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ITERATIVE CONTINUOUS COLLOCATION METHOD FOR
SOLVING NONLINEAR VOLTERRA INTEGRO-DIFFERENTIAL
EQUATIONS

AZZEDDINE BELLOUR AND KHAOULA ROUIBAH

Abstract. In this paper, an iterative collocation method is presented
for a class of nonlinear Volterra integro-differential equations. This iter-
ative collocation method is made by using a suitable continuous spline
polynomials. It is shown that this method is convergent. The results
are compared with the results obtained by other well-known numerical
methods to prove the effectiveness of the presented algorithm.

1. Introduction

In this paper, we study a numerical method for the solution of the following
nonlinear Volterra integro-differential equations,

2 (t) = f(t) + Q(t, z(t)) —i—/o K(t,s,x(s),2'(s))ds, t€I=1[0,T]

z(to) = 7o

(1.1)

where the functions f, (), K are sufficiently smooth. The existence and the unique-
ness of the solution of (1.1) can be found, for example, in [3]. The integro-
differential equations have become important in the mathematical modeling of
many field of sciences and engineering (see, e.g., [3, 12, 17]).

Recently, many numerical methods have been proposed to approximate the so-
lution of integro-differential equations. For example, Taylor collocation method,
Runge-Kutta methods, collocation method, Legendre collocation method, Haar
Wavelet method (cf, e.g. [1, 4, 5, 6, 8,9, 10, 11, 13, 17]).

The aim of this paper is to generalize the iterative continuous collocation method
in [14] for construct an iterative continuous approximate solution for equation
(1.1). In our method the approximate solution is explicit, direct and obtained by
using simple iterative formulas.

The main idea of the iterative collocation method is to obtain an explicit solution
without needed to solve any algebraic system. Many authors used this method to
solve the integral equations. L. Hacia [7], used the Iterative-Collocation Method
to solve integral equations of heat conduction problems, H. Brunner [2] applied
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the iterated collocation methods to approximate the solution for Volterra integral
equations with delay arguments. In [13, 15] the variational iteration method is
used to solve integral and integro-differential equations.

The outlines of this paper is as follows. In section 2, an iterative collocation
method has been used to construct an approximate solution for (1.1) in the con-
tinuous spline polynomials space S,(,?)(HN), the convergence analysis has been
given in section 3. Some numerical illustrations are provided in section 4.

2. Description of the collocation method
Let Iy be a uniform partition of the interval I = [0,7] with grid points
T
t, = nh, n =0,...,N — 1, where the stepsize is given by h = N Let the
collocation parameters be 0 < ¢ < ...... < ¢m < 1 and the collocation points
Cnm={thj=th+cjh,j=1,...,mn=0,..,N—1}
Define the subintervals oy, = [t, tnt1], and ony—1 = [tn—1,tN]-
Moreover, denote by 7, the set of all real polynomials of degree not exceeding
m.
We consider polynomial spline approximations u(t) of the exact solution z(t) in
the spline space
SOMy) = {ue CLR) : u, =u/oy € Tpyn=0,...,N —1,}.

This is the space of piecewise polynomials of degree at most m. Its dimension is
Nm + 1, the same as the number of collocation points.
We seek u € S (I1y) satisfies the collocation equation

u'(t) = f(t) + Q(t, u(t) /Ktsu u/'(s))ds, t €N,
u(to) = f(0).

In what follows, we consider two equivalent reformulations of problem (2.1) by

using the function w(t) = u'(t) € 5’( %(HN) Since wy,, € mpm,—1, it holds for
€ (0,1,

(2.1)

n—1 m 1 m H
U (tn + ph) = FO)+ 7Y > ( /Lv )dr)wp(tps) + B> ( /LU(T)dT)wn(tn,v),
p=0 v=1 0 v=1 0
(2.3)
m —
where Lj(p) = ll;[ 5 Ccll are the Lagrange polynomials associate with the pa-
J

rameters ¢j,j = 1,...,m. By using (2.3), the collocation equation (2.1) may be
rewritten as the following nonlinear Volterra integro-differential equation with
respect to w.

wp(t) = f(t) + Q(t, £(0) +/0 w(r)dr) —l—/o K(t,s, f(0)+ /Osw(r)dr,w(s))ds
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Hence, for each j = 1,...,m,n = 0,..,N — 1, wy,(t,;) satisfies the following
nonlinear system,

n—1 L ¢
W (tng) =f(tng) + Q | tng, FO) + 1 / wy(t, + Th)dT + h / Wy (t, + Th)dr
p=07p 0

1
+h2/0 K (tpj,tp + phy up(ty + ph), wp(ty + ph)) dp

Cj
+h / K (o js o + b, tn(bn + 1), wn(tn + ph)) dp,
0
(2.4)

Since the above system is nonlinear, we will use an iterative collocation solution
u? € SY (I,Tly),q € N, to approximate the exact solution of (1.1) such that

w (t, + ph) = ZL (2.5)
and
n—1 L m K
ul (t, + ph) = f(0)+h /Lv wi(tpw) + hz /LU(T)dT)w%(tn,v)v
p=00=0 v=0 §
(2.6)

where the coefficients wi (¢, ;) are given by the following formula:

—1 1 ci
W (b)) =Qtn s F0) +hY / w(ty + Thydr + h / w81 (b + TR)dT)
= Jo 0

+ f(tn;) +h Z/ K (tp g, tp + ph, ul(ty + ph), wi(t, + ph)) du

Cj
+h / K (bt + iy HE (b + i), w4, + ih)) di,
0
(2.7)

where,

v=0

m L m H
HY(t,+ph) = f(0)+h Z(/LU(T)dT tpo)th > /LU AT wI ™ ().
0 0

Such that the initial values wl(t, ;) belong in a bounded interval J.

Remark 2.1. The above formula is explicit and the approximate solution u? is
given without needed to solve any algebraic system.

In the next section, we will prove the convergence of the approximate solution
u? to the exact solution x of (1.1), moreover, the order of convergence is m for
all ¢ > m.
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3. Convergence analysis

In this section, we assume that the functions @) and K satisfy the following
Lipschitz conditions: there exist A; > 0 i =0, 1,2 such that
|Q(t, 21) — Q(t, 22)| < Aolz1 — 22|,
‘K(tv S, 21, yl) - K(t? Sa$27y2)| < A1|‘T1 - $2| + A2|y1 - y2|

The following lemma will be used in this section.

Lemma 3.1. [3] Let {k;}]_, be a given non-negative sequence and the sequence
{en} satisfies eqg < po and

n—1

En Spo-l-zki&i, n>1,
i—0

with pg > 0. Then &, can be bounded by

n—1

en < po €xp ij , n>1.
3=0

The following result gives the existence and the uniqueness of a solution for
the nonlinear system (2.4).

Lemma 3.2. For sufficiently small h, the nonlinear system (2.4) has a unique

solution u € SY,(I,Ty).

Proof. We will use the induction combined with the Banach fixed point theorem.
(i) On the interval og = [to,t1], the nonlinear system (2.4) becomes

Cj

wo(tos) =f(tos) +Q [ tog uo+ 1Y /Lv(T)dT wo(tow)

v=1 0
cj m h
J
+h/ K(toj.to + phyug + 1> _( /LU Ydr)wo(ton), (31
0 v=1 0
> Ly(w)wo(to))dp.
v=1

We consider the operator ¥ defined by:
v R™ — R™
= (21,0, ) —> V(z) = (Y1(2), ..., Y (2)),

such that for j = 1,...,m, we have
Ui(x) =f(to,;) +Q t0g7U0+hZ / T)dT | Y
o

¢j m m
+ h/ K | toj,to + ph,ug + h Z /LU(T)dT Ty, Z Ly(p)zy | du.
0 v=1 v=1
0
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Hence, for all xz,y € R™, we have
W (z) = ¥(y)[loo< hmb (Ag + A1 + A2) [l = ylloo,

where b = max{|L,(p)|,n € [0,1],v =1, ...,m}.
Since hmb (Ap + A; + Az) < 1 for sufficiently small i, then by Banach
fixed point theorem, the nonlinear system (3.1) has a unique solution on
the interval oy.

(ii) Suppose that u exists and unique on the intervals o;,7 = 0,...,n — 1 for
n > 1 and we show that u exists and unique on the interval o,.
On the interval o, the nonlinear system (2 4) becomes

Wy (tn i) =F (tn;) + Q | tnj, Gt +hz / 7)d7 | wn(tn.y)

0

—l—h/ K n],t —f—uh R(n] +h2/ )dT)wn(tnv)y
v=1 0

> Lu(p)waltn))dp.

v=1
where,

1
F(tn;) = f(tn;) + hZ/O K (tpj. tp + phup(ty + ph), wp(ty + ph)) dp.

1

n—1 m
G(tn, —|—hzz / T)dT | wp(tpo)-
p=0v=1 0

We consider the operator ¥ defined by:
v R™ — R™
= (21, .0y ) — V() = (V1 (2), ..., U (2)),

such that for j =1, ..., m, we have

Uj(x) =F(tn;) + Q tn,j,G(th)—i—hz / T)dT | Ty
v=1
m m
+h/ K(tnj, tn + pth, G(tn ;) +h2/ (r)dr)zy,  Lo(p)z)dp,
0 v=1

Hence, for all z,y € R™, we have
V() = ¥(y)|loo< hmb (Ao + A1 + A2) ||z — yl|oo,

Since hmb (Ag + A1 + A2) < 1 for sufficiently small h, then by Banach
fixed point theorem, the nonlinear system (2.4) has a unique solution u
on oy.

g

The following result gives the convergence of the approximate solution u to the
exact solution z.
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Theorem 3.1. Let f,Q), K be m times continuously differentiable on their respec-
tive domains. Then for sufficiently small h, the collocation solution u converges
to the exact solution z, and the resulting error function e := x — u satisfies:

€] ooy < CA™,
forv=20,1, where C is a finite constant independent of h.

Proof. Let y = 2’. Tt holds that

lta ) = 3 Ly (it ) + a0, enlie) = LD Ty (3.2)
j=1 =l

Hence,

n—1

Tty + p1h) —u0+hz
0

1 m m
/ ZL” T)Yp(tpw) +hmwn7’—c]d
0

p= v=1 7=1
I ¥ (1) T

+h/ > Ly(7)yn(tnw) hmT"HT—cJ dr
0 v=1 j=1

(3.3)

It follows that the errors £ = y—w and e = x—u have the following representation

At ) = ZL et + enli) entie) = U T ). (3.4

j=1
n—1 L m m
my
e(tn + ph) =h> / > Ly(1)&(tpe) + b H (T —¢j)
p=07 v=1 j=1
p - (3.5)
—l—h/ ZL fntnv)+hmy Cn HT—CJ dr
7j=1
where &, = ¢|,, and e, = ¢€|,,,.
On the other hand, from (2.4), we have
[€n(tng)] <hADD " 16p(tpa)|
p=0v=1
p—1 m
s (hzz 403 ) + Sl )
i=0 v=1
n—1 m m m
+hAD [ B Y 1G(tp) R Y 1€n(tnw)| + D [€n(tan)| | + ab™,
p=0v=1 v=1 v=1
(3.6)

where A = max{A4;,7=0,1,2} and « is a positive number.
We consider the sequence &, = max{|¢,(t,)| for n =0,...,N — 1.
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Then, from (3.6), &, satisfies for n =0,..., N — 1,

n n—1 p—1
&n <Ahbm Z & + hAbm <h Z &+ hép + §p>

p=0 p=0 i=0
n—1
+hAbm | b)Y &+ hén + & | + o™ (3.7)
p=0
n—1
<h Abm(2+37) Y &+ h Abm (T +2) &, + ah™.
aq p=0 a9

| _
Hence, for h < —, we have for all h € (0, h]
(&%)

n—1
[0 (6]

WS —— R —L .
é‘71*]1042 1*h0&2 pz;)gp

Then, by Lemma 3.1, for all n =0,...., N — 1

&n < @ hmexp< Toil )
1 — has 1 — has

Therefore, by using (3.4), we obtain
lle]| < mbmax{&,,n=0,...,.N — 1} + gh"™

T
gmb1 il exp( O%l >hm+ﬂhm

— hOéQ 1— a9
o Taoq
< [mb e — + B hm,
o ( 1—h042 Xp(l—ha2> B)
a3

where 3 is a positive number.
Therefore, by using (3.5), we obtain

n—1
lell < hmb>" & + hmb, +yh™ < 2mbTash™ + yh™,
p=0

where v is a positive number,
Thus, the proof is completed by taking C' = max(as, 2mbTasz + 7). O

The following result gives the convergence of the iterative solution u? to the
exacts solution z.

Theorem 3.2. Consider the iterative collocation solution u? defined by (2.5),
(2.6) and (2.7), then for any initial conditions (u')°(t, ;) = w(t,;) € J (J is
a bounded interval), the iterative collocation solution u? converges to the exact
solution x. Moreover, the following error estimates hold

[(u?)® — 2| < Ch™ 4 €' B84
forv=0,1, where C,C", 3 are finite constants independent of h and q.



106 AZZEDDINE BELLOUR AND KHAOULA ROUIBAH

Proof. We define the error &9, e, €7 and <% by £9(t) = wi(t) — y(t), el(t) =
ul(t) — x(t), e =wi(t) — w(t), ¢? =ui(t) — u(t) where u is defined by lemma
3.2.

We have, from (2.4) and (2.7), foralln =0,.... N —1land j=1,...m

n—1 m
€8 (tng)| <hAb | D3|l tpv|+2|s‘1 Yt
p=0 v=0
p—1 m
+hAbZ<hZZ|5 iw) !+h2|aq (tpw \+Z!€q P )
i=0 v=0
n—1 m
+hAb | BN el (ty, |+hZ|aq 1tmy+Z|aq Ytno)l |
p=0 v=0

(3.8)
Now, for each fixed ¢ > 1, we consider the sequence e}, = max{|e}(t,,)|v =

1...m}. It follows, from (3.8), that for n =0,...,. N — 1

n—1 n—1 p—1
el < hAbm Z ep + e=1 ) +hAbm Z (h Z el + hel + 5%)

p=0 p=0 =0
n—1
+hAbm | Y el + hel ! 447! (3.9)
p=0
n—1
< hAbm(2+3T) Y el +h Abm(2 +T) el
pZO \W_/

aq a2

We consider the sequence n? = max{e},n =0,....., N — 1} for ¢ > 1.
Then, from (3.9), we obtain

n—1
ey, < agh Z el + aghni™!. (3.10)
p=0
Hence, by Lemma 3.1, for all n =0, ..., N — 1
n? < agexp (i T) hn?™1 < B2h*n772 < ... < Bihin°
N————
B

Since, w®(t, ;) € J (bounded interval) and w is bounded by Lemma 3.2, then
there exists § > 0 such that ° < §, which implies that, for all ¢ > 1

n? < §B87R4.
Therefore, by using (2.2) and (2.5), we obtain
7)) < mbn? < mb 8RS,
d
Hence, by Theorem (3.1), we deduce that

1€ < Nle?]l + [lw — yl| < dB?h? + Ch™.
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On the other hand, from (2.3) and (2.6), we have
Is?] < 2T'mb||e?|| < 2T'mbdBIRI.
Finally, by using Theorem (3.1), we deduce that

el < [[<7)| + [lu — =[] < 2T'mbd 5*h7 + Ch™.
d/
Thus, the proof is completed by taking ¢’ = max(d,d’). O

4. Numerical Examples

In order to test the applicability of the presented method, we consider the
following examples with 7" = 1. These examples have been solved with various
values of N,m and ¢ = m. We used the collocation parameters ¢; = #ﬂ’ ]
1,...,m. In each example, we calculate the error between x and the iterative
collocation solution u™.

The absolute errors at the particular points are given to compare our solutions
with the solutions obtained by [16, 18].

The results in these examples confirm the theoretical results; moreover, the results
obtained by the present method is very superior to that obtained by the methods
in [16, 18].

Example 4.1. Consider the nonlinear Volterra integro-differential equation given
by

7' (t) = f(t) +/0 cos(t + s+ x(s) + 2'(s)) + ds, t €[0,1].

14 22(s)

with f is chosen so that the exact solution is x(t) = 2t + 5. The absolute errors
for (N,m) € {(2,3),(4,3),(4,4),(6,4)} at t = 0,0.1, ..., 1 are presented in Table
1. From the Table 1, we note that the absolute error reduces as N or m increases.

TABLE 1. Absolute errors for Example 4.1

t N=2 N =4 N =4 N=6
m=3 m=3 m=4 m =4
0 0.0 0.0 0.0 0.0
01]203E —4|148E -5 |440E —-7|4.99 E -8
02237TE —-4|173E-5|136E -6 |290 E —7
03223 E —4|494E -7 |143E —6|227TE —7
04|28 E -4 |78 E—-6|121E —-6|9.56 E —7
05[553E —-4|669E —5|855E —6|9.58 E —7
06 |107TE-3|617TE -5 |795E -6 | 830 E -7
07|112E -3 |543E -5 |746 E -6 | 760 E —7
08|1.14E -3|604E -5|724E —6|697TE —7
09[152E-3|690E -5 |6.36 E—6|3.84 E -7
1 271E -3 |138E —4|664E -7 433 E -7
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Example 4.2. Consider the nonlinear Volterra integro-differential equation given
by
, t cos(t) tsin(s)

O =10+ [ T R Tt
with f is chosen so that the exact solution is x(t) = 3cos(t) + 1. The absolute
errors for (N,m) € {(2,3), (4,3),(4,4),(6,4)} at t = 0,0.1, ..., 1 are presented in
Table 2. From the Table 2, we note that the absolute error reduces as N or m
increases.

ds, t € [0,1].

TABLE 2. Absolute errors for Example 4.2

t N =2 N =4 N =4 N=6
m=3 m=3 m=4 m =4

0 0.0 0.0 0.0 0.0
01|687E —-4|508E-5|133E -7|1.13 E -8
02|811E —4|517TE -5 |136 E —-7|4.96 E -8
03|813E —4|867TE —-5|564E —-7|6.11 E -8
04841 E —4|949E -5|6.16 E -7 |1.38 E —7
05|758E —4|941E -5 |746 E -7 | 161 E —7
06|128E -3 |137TE —4|143E -6 |244 E —7
07|/138E -3 |140E —4|146 E -6 |3.58 E —7
08139 E -3 |165E —4|238E —6|3.69 E —7
09141 E -3|1.71E —-4|247E -6 |5.06 E —7
1 135 E -3|169E —4|261E —-6|5.13 E —7

Example 4.3. Consider the nonlinear Volterra integro-differential equation given
by

¢
2'(t) = f(t) + /0 (tsarctan(s + x(s) + 2'(s)) + cos(t — s + z(s)))ds, t € [0,1].

with f is chosen so that the exact solution is x(t) = 2t + 1. The absolute errors
for (N,m) € {(2,2),(2,3),(4,3),(4,4)} at t = 0,0.1,...,1 are presented in Table
3. From the Table 3, we note that the absolute error reduces as N or m increases.

Example 4.4. ([16, 18]) Consider the linear Volterra integro-differential equation
given by

7' (t) =1 —/0 x(s)ds, t € [0,1].

with the initial conditions 2(0) = 0 and the exact solution z(t) = sin(t) . Here,
f(t) =1,9(t) =0,K(t,s) = —1.

The absolute errors for N = 6,10 and m =g =5 at t = 0,0.1, ..., 1 are displayed
in Table 4.

The numerical results of the absolute error function obtained by the present
method are compared in Table 4 with the absolute error function of the Taylor
method given in [16] and Bessel method [18] for an approximate polynomial
solutions of degree 5.
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TABLE 3. Absolute errors for Example 4.3

N =2
m=2

N =2
m=3

N =4
m=3

N =14
m=4

0.0

0.0

0.0

0.0

0.1

1.26 E —4

59.86 E —7

140 E -8

3.03 E -9

0.2

247E -4

1.58 E —6

5.66 E —8

811 E -9

0.3

361 E —4

342 E —6

1.00 E -7

149 E -9

0.4

4.70E —4

6.53 E —6

1.13 E -7

6.14 E -9

0.5

5.73E —4

1.13 E -5

147 E -7

2.00 E -9

0.6

5.66 E —4

1.13 E -5

143 E -7

216 E -9

0.7

563 E —4

1.11 E -5

141 E -7

1.01 E -8

0.8

5.66 E —4

1.06 E -5

131 E -7

4.96 E —10

0.9

5. 73 E —4

1.01 E -5

1.26 E -7

1.76 E —10

5.84 E —4

9.46 E —6

122 E -7

2.00 E -9

TABLE 4. Comparison of the absolute errors of Example 4.4

t Taylor method | Bessel method | Present method | Present method
[16] [18] N =6 N =10

0.0 0.0 0.0 0.0 0.0
0.1]2.00E —11 249 E -7 1.58 E -9 1.26 E —10
0.2]250E —9 4.02 E -7 5.45 E —10 9.50 E —11
0.3|433E -8 3.00E -7 2.71T E -9 2.61 E —10
04324 E -7 2056 E -7 8.90 E —10 1.08 E —10
0.5|1.54 E —6 283 E —7 5.60 E —9 2.04 E —10
0.6 |552E —6 3.7 E -7 720 E -9 496 E —12
0.711.62E -5 1.6 E -7 1.19 E -9 4.62 E —10
0.84.12E -5 1.81 E -7 1.36 E —10 5.00 E —10
0.9|938E —5 1.18 E —6 1.27E -9 1.72 E —10
1.0|1.95E —4 9.66 E —6 785 E -9 9.92 E —10

109

5. Conclusion

In this paper, we have used an iterative collocation method based on the La-
grange polynomials to construct continuous iterative numerical solutions for non-
linear Volterra integro-differential equations (1.1) in the spline space S,(T?) (Iy).
The main advantages of this method that, is easy to implement, has high order
of convergence and the coefficients of the approximation solution are determined
by using iterative formulas without the need to solve any system of algebraic
equations. Numerical examples showing that the method is convergent with a
good accuracy and the comparison of the results obtained by the present method
with the other methods reveals that the method is very effective and convenient.
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