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THE SECOND ORDER OF ADS FOR REVERSE PARABOLIC
BOUNDARY VALUE PROBLEM WITH INTEGRAL
CONDITION

CHARYYAR ASHYRALYYEV

Abstract. Finite difference method to solve nonlocal reverse parabolic
(RP) problem with integral condition are applied. The second order
of accuracy difference scheme (ADS) for approximation of RP problem
is proposed. Stability estimates (SEs) for solutions of this difference
scheme (DS) are proved. Later, we propose the second order of ADS for
approximation of multidimensional RP boundary value problem (BVP)
with first kind boundary condition (BC) and establish SEs for its solu-
tion. Numerical illustration for simple test problems is given.

1. Preliminaries

Nonlocal BVPs for parabolic equations are used to model of biological, physi-
cal, system engineering and sociological processes and have been studied by many
authors (see [1, 2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 23, 24,
25, 26] and bibliography therein).

RP equation arise in many applications such as fluid dynamics, plasma physics,
study of propagation of an electron beam through the solar corona [13, 18, 19, 23,
24]. In paper [17], computation of mean field equilibria in economics is carried
out by using model with RP equation.

Well-posedness of non classical BVPs for RP equation with various boundary
conditions and DSs for approximations were investigated in [2, 3, 4, 6, 7, 9, 10].
In paper [2], the authors established well-posedness of multipoint nonlocal BVPs
for RP equations. In [3, 4], first and second orders DSs for approximate solution
of multipoint nonlocal BVPs for RP equations were studied. In [8, 9], second
order DSs for approximate solution of multipoint nonlocal problems for multi-
dimensional RP equations with Dirichlet and Neumann boundary conditions,
respectively.

In paper [6], the RP problem
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(1.1)

with integral condition and some BVPs to multidimensional RP equation were
1

investigated on well-posedness under assumption [ |u(s)|ds < 1 for coefficient
0

function in integral condition.

Here H is an arbitrary Hilbert space, A is self-adjoint positive definite (SAPD)
operator in H, I is identity operator, A > 61 (6 >0), u:[0,1] - R, f:[0,1] —
H are given functions and ¢ is known element is in H.

Let [0,1]. = {t| t; = i7} be the uniform grid space for some fixed natural
number N, 7 = + and C.(H) = C( [0,1],, H) be the linear space of the
corresponding grid functions v™ = {v;}’=V with values v; = v(t;) in H. By
C-(H),C¥(H) =C*([0,1];, H), and C{(H) = C{( [0,1], H), we denote Ba-
nach spaces of v” functions with the corresponding norms

0" lle, () = max |villa,

1<i<N
T i T . —x A .
o7 lleg @ = 107 llo,an + | _max_ (G7)" v = villa, (1.2)
o logm = 10 gy +, max_ (GT)™* (N =)7)* llvi; —vill .

In [7], stability estimates for solution of first order DS for approximate solution
of RP problem with integral condition (1.1) were established under some condi-
tion for coefficient function. However, approximation of BVPs for RP equation
with integral conditions have not been well-investigated so far. Therefore, the
main aim of this paper is to study second order of ADS for approximation of RP
problem with nonlocal integral condition (1.1):

= AT+ A ey = (T4 54) 1 (- 9)7)

1.
t;=ir, 1<i<N,7=%, (13)
N T uj +u
_ T J j—1
=Dty ) (5 ) e (1.4
j:
In future throughout paper will be needed the following assumption:
N
-
Z‘u(tj—g))7< 1. (1.5)
j=1
Introduce notations:
4\
F:(I—f—TA-I— 72 > , (1.6)

Hi:f<<i—;>7>,l<z'<N, 07 = {0} . (1.7)
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Lemma 1.1. The following inequalities hold ([5]):
2

[Pa eimTAHH—u{ < 77—277” > 1L ||(tA)Y F (I+ > H <1,
(m7) 1 H—H
Jear Fe | < mz10<8<0,
1 m
H<I+> <I+T Sﬂ <1, ’(I+TA)F (1+)H <2
2 H—H H—H
(1.8)
Lemma 1.2. Under the assumption (1.5), for the operator
7' T (N—j N—j+1
T =1- Z,M 5 5 F J + F J )
exists inverse operator
-1
ZF‘ FN i pN-ItL) (1.9)
and the inequality
1@l g < M (9) (1.10)

1s satisfied for some constant M which depends only on .

Proof. By using definition of function’s norm for SAPD operator (see [14]),
one can write

1
Qs < sup
= 1 N 4T 1 1 1
_leu(j_z T(H_ - 2A2) 72 1At
1
< sup <M.
A>6

N
1= 5 Jutty — 3) |

The goal of the current paper is to construct stable DS for approximation of
RP problem (1.1). So, we will prove SEs for solution of the second order of ADS.
Later, we study the the second order of ADS for approximate solution of BVP
for RP multidimensional equation and establish stability inequalities for solution
of DS. Lasty, by using MATLAB program, we illustrate numerical results in test
examples.

2. Second order of ADS

Theorem 2.1. Assume that 67 € C.(H),p € D(A), and (1.5) is satisfied.
Then, difference problem (1.3) , (1.4) has solution and stability estimate for its
solution

< T .
i sl < M 0. (el + 1071, ) (2.1)

is valid, for some positive real constant M (0, u) which is independent of T,p, 07,
but depends on 9, (.
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Proof. If uy is given, then solution of (1.3) can be defined by

. A
uj = FN "y, — ZFZJ<I—I—T >QZTO<]<N—1. (2.2)
I=j+1

By virtue (2.2), from (1.4) implies

uN = Z“(tﬂ — %)% (FN=T 4 FN=IH Y
j=1
al T al TA
T I—j | pl—j+1 TA
fzu(tj 5) Z <F I 4 i ><I+ 2) o (2.3)
J=1 l=j+1

|
=
Q@F
wl\l

f)F <[ + 7—;1> 9j7' + .

According to the Lemma 2.2, there exists solution of DS (1.3), (1.4) in the form
(2.2) with the corresponding value uy :

N

— _j T
= —QTZM —7/2) z:% (F7 4+ F=+1) (1+54) 0
(2.4)
—QTZM DF (I+54) 0,7+ Qe

So, difference problem (1.3), (1.4) is uniquely solvable and its solution is defined
by (2.2), (2.4).
From (1.5), (2.2), 7N =1 follows

N— A
losllgr < N gy gy el + max, 6], %;jﬁ’”(1+ fQHH%H

< My (flux g+ 1671 )
Thus,

< T
max [l < My (Jlunllg + 1071, )

Under assumption (1.5), by using formula (2.4), we get

lunll < 8% (1071, +lleller)

Combining these estimates, one can establish (2.1) and complete proof of state-
ment.
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Theorem 2.2. Assume that ¢ € D(A),0™ € CY(H), and (1.5) is valid. Then,
solution of DS (1.3), (1.4) satisfies the coercive SE

. N N
=y )
T 1 2 1

<o 167 ey + 146l

+
ce(H)

_
a(l —a)

for some positive real constant M (6, ) which is independent of T,p, 07, but de-
pends on d, p.

Proof. By vitue (2.2), definition of operator F', and the following identity
TAF <I + gA) —I-F (2.6)

we get

A (I + ;4) wimy = (I + gA) FN= gy

N
y . 2.7
-3 AR (14 gA) (0; — 0:) 7+ (FN=1 1) g, 27)
j=i

for any 1 < i < N. By using triangle inequality to (2.7), and by applying estimates
(1.8), the definition of norm in C{*(H), we have

TA .
[ (1475w < IFY 54 Bty
H
+§: ||97”Cf(H)T
G- )TN =i )?
< [|Aun |l + 4707l co gy 8 = 1oy N,

+ (IF "+ D 1Ny Y

From definition of F' and (2.4) it implies that
N - N -
_ T I—j 1—j+1 T
AuN_—QTZu(t] ) ZT(AF Iy ARl ><I+2A)Gl

I=j+1 (2.9)
—QTZM T TAF (1+ A)e QA

So, by (1.5), (1.8), (1.10), (2.9), the definition of C{*(H) -norm, one can show

JAuly < M (6 ) (10710 oy + 149l ) i = 1N (2.10)

Therefore, from inequalities (2.8), (2.10) it can be conlcluded that

N
H I+ - Ui—l} M (6, p) (04_1 167l oy + ||A80HH> - (2.11)

1

C,(H)
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Now, let us estimate H{A (I+ TA ul 1}1 H . Let us N — i+ 1 > 2[. Then,
by virtue (2.2), we have

A (I + TA) ui—1— A (I + T;l) Ui 141

<I N TA> (FN—i-H B FN—z’—l—‘rl) Aun

k+20—1 2 ‘ A
— ) TAF*F (I + 2) (O — 6;)
k=i
al P TA (2.12)
- Y 74 (Fk i pk <l+l>) F <I + 2> (0 — 0;1)
k=i+2l
k+20—1 ‘ A
+ Y TAFEUOR <I+ > (01 — 0:i11)
k=i+l

n (I B F1—1> (Ot — 0,) + (FN—i-i-l _ FN—(i—l-i—l)) 9, = ZG:Pj(i).

j=1

By using (1.8), (1.10), we can show

((N _(lZT_)i_ l) T)a ( a! HHTHC?(H) + HAQDHH) :

Estimates for || P;(i)||,; (7 = 2,3,4,5,6) were established in the paper [4] by
(29)-(33):

1P (@) < M (6, 1)

1Pl < e S0 oy 1P < M e 107 oo

o I a IT)
1Pl < e 167 oo > 1P @)l < 21 oo 167 lloo

« lT T
125z < 3% e 167 g

Combining these estimates one can obtain
(N—i+0)7)” TA TA
AT+ — Jujm1 — AT+ — | u;_
1<i<iHI<N (Ir)” i Ty )t
< M @) (a7 (1= ) 67 lopn + 14005 )

H

(2.13)
From (2.11) and (2.13) it follows that

N
H I+— ’LLz'l}

M (5, p) (a7 (1= ) 167l gp ) + 149015 -
1

(2.14)
Finally, estimate (2.5) implies from (1.3), triangle inequality and estimate (2.14).

Cr(H)
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3. DS for RP multidimensional problem

Let Q = (0,1) x (0,1) x ... X (0,1) be open cube in R", S = 99,
Q=QuUS, anda, : Q= Rp:Q—= R pu:[0,1] =R, f:(0,1)xQ— R
be given functions, ¢ be known positive real number. In addition, Vr = 1,...,n,
Ve = (x1,..,2,) € Q, ar(z) > ag > 0.

In the work [6], BVP for RP multidimensional equation with integral and first

kind of BCs

( n

Ut (tv x) + Z (aT(x> ’U,$T<t,.%')) zr — O u<t7x) - f(tv ac),

r=1
te(0,1),z € Q,
1 (3.1)

u(l,z) = /u(s)u(s,x)ds + ¢(x), = € Q,

0
u(t,z) =0, x € S, t €[0,1]

was investigated on well-posedness.
Now, we will construct the second order of ADS to solve BVP (3.1).
Let us denote by

Q= o = (hamy,  hymy)im = (ma, - my),
my = O?"'aN’h hrN’r‘:l7r:17"'7n}7

space of grid points and €, = QN ﬁh,Sh = ﬁh NS, and by A7 the operator
Azul(z) = =30 (ar(z)ul (ac))xth + ou”(z) acting in the space of grid func-
tions u”(x) which satisfies the condition v/ (z) =0 on z € S),.

By using notation A7, the problem (3.1) reduces to the following nonlocal BVP

for an infinite system of ordinary differential equations with integral condition

iuh(t,x) — AT WM (t,x) = fMt ), te(0,1), x ey,
1

dt
_ (3.2)
ul(1,z) = / u(s) u(s,x) ds + ""(x), x € Q.
0
In sequel, BVP (3.1) is replaced by the the second order of ADS
up (@) —uf_(2)
e AL Blu] (2) = (@),
TAY
@ZJk(ﬂﬁ) = Bth(tk,%,l'),B}a; =1+ 7117
tr=kr, k=1,... N, Nt =1,2 € Qp, (3'3)
h St =37 T, h h 5
ufe(a) = Y ISR (@) + ()] + (@), @ €
j=1
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We denote by Loy, and W2, spaces of the grid functions ¢"(z) defined on grid
space {2, equipped with the appropriate norms

1/2
.., - h
HSO L2h Z ’QO | 1- 9
IEQ}L
1/2

2

H(’DhHWQ - Z Z ‘ Irﬁ,mT hi---hy

2h ZGQh r—1

NI

n
Throughout this section, let |h| = <z h?) and 7 be small positive real num-
r=1
bers.

Theorem 3.1. For the solution of DS (3.3) the SE

[y H{wk} o

is fulfilled, where M (8, i) is independent of T, p"(x), and {1#,2‘}1 .

< M(5.p) [Hsoh]

Cr (LQh)

The proof of Theorem 3.1. is based on estimate (2.1), assumption (1.5), and
the following theorem on the coercivity stability property for the solution of the
elliptic difference problem (EDP) in Loy,.

Theorem 3.2. ([22]) For the solution of the EDP
Aful (@) = "(2), z € M,

u(z) =0, z € Sy,

the coercivity estimate holds :

n
> ||@hza |,
r=1

where M does not depend on w" and h.

h
< M|w™|[Lgy»
2h

Theorem 3.3. Solution of difference problem (3.3) satisfies the following coer-

civity SE:
=} (),

1
where M (8, pi, ) is independent of T, {wz}iv, and ©"(x).

1
€ (Lan) < M po) [H(P ngh al—a)

CH(W3 h)]

4. Numerical examples

4.1. 1D example. To illustrate test example, for one-dimensional RP equation
and given functions
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g, e’ 1 2
p(r) = (e_ + = - 3) sinz, p(t)=e %,
f(t,z) = —e " (4dcosx + cos2z),t € [0,1],x € [0,7],
we consider the following BVP
ue(t, z) + (2 4+ cos x)ugy (t, ) + sinz uy(t,x) — ul(t,z) = f(t, ),
0<t<1l,z€(0,m),
1

u(l,z) = /,u(s) u(s,z)ds + ¢(x), x € [0,x], (4.1)
0
u(t,0) =0, u(t,m) =0, t €[0,1]

\

with nonlocal integral condition.

Exact solution of problem(4.1) u(t,z) = e !sin .

Now, applying (3.3) to this problem, we get the next second order of ADS in
t and x for approximation of BVP (4.1):

(. k k—1

U, — U _ _ _ _
B (L /2 ul T g (g - ubTh) (om)
2n (k-1 k—1 k—1 Bn [ k-1 k—1 k—1 k—1
+ 32 <Un+1 —2u,, "+ un_1> — 2h3 (un+2 2un+1 +2u, ") — un_Q)
q4n k—1 k—1 k—1 k—1
_ﬁ (un+2 4un—i—l + 6un 4un 1 + Up, 2)

=— (1 — %) ¢ 3 (4 cos xp+ cos 2x,)

) < (2 + cos(zy))e e} 2 (—4 cos x,—4 cos 2xy,)
—sin(z,) (—4sinz,—2sin2x,)) , t,_1 =ty — %, n=2M-2,,k=1,N,
2

4 1 4 1
ulg =0, uf = —ub — fufof,u?w =0, uk, = —uk, 5 — fu’fwfg,,k: =0, N,
N 5 5 5 5
1 T ; i
u,]:[ = Ziu(tj — 5)7’ [uZl + ud) 1] + n, n=0,M,
j=1
(4.2)
where

qin = (1427 4 Tcosxy,) sina,

3
42,0 = <(2 + cos zp,) (1 +7+ ?T cos xn) — 7sin? :pn) ,
q3,n = (2 + cos .:Un) Sin InT, Q47n = (2 —+ COS(I'n))2.

One can write (4.2) in the next matrix form

— 4 4
up= 0,u1 = —ug — U37UM 1= —UM—2 — —UM—3, UM = f

{ Aptnio + Bpug g1 + C nln + Dpty_1 + Enunl 2 =INjf1Pn,n =2, 2,M -2 2,
5 5 5 )

(4.3)
Here, I, is k x k identity matrix, ¢, is (N + 1) x 1 type matrix, and A,, By, Ch,
D, E, are (N +1) x (N + 1) type matrices

on=[¢2 - N,
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Oprxm is k x m type matrix with zero elements,

4 :[ O1x(N+1) ] B :[ O1x(N+1) }
" vy Onxa |77" yndn Onx1 |’

D. — 01><(N+1) B = Ol><(N+1)
" 2y Onxa |77" wpdn Onx1 |’
[so s1 s2 -+ SN—2 SN-1 SN |
rm, d 0 - 0 0 0
o r, d - 0 0 0
C, =
0O 0 O 0
0O 0 O Tn d 0
L0 0 0 0 o d
where
T T 1 1 1 1
Up = ﬁq&n - 27h4q4,n7d = - Yn = ﬂQl,n + ﬁqzn + ﬁq&na
T 1 2 57' T T
rp =1+ 5 S ﬁq2,n - ﬁ%,mwn = %Q&n - w%,m
1 n 1 T n 2T T (7')
Zn = ——— _— —_ _— Sy = —— —
n 2h,‘]]_1,n h23_2,n h3q3i7,—n h4Q4,n7 0 2,“ 9/
sv =L gplty = 5).s5 = =5 (ulty_y) Fpulty1)) G =1 N = 1.

A solution of (4.3) is defined by modified Gaus elimination method ([21]):

Up = Qpy1Unt1 + Bn+1un+2 + Yn+1,

/8n+1 = _Fq;lAny Qpt1 = _anl (Bn + Dnﬁn + Enan—lﬁn) ’
Yn+1 = _Fn_l (IN—l—l(-Pn - Dn’}/n - Enanfl’%l - En'Ynfl) y
F, = (Cn + Dpoy, + Enﬂnfl + Enanflan)

forn=M —2,---,0, where
M1 =72 = O(N+1)><17041 =p = O(N+1)x(N+1),

ag = —Iny1,P2 = ——In41,
5. 5
upy = 0,Dp = (By—2 +5In41) — (4IN41 — ap—2) apr—1,

upr—1 = Dy [(AIn41 — an—2) Yv—1 — Yar—2] -

For different values of (N, M) error computed by next formula

M-1 3
N k
Buy = max (Z (uan, ) — un>2h>
n—

and presented in Table 1. Numerical results which presented in Table 1 shows
good agreement with theoretical stability results for solution of proposed DS to
RP BVP with Dirichlet boundary and integral conditions. We observe that the
scheme (4.2) has the second order convergence as it is expected to be.

Table 1. The errors between the exact solution of BVP (4.1) and the numerical

solutions for different values of 7 and h.
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N.M) | Eul;

10,10) [ 5.63 x 1073

20,20) [9.65 x 1074
) 227 x107%

80,80) |5.75 x 107
160,160) | 1.46 x 107
320,320) | 3.69 x 1075

4.2. 2D example. Now, we consider BVP for two dimensional RP equation
with integral condition

ut(tamvy) + u$$(tax7y) + Uyy(ta$7y) - u(taxvy) = f(t7$7y)7
O<z,y<1l, 0Kt <,

1
u(l,z,y) = /M(’Y) u(y,r,y) dy + ¢(z,y), 0 <z,y <1, (4.4)

0
u(t,0,y) =0,u(t,1,y) =0, 0<y<1,,0<t <1
u(t,z,0) =0,u(t,z,1) =0, 0<2x<1,0<t< 1.

Here
1 ,ooed
p(t) = ﬁvw(x) = <€ + & 6) &(z,y),

g(xa y) = SinxSinyv f(t,:v,y) = _46_t§(xa y)

Exact solution of problem (4.4) is u(t,z,y) = e~ ! &(x,y).
Let us take

T = (m — Dh,y, = (n— D)h, t, = (k—1)7,
f:%n = _46_(tk_%)§(xmvyn)a k=0,N, n,m=0,M.

By using (3.3) and Crank-Nicolson scheme, one can get the second order of ADS
for approximately solution of BVP (4.4)

( ufn,n - uﬁ;% + ufn—}-l,n - 2u§n,n + ufn—l,n + ufn,n-i—l - 2“’7’31,71 + ufn,n—l . luk
k-1 o1, k1 2P b1, g 2R 2
+um+1,n - 2um,n + um—l,n + um,n—l—l - 2um,n + um,n—l . luk_l _ fk
2h2 2h? 2 e

k=1T,N—1,nm=1,M—1,
Un=0,upo=0n=TM—1Im=1,M-1Lk=1,N—1,
N

T T . - R
ull = Z —pty — =) [uly, +uln] + Ymp, nym=1,M—1.

— 2 2
\ j=1
(4.5)
One can write (4.5) in the matrix form
{ Aun+1_>+Bun +_>C'un,1 :IKf(”),nzl,Mfl, (4.6)
ug= 0,upr = 0.
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Here, ) up_1,un, Up4+1 are the K x 1 column matrices such that
K=(N+1)(M+1),

i t
f() — [ 8,i é\fi f?,i 1NZ fl(\)4,i fﬁ,i]7
u; = [UO,z u(])Vi U?,i “]1\[1 U%/[,i uﬁi]tv
1 1 1 1 1 1 1
T = n 1,n,n+1,a—2h2,b——;—m—§,c—;—ﬁ—*,
b ¢ 0 0 7 fa a 0 07
0 b 0 0 0 a 0 O
D = : .. . 7E: . )
0 O b c 0 0 a a
| so S1 - SN—-1 SN L0 O . 0 0]
[ Ixg O O O O 017
F D FE O O O
O E D .. O O O
B = T : | ,A=C =diag{O, E,...E,O}.
O o O --- E D FE
o O O --- 0 0 Iy |

A solution of (4.6) is defined by modified Gaus elimination method ([21]):

%
uy = 0, up = apupy1 +Bp,n=M—1,--- 1,

= = (B+Coy) ™ A By = (B + Canon) ™ (1) = 0.
f1 = Okxi1,0a1 = Ok xK-

The errors between the exact solution of (4.4) and the numerical solutions are
calculated by

M—-1M-1 2
N k 212
EUM,M = 1§g1£aﬁf( ) (Z_ Z (u('rm,yn’tk) - um,n) h ) .

Table 2. The errors between the exact solution of (4.4) and the numerical solu-
tions for different values of 7 and h.

(N,M) | Eu}] ,,
(5,5) [ 1.90 x 1072
(10,10) | 4.74 x 1073
(20,20) [ 1.18 x 1073
(40,40) [ 2.96 x 1072
We observe that the scheme (4.5) has the second order convergence as it is

expected to be.
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5. Conclusion

In this paper, we use finite difference method to find approximate solution of
the RP problem with nonlocal integral condition. We give the second order of
ADS for the approximation of RP problem. Proposed DS uses A and A? and it is
good for smooth input data for BVPs. We prove stability and coercive stability
inequalities for solution of this DS. Later, we describe the second order of ADS for
RP multidimensional problem with Dirichlet boundary condition and establish
stability inequalities for solution. Lastly, by using MATLAB program, we give
numerical illustration for simple 1D and 2D test problems. Notice that 1D test
example is used second order of accuracy DS with A2 term but 2D test example
is carried out by using Crank-Nicolson DS which has the same order accuracy. It
is well-known that Crank-Nicolson DS is good for realization but does not work
with unsmooth data. In future work it could be established well-posedness such
type DSs.
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