"

F90,9) = £ (@ (0), 9, a(~1),0) = (20, 9*)", 9 € U (0),

£ 0,9y, a(),0,1) = (1, 1-20%)", 9 € U(0) = {~1} UL, 3].

Note that optimality conditions from [14, 29] cannot be applied because the
sets U (t), t € {—1, 0, 1, 2} are not convex and open and the sets f(z (¢), U (¢),
u(t—nh),t)and f(z(t),u(t),U(t—h),t),t € I are not convex, where f ()
and U () are determined by problem (5.1)- (5.3).

Apply theorem 4.1. It is easy to verify that optimality conditions (4.1) and
(4.3) cannot be applied since the sets f (z(0),w(0),U (—1),0) and f(z(2), U (2),

u(1), 2) do not satisfy assumptlons of theorem 4.1. As the set f(f1%(0,U (0)),
u(l ) U(0),1) = {1} x [-8, —1] is convex, then by statements (4.2) of theorem
4.1 for 6 = 0 we have:

(—2, —1) [ (1,1-202)" — (1, —7)T] =202 —4) <0, V0 € {-1}U[1,3].

(5.4)
Hence we get that by theorem 4.1, in the problem (5.1)-(5.3) the admissible

control u(t), t € {—1,0, 1,2} is not optimal since the inequality (5.4) is not
fulfilled.
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