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DIRECT AND INVERSE THEOREMS IN VARIABLE
EXPONENT SMIRNOV CLASSES

DANIYAL M. ISRAFILOV AND ELIFE GURSEL

Abstract. Let G be a simple connected bounded domain in the complex
plane C. Imposing some additional conditions on the variable exponent
p(+), we prove direct and inverse theorems of approximation theory in
the variable exponent Smirnov classes E?(") (@), when the boundary I' :=
0@ is a Carleson curve or so called regular Jordan curve. A constructive
characterization of Lipschitz subclass of EP() (GQ) is also obtained.

1. Introduction

By F we denote the segment T : =[0,27] or any rectifiable Jordan curve I'
cC.
We say that a Lebesgue measurable function p(-) : F© — [1,00) belongs to
Plog (F) if it satisfies the conditions:
1 < p_:=ess infp(z) < ess supp (z) =: py < 00
zeF zeF
Ip(z1) —p(22)|In(|F| /|21 — 22]) < ¢, Vz1,29 € F,
where |F'| is the Lebesgue measure of F.
For a given p(-) € Plog (I') we define the variable exponent Lebesgue spaces
LP()(T) as the set of Lebesgue measurable functions f defined on T, such that
o 1f (2) P*) |dz| < 0. It becomes a Banach space with respect to the norm:

11l ooy = inf {A 205 [ 17) AP |ds] < 1} < .

In the case of I’ := T it reduces to the variable exponent Lebesgue space
L£20) ([0,27]) and then we have

27
£l o> py = inf {Azo: /0 f<x>/A|P<l‘>da:s1} < .

Let G be a simple connected bounded domain in the complex plane C with
the rectifiable Jordan boundary I'" and let EP (G), 1 < p < oo, be the classical
Smirnov class of analytic functions in G. If f € EP (G), then f is analytic in G
and there exists a sequence (7,,) of rectifiable Jordan curves v, n = 1,2, ... in G,
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tending to the boundary in the sense that ~, eventually surrounds each compact
subdomain of G, such that

[f () |dz] < M < o0
Tn

for some constant M nondepending of n.

Definition 1.1 Let p(-) € Piog (I'). The variable exponent Smirnov class
EPO) (G) of analytic functions in G is defined as

EPO (@) = {f cEY(Q): fe PV (r)} .

In the last thirty years variable exponent Lebesgue spaces LP(), defined on the

real line and also on domains of the n dimensional Euclidean spaces were inves-
tigated intensively. There are excellent monographs relating to these investiga-
tions [5, 7], and also the monograph [27], where investigated the approximation
problems in these spaces. Moreover, in the works [27]-[30], [32]-[34], [1]-[4], [21]-
[23] and [10, 11, 16, 18] were proved different direct and inverse theorems and
also were studied approximation properties of different summation methods in
LP0) ([0,27]). Some of these results on approximation were later transferred to
the complex plane. In particular, were obtained direct and inverse theorems in
EPC) (@) and were considered constructive characterization problems in the Lip-
schitz subclasses of FP() (@) [19, 1, 15, 13, 14]. Here, in all studies considered in
the complex plane the boundary of domain assumed to be Dini-smooth curve.

Definition 1.2 A smooth Jordan curve I' is called Dini-smooth, if

5

/w(&,s)ds, 0 >0,
s

0

where 0(s) is the angle, between the tangent of T' and the positive real axis ex-
pressed as a function of arc length s, with the modulus of continuity w (0,s) :=

Sup{|9(t1) — e(tg)’ : |t1 — tg’ < S}.

In this paper imposing some additional conditions on the variable exponent
p(+), we study approximation problems in the variable exponent Smirnov classes
EP0) (@), when T is a Carleson curve or so called regular Jordan curve.

Definition 1.8 A rectifiable Jordan curve T is called reqular if there exists a
constant ¢ > 0 such that for every r > 0,

sup{|IT N D (z,7)]|:z€T} <ecr,

where D (z,r) is the open disk with radius r and centered at z, and |I' N D (z,7)|
is the length of the intersection I'N D (z,71).
We denote by S the set of all regular Jordan curves in the complex plane.

This class is very wide and includes smooth and piecewise smooth curves,
quasismooth curves and also some other class of curves, in particular.
Let’s give necessary definitions before giving the main results.
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Let U be the unit disk, G~ := Extl’, T := 0U, U~ := ExztT . We denote by ¢
the conformal mapping of G~ onto U~ normalized by the conditions ¢ (00) = oo
and lim, o ¢ (2) /z > 0, with the inverse ¢). The mappings ¢ and 1) have
continuous extensions to I' and T, respectively, the derivatives ¢’ and v’ have
definite nontangential limit values a.e. on I' and T', which are integrable with
respect to the Lebesgue measure on I" and T, respectively[9, pp. 419-438|.

We define an important subclass of Piog (I'), that gives us an opportunity for

investigation of approximation problems in EP() (@), defined on the domains with
regular boundary.

Definition 1.4 We say that p(-) € Pp, (?), if p(+) is a non-zero analytic
in G~ and continuous on G~ function such that p(-) € Piog (I').

For g € LPU) (T') we consider the mean value function

I :
Uhg(w)::h/o g(we)dt, weT,0<h<m.

If p(-) € Pig(T), then by boundedness [6] of maximal operator in LP() (T),
the operator oy, is bounded from LP() (T) to LP") (T). Therefore, the following
definition is correct.

Definition 1.5 [13, 28] Let f € LPU) (T) with p(-) € Piog (T) and let

AT f (w) = Z (—1)"+s C)f (we') | r=1,2,...

s=0
We define the rth modulus of smoothness ;. (f, 5) () as

i, e

If f, g € LPO(T) with p(-) € Piog (T'), then the rth modulus of smoothness
Qr (f,6) (1 has the following properties :

, 0>0.
LP(‘)(T)

Q- (f, 5)p ;= sup

|h|<5

) (f 5) )1 18 non-negative, continuous and non-decreasing function of
0>0,
@) (f,6),0),r is uniformly bounded function in O (1),
i) s 0 O (1.0),0,
W)y (f +g76)p(.)7T < Q. (f, ) Walns Qr (g 5)p(~),T

T_O

Note that the properties ii) and iii) were established in [17, Lemma 2 and 3].
For a given f € EP0) (@) we set
fo (w) 2= f (i (w)) (& (@)™ we T,
where pg (w) :=p (zp (w)) and define the Cauchy type integrals:
fiH(w) = fo(™) 4 , weU and f; (w) = fo(7)

omi | T —w omi | T —w
T T

dr, we U™

which are analytic in U and U™, respectively.
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If f € EP0) (G), then we define its modulus of smoothness as
Qr (f7 5)p(~),G = Qr (fg_v 5)p(-),T (11)

Let F, be the class of algebraic polynomials with degree not exceeding n and
let

En(f)p('),G = 1nf{”f - anLp(O(F) iDPn € fn}

be the best polynomial approximation number of f in F,.
Main results of this work can be formulated as following:

Theorem 1.1 Let I' € S, p(:) € Plog (?) and let py € Pj, (F) L If

f € EPO)(G), then there exists a positive constant c(p,r) such that for every
n € N the inequality

En (f)p(-)’G < C(p7 T)QT‘ (f7 1/n)p(-),G
holds.
Note that in the case of r =1 Theorem 1.1 was proved in [19].

If for a given o > 0 and r := [a] + 1 > 0 we define the variable exponent
Lipschitz subclass Lip(a,p (-),G) as

Lip(a,p(),G) == {f € B (G) :  (£.6),0 6 = O (5%), 6 > o} :

then from Theorem 1.1 we have

Corollary 1.1 Let I' € S and let p(-) € Pj, (?), po € Piog (F) If

f € Lip(a,p(-),G), then there exists a positive constant c(p,r) such that for
every number n € N the inequality

En (f)peyq < clp,r)n™
holds.

Theorem 1.2 Let I' € S, p(:) € Plog (?) and let py € Pj, (F) L If

f € EPO)(Q), then there exists a positive constant c(p,r) such that for every
number n € N the inequality

Q (f, 1/ < (ler) Y W+ E (o

v=0
holds.

After simply computations, Theorem 1.2 implies

Corollary 1.2 Let I' € S and let p(-) € Pp, (F), po() € Piog <F> If
E, (f)p(.),G =0 (n—a) , then f € sz(aap () 7G)

Combining Corollaries 1.1 and 1.2 we obtain the following constructive char-
acterization of Lip(a,p(-),G) :



DIRECT AND INVERSE THEOREMS IN VARIABLE EXPONENT SMIRNOV CLASSES 59

Theorem 1.3 Let I' € S and let p(-) € Plog <?> s Po € Plog (F) . Then
the following equivalence holds:

f € Lip(a,p(),G) & En(f)yyq < clp)n™.

Definition 1.6 Let 0 < 8 < 1. If [¢(w1) — ¢ (w2)] < ¢lwy —wy|? for
Ywy, we € T with a constant ¢, then we say that T' € D,

Class D? is sufficiently wide; every Dini-smooth curve belongs to D'. If G is
convex, then ¢ € D!(see, [26, p.78]). If T is smooth, then T' € D? for every 3 €
(0,1). Every rectifiable quasiconformal curve belongs toD” for some 3 € (0,1).
There are(see, [8, remarks]) also some other class of curves belonging to D”.

As was proved in [19] if L € D?, then the condition p(-) € Plog (F) implies
that po (1) € P, (F) Hence in the case of I' € SN D? the condition py €

Pog (F) can be omitted in the formulations of Theorems 1.1-1.8, and then

we have in particular the following theorems:

Theorem 1.4 Let T € SNDP 0 < g < 1. If f e EPV (G) , p() €
Pﬁ)g (F) , then there exists a positive constant c¢(p,r) such that for every n € N
the inequality

En (f)p(%G < C(p’ T)QT (fa 1/n)p(.)7G
holds.

Theorem 1.5 Let ' € SND? 0 < B < 1. If fe EPV(Q), with p(-) €
Pff)g (?), then there exists a positive constant c¢(p,r) such that for every n € N
the inequality

Q (f,1/n)06 < (2.7) YWD T E Py

n’ v=0
holds.

Theorem 1.6 Let ' € SND?,0< B <1, and let p(-) € Plog <F>, then the

following equivalence holds:

f € Lip(oc,p () ’ G)7 <:>En (f)p(.),G S C(p)n_a'

2. Some Definitions, Notations, and Auxiliary Results

Let f € L' (T'). Then the functions f* and f~ defined by
R I A A (9 .1 [ f© _
e =g (2R 6 =g [T e

are analytic in G and G~, and f~ (oc0) = 0. By [24], if p(-) € Piog (I'), then
Cauchy’s singular integral

e (£) (o) = (PV) o |
r

O gy 1 4o
20

C _ - e—=0271 I'n{¢:|¢—=0|>¢} g — %0
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exists a.e. on I' and the operator Sp is a bounded operator from L) (T) to
PO ().
Hence, by Privalov’s theorem [9, pp. 431] the formulas
PR =8N () +f(2)/2 and [ (2)=SL(f)(z)—[f(2)/2 (21)
and
FR)=1T() = f (2) (2.2)
hold a.e. on T.

The following two lemmas were proved in [19].

Lemma 2.1 If p(:) € Piog(T), T € S, then f+ € EPO)(G) and f~ €
EPO) (G for each f € LPO) (I).

Lemma 2.2 If p(-) € Piog(T) then f € LPO) (T) <= fo € LPO) (T).

Let k be a nonnegative integer. It is obvious that if p(-) € Pj, (F) then
oF (2) (¢ (2 ))Up( %) is analytic in C\G and have a pole of order k at the point
0. So there exists a polynomial Fy, ) (2) of degree k and an analytic function
Ejp() (2) in G™ such that By, (00) = 0 and ¢ (2) (¢’ (2))/P) = Fipy (2) +
Ey p() (2) for every z € G~. The polynomials Fj, ) (2) (k=1,2,3...) we call

the p(-) — Faber polynomials for G. As in the classical case [31] by means of
Cauchy’s integral formula it is easily seen that

1 k / 1/p(s)
@MN@:A ¢" (9) (¢' (<)) ez eG
R

21 ¢ —z

where I'g := {z € G~ : |p(2)| = R > 1}. Moreover, the polynomials F} . (2)
(k=1,2,3...) can be defined as the coefficients of the series expansion [19]

(@ (w)) /7o) O F ) (2)

Y (w) — 2 :k_OWaZEG,weU*.
Let f € ErG) (@). Since f € Bl (@), we have

_ 7 4

e = r§—z

_ (@ (w) )

B 2m/ (w) dw

- o (w) o) ¥ (@)

N 27rz/f (w) P o (w) =2 dw

for every z € G. Considering this formula and the series representation stated
above, we can associate with f the formal series

2) ~ > ar (f) Fypp (2),
k=0
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where

I )1/730( w)
ar, (f) 2m/ wk+1 dw, k=0,1,2, ...

This series we call the p (-) —Faber series expansion of f with the p(-) — Faber
coef ficients ay (f), k = 0, 1,2,.

Let F be the set of all algebraic polynomials ( with no restrictions on the
degree), and let F (U) be the set of traces of members of F on U. Defining the
operator Tp,.y on F (U) as

w " (w 1—po(w)
Ty (P) (2) :% TP< % w() i ]

we have that Tp,y (3 o_g arw®) = Y"p_g arFy p() (2). On the other hand, consid-
ering

w , z€G,

1 [ P(p(2) ¢ (2)!P
% T C—Z,

= [Poo) ()] ()

for 2/ € G and taking the limit 2’ — 2 € I" over all non-tangential paths inside T,
by (2.1) we have

Ty (P)(2) = St [(Po) () 70] () + 5 [(Pow) ()] () (23)

a. e.onl.

dz

Theorem 2.1 Let T' € S, p(-) € Piog (I') and po € Piog (T'). Then the operator
Tpy: F(U) C EPC) (U) = EPO)(Q) is linear and bounded.

Proof The linearity of 7}, is clear. On the other hand, by (2.3) and by

boundedness of the operator Sr, we have that

HTp(~) <P)HLP(-)(F)

n1/p() 1 n1/p(-)
[0 (o ]| Ly + H2 (Poed ()
<e)||(Poe) ()] ) 1 = @) IPlpmory -

Since the set F is dense in EP°C) (U), pg € Plog (T), the operator T, can be

extended to the whole of EP°() (U) as a bounded linear operator and hence we
have the representation

w " (w 1—po(w)
Toey (9) (2) = L /T 9l )@(;p(u(}) )—)z dw, ze€dq, (2.4)

for every g € EPC) (U).

Theorem 2.2 Let I' € S, p()) € Py, (?) and po € Piog (T'). Then

the operator Ty : EPC) (U) — EPY)(Q) is one-to-one and onto. Moreover
Tooy (fi) = f for f € EPV(G).
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Proof Let g € EP°0) (U) and let g(w) = > 52, arw® be its Taylor series
expansion in U. Since py € Piog (T'), denoting g, (w) = g (rw), 0 < r < 1, we
have [25]: [lgr — gl po) ¢y — 0, 7 = 17 and then boundedness of 7)) implies
that

1Ty (97) = Tty D] ooy < €llgr = allpmtry =0, 7 =17 (25)
Since the series Y po Oakwk converges uniformly on |w| = r < 1, the series

k

> s aprFwk converges uniformly on 7. Therefore, by (2.4)we have
k=0

1 - (w) (Y (w)) 7P
T () = 5 [ SR =
_ 9 )
= 27T,L/TZCL]€T ’LU w(w) ’LU

)1 po(w

_ L[ @ (w)
= Za "o o (w) = dw
= Zakrka,(.), z€G.

Hence for Faber coefficients of Ty (gr) we have ay (T, (9)) = ax (9) 7%, k =
0,1,2... and hence

ag (Tp() (gT)) — a (g) , T — 1.

On the other hand, using Hélder’s inequality and (2.5) we obtain that
|ak (T (9r)) = ax (Tp) (9))]

1 / [Ty (9r) = Tyt (9)] (¥ (w) (@' (w)) /)

= |5 s dw

< 5 [T 80~ Ty @) <w<w>>|\(zp’(w))”m”)\ww

= 5 1T ) =T (9] )] (& ()7

= > / [Ty (90) — Ty (0)] (2)] [ (& (1))t

< *H< =T @)l oy [ s

< *H( = Ty O ooy < €2 lgr = llpsocriy = 0, 7 =17,

and hence ay, ( () (gr)) — ag (Tp(.) (g)), r — 17, which yields that

ay (Tp(.) (g)) = ag (g) , k=0,1,2,....
Hence, if T}y (9) = 0, then a (9) = ax, (T (g9)) = 0 for k=0,1,2,..., and thus
g = 0. This proves that the operator 7},.) is one-to-one.
Let f € E*0) (G). Then fo (w) = f (4 (w)) (@' ()" € L0 (T) and by
Lemma 2.1 we have that fi € EPC) (U) and f; € EPU) (U™). Using the defi-
nition of p (-) — Faber coef ficients of f, (2.2) and generalized Cauchy’s formula
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we obtain that

/ 1/po(w)
a (f) = /f inJrl) dw
Jo

(w)
- = d
271'2' o wktl v
+ 1 —
i‘ o k(w)d = Jo (w)dw
2mi Jp wktl 27i Jp wktl

1w,

21 T wk“‘l

This means that the p (-) — Faber coef ficients of f are the Taylor coefficients of
fgr at the origin, that is

:Zak(f)wk, weU.
k=0

By the first part of the proof we have

Toey (F5) (2) =D ai () Fip(y (2)
k=0

and hence 7. ( fof) = [, since there is no two different functions in EPO) (@)
that have the same p(-) — Faber series representation. This means that the
operator T, is onto. W

Lemma 2.3 Let I' € S, p(-) € Pp, (F) and let po () € Piog (T). If f €
EPO) (@), then

E, (f(—)‘r)U,poC) < e3(p) En (flgp) < ca(p) En (fJ)U’pO(')

with some positive constants cs3(p) and c4(p), independent of n.

Proof By Theorem 2.2, the operator T}, : EPC) (U) — EPO) () is bounded,

one-to-one and onto. The same properties hold for the inverse operator Tp*(}) :

EPO(G) — B0 (U). Hence if f € EPV)(G), then T 5 (f) = fo € BP0 (U).
If P* € P, is the polynomial of the best approximation to f in EP0) (@), then
Tp_(,l) (P) € EP() (U) and by boundedness of TJ) we get
+ * _ —1 -1 *
B (Uumey < 1E =Ty B sy = 15 () = T (P2)
< [0 = Pillow = es@)Ea (Nayy

with some constant c3(p) > 0. Hence the first inequality is proved. Similarly, can
be proved the second inequality. N

IN

Lro() (T)

The following Theorems 2.3 and 2.4 are the disk versions of direct and inverse
theorems proved in [17, Theorem 1 and Theorem 2] .
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Theorem 2.3 Let p(-) € Piog (T) and let g € EPY) (U). Then there evists
a positive constant ¢ (p,r) > 0 such that for every number n € N the inequality

E’n (g)U7p() g (& (p7 7‘) QT’ (97 1/n)p(),T hOlds.

Theorem 2.4 If g € EPV) (U), p(-) € Piog (T), then there exists a positive
constant ¢ (p,r) > 0 such that for every number n € N the inequality

c(p,r)
n?”

Z(’U + 1)T71E’U (f)U,p(~) n= ]-7 27 3

v=0

Qr (g, 1/n)p(.),T §

holds.

3. Proofs of Main Results

Proof of Theorem 1.1 Let f € EP() (G). Then f;” = T, M f) € Erot) (U)
and applying the second inequality of Lemma 2.3 and Theorem 2.3, respectively,

we have that
En (f)p(-),G < ca(p)En (fg—),po(‘),[] < c(p, )8 (f(T7 1/n)p0(.)yU7
which by (1.1) implies that Ey (f),) ¢ < c(@) (f,1/n),0) - ®

Proof of Theorem 1.2 Let f € EP)(G). Then fi € EPoC) (U) and by
applying Theorem 2.4 in the case of g := fO+ and the first inequality of Lemma
2.3, we have

Q (f1/n)yye = D (i 1/n),r < C(;’;]“);(U B ()

< C (p;’l") Z (U + 1)7"71 E, (f)p(.)7G ) ]

n

v=0
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