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PARA-COMPLEX STRUCTURES ON LINEAR COFRAME
BUNDLE WITH SASAKIAN METRIC

HABIL FATTAYEV

Abstract. By using a Riemannian metric on a differentiable manifold,
the Sasakian metric is introduced on the linear coframe bundle of the
Riemannian manifold. Geometric properties of Levi-Civita connection of
Sasakian metric are investigated. Also, para-complex structures on the
linear coframe bundle with Sasakian metric are constructed and some
interesting properties of those structures are studied.

1. Introduction

Let M be an n—dimensional manifold of class C*°. The problem of extending
differential-geometrical structures on M to its fiber bundles has been the subject
of a number of papers. An account of these can be found in Yano and Ishihara [22]
(see, also [2]). In [21], Sasaki by using a Riemannian metric g on a differentiable
manifold M, constructed a Riemannian metric § on the tangent bundle T'(M)
of M. Then, some geometers such as Kowalski, Aso, Musso and Tricerri studied
interesting geometric properties of this metric, that is called Sasaki metric (see
[1], [8], [11]). Some properties and applications for the Riemannian metrics of the
cotangent, linear frame, linear coframe and tensor bundles are given in [3, 5, 9, 10,
16-18]. Also noteworthy are the papers devoted to the study of various differential
geometric structures, including submanifolds of Sasakian manifolds. V.A.Khan
and M.A.Khan studied pseudo-slant submanifolds of Sasakian manifolds (see [7]).
The main results related to the projective curvature tensor in Sasakian manifolds
are due to U.K.Gautam, A.Haseeb and R.Prasad (see [6]).

Let My be a 2k-dimensional differentiable manifold endowed with an almost
(para) complex structure ¢ and a pseudo-Riemannian metric g of signature (k, k)
such that g(¢X,Y) = g(X, ¢Y) for arbitrary vector fields X and Y on Moy, i.e.
g is pure with respect to ¢. The metric g is called Nordenian metric. Nordenian
metrics are also referred to as anti-Hermitian metrics or B-metrics. They present
extensive application in mathematics as well as in theoretical physics. Many
authors considered almost (para) complex Nordenian structures on the tangent,
cotangent and tensor bundles [4, 12-15].
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This paper is devoted to the investigation of para-Nordenian structures in the
linear coframe bundle with Sasakian metric. In 2 we briefly describe the defini-
tions and results that are needed later, after which the Sasakian metric ¢ and the
Levi-Civita connection °V of this metric in the linear coframe bundle F*(M) over
a Riemannian manifold (M, g) are studied in 3. The para-Nordenian structures
on the linear coframe bundle F*(M) with Sasakian metric are introduced in 4. In
5 we study the almost para-holomorphic vector fields on the linear coframe bun-
dle F*(M) with Sasakian metric. The integrabilities of almost para-Nordenian
structures on the F*(M) with Sasakian metric are investigated in 6.

2. Preliminaries

In this section we shall summarize briefly the basic definitions and results which
be used later. Let (M, g) be an n—dimensional Riemannian manifold and F*(M)
its coframe bundle (see, [19,20]). The coframe bundle F*(M) over M consists
of all pairs (z,u*), where x is a point of M and u* is a basis (coframe) for the
cotangent space 7M. We denote by 7 the natural projection of F*(M) to M
defined by 7(z,u*) = . If (U;z',22,...,2") is a system of local coordinates in
M, then a coframe u* = (X®) = (X!, X2, ..., X") for T/M can be expressed
uniquely in the form X% = X&(dx?), and hence

(w_l(U);xl,xz, Lx X1 XD ...,XZZ)
is a system of local coordinates in F*(M) (see, [19]). Indices i, j, k, ..., a, 3,7, ...
have range in {1,2,...,n}, while indices A, B, C, ... have range in
{1, on,n+1,...,n+ n2} .

We put hy, = a - n + h. Summation over repeated indices is always implied.

We denote by Q% (M) the set of all differentiable tensor fields of type (r,s)
on M. Let V = V%; and w = w;dz’ be the local expressions in U C M of a
vector and a covector (1-form) fields V € 33(M) and w € S9(M), respectively.
Then the complete and horizontal lifts “V, #V € S (F*(M)) of V and the S—th
vertical lifts Vow € S§(F*(M)) (8 =1,2,...,n) of w are given, respectively, by

Vi Vi 0
Cy, _ , Hy,r _ ) Vs . _
V= ( — X80,V > ’ V= < Xors vk > ) W= ( 3w > (2.1)

with respect to the natural frame {0;,0;, } = {%, %}, (see [10] for more
details).
The vertical lift of a smooth function f on M is a function V' f on F*(M) defined
by Vf=form.

Let (U, x") be a coordinate system in M. In U € M, we put
0
- Oxt’
Taking account of (2.1), we easily see that the components of X and Va (@)
are respectively, given by

oh
_H _ HY _ i
D ="Xy = (47) = < xoT, > , (2.2)

Xy 09 = dz' i =1,2,...,n.
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i 0
D;, = "6 = (A]l) = ( 336% ) (2.3)
with respect to the natural frame {0;,9;,}. We call the set {HX(Z»), V‘*G(i)} the
frame adapted to the Levi-Civita connection V,. On putting
Di = HX(i), D; = Vaﬁ(i),

we write the adapted frame as {D;} = {D;, D;,}. From equations (2.2), (2.3),
and (2.1) we see that HY and Yew have respectively, components

o

Vo = ZwﬁgDWV“w - (Vawl) B ( 5gowi > .

with respect to the adapted frame {D;}, where V* and w; being local components
of V € (M) and w € SY(M), respectively.
For each 2 € M, the scalar product g~! = (¢¥) is defined on the cotangent space
T:M by g~ (w,0) = g¥w;0; for all w,0 € SY(M).

The bracket operation of vertical and horizontal vector fields is given by the
formulas

[Vew, 0] = 0, [ X, VBw] = V8 (V xw),
fx 2y =X, Y]+ zn: Vo(X7 0 R(X,Y)) (2.6)
o=1

for all X,Y € S§(M) and w, 6 € IY(M), where R denotes the curvature tensor
field of the linear connection V.

3. The Sasakian metric on the coframe bundle

We define a Riemannian metric g on the coframe bundle F*(M) by the following
three equations

Sg(HXvHY) :V(g(X,Y)):g(X,Y)Oﬂ’, (31)
ST X, Vsw) =0, (3.2)
592w, 0) = 671V (g7 (w,0)) = 67 (g7 (w,0) o) (3.3)

for any X,Y € S4(M) and w,0 € SY(M) (see, [5]). We call the metric “g the
Sasakian metric on the coframe bundle F*(M) over the Riemannian manifold
(M,g). Since any tensor field of type (0,2) on the F*(M) is completely de-
termined by its action on vector fields of type #X and YAw it follows that g
is completely determined by its eqs (3.1), (3.2) and (3.3). The metric g is a
Riemannian metric on F*(M) uniquely determined by the metric g.

From equations (3.1), (3.2) and (3.3) it follows that

59ij = "9(Ds, D) = V(9(0:,05)) = gij,
5gini = 29(Ds,, Dj) = 0,
Sgiajﬁ = Sg(Dia’ Dj,za) = 6aﬁv(g_1(d'xi7 dx])) = 5aﬂgij,
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i.e. ¥¢ has components in the form
s gij 0
9= < 6] 5aﬁgzj > (3.4)

with respect to the adapted frame {Dy}.
Let us consider local 1—forms 7 in 7#=!(U) defined by

ﬁl = A' deja

] A, A 50
-1 _ I _ =J ~JB — J .
A - (A J) - ( A’L? AZ; ) ( _Xxarm 5?3(51 ) : (3'5)
8 i

where

m= ij

The matrix (3.8) is the inverse of the matrix

A A 50
A:(AKJ>:< IE l§7>:< 8 sk (3.6)
AP Akf XLl 0707
of the transformation D = Ay 79y (see (2.2) and (2.3)). It is easy to establish
that the set {7’} is the coframe dual to the adapted frame {Dk}, i.e.
i’ (D) = AT j A7 = 6.
Since the adapted frame is non-holonomic, we put
[Dr,Dj] = Q1;% Dk
from which we have B
Q% = (DA} — D;AF) AT
According to (2.2), (2.3), (3.5) and (3.6), the components of non-holonomic object
Q; JK are given by

3.7
ok _ (3.7)

local components of the curvature tensor

k k '
{ QT =8y, = *‘%nga

i
all the others being zero, where R
field R of V.

Let 5V be the Levi-Civita connection determined by the Sasakian metric g
on the coframe bundle F*(M). We put

SVp, Dy = T Dk.

m

ijk

From the equation
SVxY —SVy X = [X,Y],VX,Y € S§(F*(M))
we have
T - 1% = ;% (3.8)
The equation
(°Vx®g) (V,Z) =0
has form
D1 g1y — T3 gks = °T1 %91k = 0 (3.9)
with respect to the adapted frame {Dg}. By using (3.8) and (3.9), we obtain:
ST, = 35¢%1 (Dr®grs + Ds®g1 — Dig1y) +

(3.10)
+5(Q+Qf 40K ),
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where QX = SgKLSngQLIP and

_ kg
S N1 _ (S KJ g 0 )
9) = (5¢K7) = : (3.11)
(o) ( ) < 0 0y59k;
Taking account (3.4), (3.7) and (3.11), we obtain from (3.10)
Stk _ 1Tk Spk  _ Spky _ Spky
T =T, - Linis = "Tiaj = "Lidjs =0,
1 m 1 i
SF%B = IXn R, SF%]. = 5){&3@ im (3.12)
5Ty = s XmRT, Sri;ﬁ = -1,

Let X,Y € SY(F*(M)) and X = X'D;,Y = Y’/D;. Then the covariant
derivative VX along Y has components in the form

SV X! =YDy X1+ 57 XKy 7 (3.13)

with respect to the adapted frame {Dy}.
Using (2.4)-(2.6), (3.1)-(3.3), (3.12) and (3.13), we have

Theorem 3.1. Let M be a Riemannian manifold with metric g and °V be the
Levi-Civita connection of the coframe bundle F*(M) equipped with Sasakian met-
ric ¥g. Then °V satisfies

for all X,Y € SY(M) and w,0 € SY(M), where & = glow € JHM),
f=glofec (M), X =g loX*ecIH(M) .

We note that the analogue of Theorem 3.1 in the case of cotangent bundle is
proved in [18].

4. Para-Nordenian structures on (F*(M),%g))

An almost para-complex manifold is an almost product manifold (M,, ),
©? = I, such that the two eigenbundles T+ (M,,) and T~ (M,) associated to the
two eigenvalues +1 and —1 of ¢, respectively, have the same rank. The dimension
of an almost paracomplex manifold is necessarily even.

A tensor field t € Sg (May,,) is said to be a pure with respect to the para-complex
structure ¢, if

HpX1, Xo, oy Xg) = H(X1, X0, ..., Xg) = (X1, X, .. 0X,)

for any X1, Xo, ..., Xy € S5 (May,).
We define the following operator ¢, associated with ¢ and apply to the pure
tensor field ¢ :

(¢¢t)(Y, X1, X2, ., Xq) = (pY)(t(X1, X2, ..., XQ))
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Y (t(p X1, Xo, ..., Xy)) +t(Lx,p)Y, X2, ..., Xy))
+ -+ t(Xl,XQ, . (LXq(p)Y).
We note that ¢ t € & (Mgn) If ot = 0 then t is said to be an almost para-
holomorphic (see [5, 15 16, 18]).

Definition 4.1. In a manifold with almost para-complex structure ¢, a vector
field Xis called an almost para-holomorphic vector field if Lx¢ = 0.

A Riemannian manifold (Ma,, g) with an almost para-complex structure ¢ is
said to be almost para-Nordenian if the Riemannian metric g is pure with respect
to . It is well known that the almost para-Nordenian manifold is para-Kahler
(Vg = 0) if and only if g is para-holomorphic (¢,g = 0) (see [18]).

Let (F*(M),°g) be the linear coframe bundle with the Sasakian metric °g.
Define a tensor field F,, of type (1,1) on F*(M) for each a = 12,...,n, by

E,Ax)="2X, F,(Vw)=06"s (4.1)
for any X € S§(M) and w € SY(M), where X = go X € VM), 0 =g lowe

S$$(M) and the horizontal lifts are considered with respect to the Levi-Civita
connection of g. Each F, satisfies the condition

F2=1.
Indeed, by virtue of (4.1), we have
FA("X) = Fu(Fu("X)) = Fa("*X) = 62X = 1'X,
Fg(vﬁw) = Fa(Fa(Vﬁw)) = Fa((ng‘:’) = 55‘/&5} =Yw
for any X € S3(M) and w € SY(M), which implies F2 = I for each a = 12,...,n
The following theorem holds.

Theorem 4.1. The triple (F*(M),%g, F,), for each o = 12,...,n, is an almost
para-Nordenian manifold.

Proof. If we put
AR V) = Sg(FaX,7) — Sg(X, F.Y)
for any X,Y € S(F*(M)). Then from (3.1)-(3.3) and (4.1), we have
ATX Y ) =g (F (%), 1Y) = %g(" X, Fo(TTY)
=%9(" X, 1Y) = %g("X,"*Y) =0,
ATX,Pw) = Fg(Fa("X), VPw) = "g("X, Fo(Pw))
=5g(*" X, Pw) =g X, 651 )
0*7g7H(gX,w) — 9(X,g7'w)s; =0,
A(Vrw, BY) = —A(Py, Vew) = 0,
AP0, V70) = Zg(Fa(Pw), V70) = *g(VPw, Fa(776))
=5g(92"@,"78) = Sg("ew, 6316)
=62°9("2,"70) — 53°9(*Pw, 8) = 0,
i.e. S¢ is pure with respect to F,, for each a = 12,...,n. Thus Theorem 4.1 is
proved.
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Let us consider the covariant derivative of F,, for each o = 12,...,n, with
respect to the Levi-Civita connection °V of metric °¢. Taking into account
(1) — (iv) of Theorem 3.1, we obtain

OVuxF)Y) =V Fu(FY) — Fo(OVa  7Y)

= Vux"Y - E,((VxY) + ZVB (X8 o R(X,Y)))
5 1

=V (VxY) + %(R(X“,XZ’)X) — F (" (VxY) + ZVB (X% o R(X,Y)))

5 1
= SRR Y)X) - 347 (g X 0 R(X.Y) (4.2)
B=1
_ %H(gflxam( Y)X — R(X.Y))),
(S Fa) (1Y) = 19, Fo("Y) = Fa(5V, 1Y) (43)

-~ 1 ~ 1
=5V, VY — 5FJ’(R(Xﬁ,a))Y) = —§FaH(Xﬁg—1 oR( ,Q)Y)

1
— _§Va<xﬁ oR( ,®)Y),

(Vi xFa)("0) = UV i Fo(V10) — Fu(PViu x'0)

- 1 - .
= "Vux 310 — Fa(" (Vx0) + 5 (R(X7,0)X))

~ 1w _
= 531 (Vx0) + 635 > P(XP 0 R(X,6)) = 53" (g7 0 Vxb)
B=1

Lago REE0)X) - 071 ;Vﬁ (X7 o R(X,0)) (1.4)
_%Va(g o R(X7,0)X),

(vaﬁwFO‘)(Vwa) vaﬁ F (VA/G) _Fa(SvV@wVWH)

_ _ 1 N _
=5V, (0270) = 61°Vv, "0 = 5;§H(R(Xﬁ,a;)e) (4.5)
1 -
= 015" (XPg o R(,@)0).
From (4.2)-(4.5), we get
Theorem 4.2. The linear coframe bundle F*(M) of a Riemannian manifold
(M, g) is para-Kahlerian (para-holomorphic Nordenian) with respect to the metric

Sg and almost para-complex structure F,, for each o = 12,....n, if and only if
the Riemannian manifold (M, g) is flat.
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5. Para-holomorphic vector-fields on (F*(M),%g))

Let (M, g) be a Riemannian manifold, and let F*(M) be its linear coframe bundle
with Sasakian metric g and with the almost para-Nordenian structures F,,
a=1,2,..,n. A vector field X € S§(F*(M)) with respect to which the almost
para-Nordenian structure F,, has a vanishing Lie derivative (L ¢ F;, = 0) is said
to be almost para-holomorphic (see, [18]). It is well known that [5]

“x, Ay =H1[X,Y] +§n:Va(X%(LXV)Y), (5.1)
a=1
[CV, Y] =Y (Lyw) (5.2)

for any X,Y € (M) and w € SY(M), where
(LxV)Y =VyVX 4+ R(X,Y)
and
(LxV)(Y,Z) = Lx(VyX) = Vy(LxZ) — Vix y|Z.

A vector field X € (M) is called a Killing vector field (or infinitesimal isom-
etry) if Lxg = 0 and X called an infinitesimal affine transformation if Ly Vg = 0.
A Killing vector field is necessarily an infinitesimal affine transformation, i.e. we
have Ly Vg = 0 as a consequence of Lxg = 0. Now we consider the Lie derivative
of F, (o = 1,2,...,n) with respect to the complete lift “X. Taking account of
(4.1), (5.1) and (5.2), we find

(Lex Fo)(Y70) = Loy (Fa(Y0) — Fo(Lx V6)

— §0Lox "G~ 51 (g L o (Lxh)) = o] [H[X, 6 +3 V5(x% o Ly Vi)
p=1

g™ o(Lx )] = 63 [ (Lx (97" 00) — g™ o (Lx)) (5-3)

n
= Loy ™Y = Fo("[X, Y]+ ) "3(X% o LxVY)
B=1

= Lox"Y =" (go [X,Y])+ > 05" (g7' XP o LxVY) (5.4)
B=1

n
=" (Lx(goY)—goLxY)+» 63" (g7 X" o LxVY).
B=1
Let now X be a Killing vector field (Lxg = 0). Then by virtue of LxV = 0,

from (5.3) and (5.4), we have LeyF, = 0, a = 1,2,...,n, i.e. X is para-
holomorphic with respect to each F,,. Hence, we have
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Theorem 5.1. Let (M, g) be a Riemannian manifold and let (F*(M),%g, F,,) be
para-Nordenian manifold for each o = 1,2,...,n. Then the complete lift X of
vector field X € (M) to F*(M) is almost para-holomorphic vector field with
respect to the each almost para-Nordenian structure (Fa,sg), if X is a Killing
vector field on a Riemannian manifold (M, g).

6. Integrability of para-Nordenian structures on (F*(M),%g))

In this section, we study the integrability of almost para-Nordenian structure Fy,
for each o = 1,2,...,n, on (F*(M),Sg)). We assume that V is a Levi-Civita
connection of a Riemannian metric g. Denoting by Ng, the Nijenhuis tensor of
F,, we have

Np, (X,Y) = [FoX,F,Y] — Fo[Fu X, Y] — Fu[X, F,Y] 4 [X,Y] (6.1)
for all X, Y € S§(F*(M)). Then taking account of (2.6) and (6.1), we obtain
Ne. X0y = [F,2X, F,L2Y] — F [F,2 X 2y
—F X, F Y+ X By = [Va X Voy] — F, [ X, Y]

—F X,y + HX Y] + En: Vi(XP o R(X,Y))
B=1

= F,(VyX) — F,Y(VxY)+ 7[X, Y] + an Va(XP o R(X,Y))
B=1

=00 (Vy X = VxY) + 71X, Y]+ ) VP (XP o R(X,Y))
B=1

=> Y (XPoR(X,Y)),
B=1
Ne (X, Vow) = [F,LH X, F,Vew] — Fu[F X, Vo]
—FBX, F,Vew] + [HX,Vew] = [VoX,60H5) — F, [ X, V5w
—F, [ X, 687 5) + Vo (Vxw) = 02 [V X, B o] 4+ V5 (Vxw)

—5F (M [X, @) + Zn: (X7 o R(X,®))) = 65" (Ve X)
~y=1
+Y5(Vxw) — 65V (g0 [X,@]) — 65 Zn: M (g7 X7 o R(X,@))
v=1
=-"3(go Ve X)+ (g0 Vx®) — (g0 [X,@))

S ZH:QH(Q‘IX” o R(X,@)) = ""(g o [X,d]) - (g0 [X,a])
y=1

= —83 M (g7 X7 0 R(X,@)),
y=1
Ne, (Vew,V0) = [F, 5w, F,V70) — Fu[F, 5w, V6]
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—Fo[YBw, F, V0] 4 [Vow, V0] =[085 5, 5271 6]
—Fo 6810, V20] — F,[Vow, 605 0] = 6557w, 6]

—0PF (B, V0] — 60 Fu[Vow, 6] = 6567 [, 0]

+806] Z (X7 0 R(@.0)) — 60Fa " (Vab)

+6LF,P (Viw) = 0567 (@ +55(5sz0 7o R(@,0))
—85021 (97" 0 V) + 6305 (97" o ng) = 6503, 0]

+0567 ) V7 (X7 0 R(@,0)) — 65527 (V)

+6708H (Va0) = 6867 Z V(X% o R(&,0))

for all X,Y € S§(M), w,0 € (M) and 1 S a<n.
From the above equations we conclude that Np, = 0 if and only if R(X,Y) =0
for all X,Y € S3(M). Therefore, we have

Theorem 6.1. Let (M,g) be a Riemannian manifold and F*(M) be its lin-
ear coframe bundle equipped with Sasakian metric °g. Then the almost para-
Nordenian manifold (F*(M),%g, Fy), for each a = 1,2,...,n, is para-Nordenian
if and only if R = 0.
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