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ON KOLMOGOROV TYPE INEQUALITIES FOR THE NORMS

OF OPERATORS OF INTERMEDIATE DERIVATIVES IN THE

SPACE OF SMOOTH VECTOR FUNCTIONS ON A FINITE

SEGMENT

HAMIDULLA I. ASLANOV AND GUNEL M. EYVAZLY

Abstract. The paper is devoted to the Kolmogorov type inequalities in
some spaces of smooth Sobolev type vector functions between the norms
of functions and their derivatives, more exactly, the operators of interme-
diate derivatives. The obtained estimations play in important role when
proving solvability of boundary value problems for operator-differential
equations on a finite segment. Sufficient conditions for solvability of
boundary value problems are expressed by means of the norm of the
operators of intermediate derivatives.

1. Introduction

First E.Landau and then J.Hadamard paid attention to the inequalities be-
tween the norms of functions and their derivatives [12]. Namely, for a twice
continuously differentiable function on all axis, an inequality between the norms
of a first order derivative and the norms of the function itself and second order
derivative was obtained. Further a number of authors have obtained such in-
equalities. The first more complete result was obtained by A.N.Kolmogorov [13],
who proved an exact inequality for n-times continuously differentiable functions
between the norms of derivatives of order k = 0, 1, ..., n− 1 and the norm of the
function itself and n-th order derivative.

Afterwards, a great number of papers were devoted to obtaining similar Kol-
mogorov inequalities in the space Lp (1 ≤ p <∞) on all axis, semi-axis and
on a finite segment. See the papers by V.V.Arestov [4], V.N.Gabushin [10],
S.B.Stechkin [20], N.P.Kuptsov [14], V.I.Burenkov [6] and others. One can find
abstract analogs of these inequalities in the book of J.L.Lions and E.Majenes [15]
and in the paper of Yu.I.Lyubich [16].

Let H be a separable Hilbert space, A be a positive-definite self-adjoint oper-
ator in H. Then it is proved that the space

Wm
2 ([a, b] ; H) =

{
u (t) : u(m) (t) ∈ L2 ( [a, b] ; H ) , Amu ∈ L2 ( [a, b] ; H )

}
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is a Hilbert space with respect to the norm,

‖u‖Wm
2 ( [a,b];H ) =

 b∫
a

(∥∥∥u(m) (t)
∥∥∥2 + ‖Amu‖2

)
dt

1/2

and we have the inequalities:∥∥∥An−ju(j)∥∥∥
L2( [a,b];H )

≤ Cn,j (a, b) ‖u‖Wm
2 ( [a,b];H ) (1.1)

j = 0, 1, 2, ..., n− 1. Here, all derivatives are understood in the sense of distribu-
tion theory, −∞ ≤ a ≤ b ≤ ∞.

The inequalities of the form (1.1) have applications in theory of elliptic bound-
ary value problems [1].

Note that when H = R, there is a great interest to such inequalities in con-
nection with their close relation to the problems of the best approximation of a
differentiation operator by bounded operators and also the best approximation
of a class of functions by other ones (see [6, 10, 20]).

The further interest to finding the exact values of the norms of operators of
intermediate derivatives, i.e. finding of the exact constants in inequalities (1.1),
is due to the fact that they have important applications in theory of solvability
of boundary value problems for operator-differential equations. Mirzoyev S.S.
[17, 18] was the first who paid attention to these applications.

In these works, it was indicated that finding the exact values of constants in
inequalities (1.1) enables to find a wider class of operator-differential equations
for which there are solvability theorems.

Important results of theory of operator-differential equations were obtained in
the papers of Gasymov M.G. [11], Dubinsky Yu.A. [7], Aliyev A.R. [2], Aliyev
V.A. [3], Aslanov G.I. [5], Shkalikov A.A. [19] and others.

2. Problem statement

Let H be a separable Hilbert space with a scalar product (x, y)H , where x, y ∈
H. Denote by L2 ( [0, 1] ; H ) a Hilbert space of all vector-functions determined
on [0, 1] with the values in H, that has the norm

‖f‖ =

(∫ 1

0
‖f (t)‖2H dt

)1/2

.

Let A be a self-adjoint positive-definite operator in H with the domain of
definition D (A). The domain of definition of the operator Ap (p ≥ 0) is a Hilbert
space Hp with respect to the scalar product (x, y)Hp

= (Apx,Apy)H , x, y ∈
D (Ap). For p = 0 we assume H0 = H, (x, y)H0

= (x, y)0, x, y ∈ H.
Let us determine the Hilbert space:

W 4
2 ( [0, 1] ; H ) =

{
u (t) : u(4) (t) ∈ L2 ( [0, 1] ; H ) , A4u (t) ∈ L2 ( [0, 1] ; H )

}
with the scalar product

(u, v)W 4
2 ( [0,1];H ) =

∫ 1

0

(
u(4) (t) , v(4) (t)

)
H
dt+

∫ 1

0

(
A4u (t) , A4v (t)

)
H
dt
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and with the norm

‖u‖2W 4
2 ( [0,1];H ) =

∥∥∥u(4) (t)
∥∥∥2
L2( [0,1];H )

+
∥∥A4u (t)

∥∥2
L2( [0,1];H )

From the theorem on traces [15], it follows that if u (t) ∈ W 4
2 ( [0, 1] ; H ) then

u(k) (0) ∈ H4−k− 1
2
, u(k) (1) ∈ H4−k− 1

2
, k = 1, 2, 3. Here and in the sequal, the

derivative u(k) ≡ dku
dtk

is understood in the sense of distributions theory.
Let us consider the following boundary value problem:

Lu =
d4u (t)

dt4
+A4u (t) +

4∑
j=0

A4−ju
(j) (t) = f (t) , t ∈ [0, 1] (2.1)

u (0) = u′ (0) = 0, u (1) = u′ (1) = 0 (2.2)

Here f (t) and u (t) are vector-functions determined almost everywhere in [0, 1]
with the values in H.

We will assume that the coefficients of equation (2.1) satisfy the following
conditions:

(1) A is a self-adjoint, positive-definite operator in the space H.
(2) The operator Bj = AjA

−j , j = 0, 4 are bounded operators in the space
H.

Definition 2.1. If the vector-function u (t) ∈ W 4
2 ( [0, 1] ; H ) satisfies the equa-

tion (2.1) almost everywhere in [0, 1] we call it a regular solution of equation
(2.1).

Definition 2.2. If for any f (t) ∈ L2 ( [0, 1] ; H ) there exists a regular solution
of equation (2.1), for which boundary conditions (2.2) are fulfilled in the sense

lim
t→+0

‖u (t)‖H7/2
= 0, lim

t→+0

∥∥u′ (t)∥∥
H5/2

= 0,

lim
t→1−0

‖u (t)‖H7/2
= 0, lim

t→1−0

∥∥u′ (t)∥∥
H5/2

= 0,

then the vector-function u (t) is called a regular solution of boundary value prob-
lem (2.1), (2.2).

Definition 2.3. If for all f (t) ∈ L2 ( [0, 1] ; H ) a boundary value problem has a
regular solution and the estimation

‖u‖W 4
2 ([0,1];H) ≤ c · ‖f‖L2([0,1];H)

is fulfilled, then boundary value problem (2.1)-(2.2) is said to be uniquely solvable
or regularity solvable.

In the space
◦
W

4

2 ([0, 1] ; H) we determine the following operators:

L0u =
d4u (t)

dt4
+A4u (t) , u (t) ∈

◦
W

4

2 ([0, 1] ; H)

L1u =

4∑
j=0

A4−ju
(j) (t) , u (t) ∈

◦
W

4

2 ([0, 1] ; H)
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In the papers [19, 20] it is shown that the operator L0 realizes an isomorphism

of the space
◦
W

4

2 ([0, 1] ; H) onto the space L2 ([0, 1] ; H) and the operator L−10 :

L2 ([0, 1] ; H)→
◦
W

4

2 ([0, 1] ; H) is a bounded operator.
For proving the theorem on a regular solvability of problem (2.1)-(2.2) the

following theorem on Kolmogorov type inequalities for intermediate derivatives

of functions from the class
◦
W

4

2 ([0, 1] ; H) plays an important role.

3. Main results

The main result of this paper is the following theorem.

Theorem 3.1. Let the condition 1) be fulfilled and A ≥ 0. Then for all u (t) ∈
◦
W

4

2 ([0, 1] ; H) we have the following inequalities∥∥A4u
∥∥
L2([0,1];H)

≤ c0 · ‖L0u‖L2([0,1];H) (3.1)∥∥A3u′
∥∥
L2([0,1];H)

≤ c1 · ‖L0u‖L2([0,1];H) (3.2)∥∥A2u′′
∥∥
L2([0,1];H)

≤ c2 · ‖L0u‖L2([0,1];H) (3.3)∥∥Au′′′∥∥
L2([0,1];H)

≤ c3 · ‖L0u‖L2([0,1];H) (3.4)∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

≤ c4 · ‖L0u‖L2([0,1];H) (3.5)

where c0 = c4 = 1, c2 = 1
2 , c1 = 1√

2
, c3 =

√
3 + 1 + 1

2

√
10
(
2 +
√

3
)
.

Proof. For u (t) ∈
◦
W

4

2 ([0, 1] ; H) we have the equality

‖L0u‖2L2([0,1];H) =

∥∥∥∥d4udt4 +A4u

∥∥∥∥2
L2([0,1];H)

=

=

∥∥∥∥d4udt4
∥∥∥∥2
L2([0,1];H)

+
∥∥A4u

∥∥2
L2([0,1];H)

+ 2Re

(
d4u

dt4
, A4u

)
L2([0,1];H)

.

On the other hand, integrating by parts we have(
d4u

dt4
, A4u

)
L2([0,1];H)

=

∫ 1

0

(
d4u (t)

dt4
, A4u (t)

)
dt =

(
A

1
2u′′′ (t) , A

7
2u (t)

)∣∣∣1
0
−

−
(
A

3
2u′′ (t) , A

5
2u′ (t)

)∣∣∣1
0

+ 2

∫ 1

0

(
A2u′′ (t) , A2u′′ (t)

)
dt =

=
(
A

1
2u′′ (t) , A

7
2u (t)

)∣∣∣1
0
−
(
A

2
5u′′ (t) , A

2
5u′ (t)

)∣∣∣1
0

+ 2
∥∥A2u′′ (t)

∥∥2
L2([0,1];H)

.

Since u (t) ∈
◦
W

4

2 ([0, 1] ; H), u (0) = u′ (0) = u (1) = u′ (1) = 0, therefore

‖L0u‖2L2([0,1];H) =

=

∥∥∥∥d4udt4
∥∥∥∥2
L2([0,1];H)

+
∥∥A4u

∥∥2
L2([0,1];H)

+ 2

∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

. (3.6)
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Hence we have ∥∥A4u
∥∥
L2([0,1];H)

≤ ‖L0u‖L2([0,1];H) ,∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

≤ ‖L0u‖L2([0,1];H) .

Thus inequalities (3.1) and (3.5) are proved.
Now we prove inequality (3.3).

It follows from inequality (3.6) for u (t) ∈
◦
W

4

2 ([0, 1] ; H) that

‖L0u‖2L2([0,1];H) = ‖u‖2W 4
2 ([0,1];H) + 2

∥∥∥∥Ad2udt2
∥∥∥∥
L2([0,1];H)

.

Therefore,

‖u‖2W 4
2 ([0,1];H) = ‖L0u‖2L2([0,1];H) − 2

∥∥∥∥Ad2udt2
∥∥∥∥2
L2([0,1];H)

. (3.7)

On the other hand we have∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

=

∫ 1

0

(
A2d

2u (t)

dt2
, A2d

2u (t)

dt2

)
dt.

Taking into account that u (0) = u (1) = u′ (0) = u′ (1) = 0 after integration
by parts we obtain∥∥∥∥A2d

2u

dt2

∥∥∥∥2
L2([0,1];H)

=
(
A

5
2u′ (t) , A

3
2u′′ (t)

)∣∣∣1
0
−
(
A

7
2u (t) , A

1
2u′′′ (t)

)∣∣∣1
0

+

+

∫ 1

0

(
A4u (t) , u(IV ) (t)

)
dt =

[(
A

5
2u′ (1) , A

3
2u′′ (1)

)
−
(
A

5
2u′ (0) , A

3
2u′′ (0)

)]
−

−
[(
A

7
2u (1) , A

1
2u′′′ (1)

)
−
(
A

7
2u (0) , A

1
2u′′′ (0)

)]
+

+

∫ 1

0

(
A4u (t) , u(IV ) (t)

)
dt =

(
A4u (t) ,

d4u

dt4

)
L2([0,1];H)

.

Applying the Cauchy inequality we obtain∥∥∥∥Ad2udt2
∥∥∥∥2
L2([0,1];H)

≤

∣∣∣∣∣
(
A4u,

d4u

dt4

)
L2([0,1];H)

∣∣∣∣∣ ≤ ∥∥A4u
∥∥
L2([0,1];H)

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

<

<
1

2

(∥∥A4u
∥∥2
L2([0,1];H)

+

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

)
=

1

2
‖u‖2W2([0,1];H)

Then from equality (3.7) we obtain

1

2
‖u‖2W 4

2 ([0,1];H) =
1

2
‖L0u‖2L2([0,1];H) −

∥∥∥∥Ad2udt2
∥∥∥∥ ≥ ∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

Hence ∥∥∥∥A2d
2u

dt2

∥∥∥∥2
L2([0,1];H)

≤ 1

2
‖L0u‖2L2([0,1];H)
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i.e. ∥∥∥∥A2d
2u

dt2

∥∥∥∥2
L2([0,1];H)

≤ 1

4
‖L0u‖2L2([0,1];H) .

Consequently, ∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

≤ 1

2
‖L0u‖L2([0,1];H) .

Thus, inequality (3.3) is proved.
Now we prove inequality (3.2).

Let u (t) ∈
◦
W

4

2 ([0, 1] ; H). Applying integration by parts and having in view
the condition, u (0) = u (1) = u′ (0) = u′ (1) = 0 we get∥∥∥∥A3du

dt

∥∥∥∥2
L2([0,1];H)

=

∫ 1

0

(
A3du

dt
, A3du

dt

)
H

dt =
(
A

7
2u (t) , A

5
2u′ (t)

)∣∣∣1
0
−

−
∫ 1

0

(
A4u (t) , A2d

2u

dt2

)
H

dt =
(
A

7
2u (1) , A

5
2u (1)

)
−
(
A

7
2u (0) , A

5
2u (0)

)
−

−
∫ 1

0

(
A4u (t) , A2d

2u

dt2

)
H

dt = −
(
A4u,A2d

2u

dt2

)
L2([0,1];H)

.

Hence we have∥∥∥∥A3du

dt

∥∥∥∥
L2([0,1];H)

≤
∥∥A4u

∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

.

If we use inequalities (3.1), (3.3), we obtain that∥∥∥∥A3du

dt

∥∥∥∥2
L2([0,1];H)

≤ ‖L0u‖L2([0,1];H) ·
1

2
‖L0u‖L2([0,1];H) ≤

1

2
‖L0u‖2L2([0,1];H) .

Hence ∥∥∥∥A3du

dt

∥∥∥∥
L2([0,1];H)

≤ 1√
2
‖L0u‖L2([0,1];H) .

Thus, inequality (3.2) is proved.
Now we prove inequality (3.4).

For u (t) ∈
◦
W

4

2 ([0, 1] ; H) we have∥∥∥∥Ad3u (t)

dt3

∥∥∥∥2
L2([0,1];H)

=

∫ 1

0

(
A
d3u (t)

dt3
, A

d3u (t)

dt3

)
H

dt =
(
A

5
2u′′ (t) , A

1
2u′′′ (t)

)∣∣∣1
0
−

−
∫ 1

0

(
A2d

2u (t)

dt2
,
d4u (t)

dt4

)
H

dt =
(
A

5
2u′′ (1) , A

1
2u′′′ (1)

)
−

−
(
A

5
2u′′ (0) , A

1
2u′′′ (0)

)
−
(
A2d

2u

dt2
,
d4u

dt4

)
L2([0,1];H)

.

Hence we have∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

≤
∥∥∥A 5

2u′′ (1)
∥∥∥ · ∥∥∥A 1

2u′′′ (1)
∥∥∥+



ON KOLMOGOROV TYPE INEQUALITIES FOR THE NORMS OF OPERATORS . . . 149

+
∥∥∥A 5

2u′′ (0)
∥∥∥ · ∥∥∥A 1

2u′′′ (0)
∥∥∥+

∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

·
∥∥∥∥d4udt4

∥∥∥∥
L2([0,1];H)

.

Applying the Cauchy inequality, we obtain that∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

≤ 1

2

(∥∥∥A 5
2u′′ (1)

∥∥∥2 +
∥∥∥A 1

2u′′′ (1)
∥∥∥2)+

+
1

2

(∥∥∥A 5
2u′′ (0)

∥∥∥2 +
∥∥∥A 1

2u′′′ (0)
∥∥∥2)+

1

2

∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

+

+
1

2

∥∥∥∥d4udt4
∥∥∥∥2
L2([0,1];H)

≤ 1

2

(∥∥∥A 5
2u′′ (1)

∥∥∥2 +
∥∥∥A 1

2u′′′ (1)
∥∥∥2)+

+
1

2

(∥∥∥A 5
2u′′ (0)

∥∥∥2 +
∥∥∥A 1

2u′′′ (0)
∥∥∥2)+

1

2
‖u‖W 4

2 ([0,1];H) .

From inequality (3.7) it follows that

‖u‖W 4
2 ([0,1];H) ≤ ‖L0u‖L2([0,1];H) .

Therefore for τ > 0 we have∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

≤ τ

2

(∥∥∥A 5
2u′′ (1)

∥∥∥2 +
1

2τ

∥∥∥A 1
2u′′′ (1)

∥∥∥2)+

+
τ

2

(∥∥∥A 5
2u′′ (0)

∥∥∥2 +
1

2τ

∥∥∥A 1
2u′′′ (0)

∥∥∥2)+
1

2
‖L0u‖2L2([0,1];H) . (3.8)

Note that if u (t) ∈
◦
W

4

2 ([0, 1] ; H), then d3u
dt3
∈ L2 ([0, 1] ; H).

Thus tu′′′ (t) ∈ L2 ([0, 1] ; H) , t ∈ [0, 1] .
Then we can easily see that∥∥∥A 1

2u′′′ (t)
∥∥∥2 = 2Re

∫ 1

0

(
d4u (t)

dt4
, tA

d3u (t)

dt3

)
dt+

∥∥∥A 1
2u′′′ (t)

∥∥∥2
L2([0,1];H)

(3.9)

Indeed, ∫ 1

0

(
d4u

dt4
, tA

d3u (t)

dt3

)
dt =

(
A

1
2u′′′ (t) , tA

1
2u′′′ (t)

)∣∣∣1
0
−

−
∫ 1

0

(
A

1
2
d3u

dt3
, A

1
2
d3u

dt3

)
H

dt−
∫ 1

0

(
A
d3u

dt3
, t
d4u

dt4

)
dt =

=
(
A

1
2u′′′ (1) , A

1
2u′′′ (1)

)
−
(
A

1
2u′′′ (0) , 0 ·A

1
2u′′′ (0)

)
−

−
∫ 1

0

(
A
d3u

dt3
, A

d3u

dt3

)
H

dt−
∫ 1

0

(
tA
d3u

dt3
,
d4u

dt4

)
dt

or (
d4u

dt4
, tA

d3u (t)

dt3

)
L2([0,1];H)

=
∥∥∥A 1

2u′′′ (1)
∥∥∥2 − (tAd3u (t)

dt3
,
d4u

dt4

)
L2([0,1];H)

.

Hence we have∥∥∥A 1
2u′′′ (1)

∥∥∥2 = 2Re

(
d4u

dt4
, tA

d3u (t)

dt3

)
L2([0,1];H)

+
∥∥∥A 1

2u′′′ (1)
∥∥∥2
L2([0,1];H)

.
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Now we show that ∥∥∥A 1
2u′′′ (0)

∥∥∥2 =

= 2Re

∫ 1

0

(
d4u

dt4
, (1− t)Ad

3u (t)

dt3

)
H

dt+

∥∥∥∥A 1
2
d3u

dt3

∥∥∥∥2
L2([0,1];H)

. (3.10)

Note that if u (t) ∈
◦
W

4

2 ([0, 1] ; H), then for 0 < t < 1,(1− t)Ad3u
dt3
∈ L2 ([0, 1] ; H) .

By means of integration by parts, we have∫ 1

0

(
d4u

dt4
, (1− t)Ad

3u

dt3

)
H

dt =
(
A

1
2u′′′ (t) , (1− t)A

1
2u′′′ (t)

)∣∣∣1
0
−

−
∫ 1

0

(
d3u

dt3
, A

d3u

dt3

)
dt−

∫ 1

0

(
A
d3u

dt3
, (1− t) d

4u

dt4

)
dt =

=
(
A

1
2u′′′ (1) , 0 ·A

1
2u′′′ (1)

)
−
(
A

1
2u′′′ (0) , A

1
2u′′′ (0)

)
+

+

∫ 1

0

(
d3u

dt3
, A

d3u

dt3

)
H

dt−
∫ 1

0

(
(1− t)Ad

3u

dt3
,
d4u

dt4

)
dt =

= −
∥∥∥A 1

2u′′′ (0)
∥∥∥2 − ∫ 1

0

(
(1− t)Ad

3u

dt3
,
d4u

dt4

)
H

dt+

∥∥∥∥A 1
2
d3u

dt3

∥∥∥∥2
L2([0,1];H)

.

Hence we have∫ 1

0

(
d4u

dt4
, (1− t)Ad

3u

dt3

)
H

dt+

∫ 1

0

(
(1− t)Ad

3u

dt3
,
d4u

dt4

)
dt = −

∥∥∥A 1
2u′′′ (0)

∥∥∥2
i.e. ∥∥∥A 1

2u′′′ (0)
∥∥∥2 = −2Re

∫ 1

0

(
d4u

dt4
, (1− t)Ad

3u

dt3

)
dt+

∥∥∥∥A 1
2
d3u

dt3

∥∥∥∥
L2([0,1];H)

.

Thus we obtain that equality (3.10) is valid.
Now we prove the following equalities∥∥∥A 3

2u′′ (1)
∥∥∥2 = 2Re

∫ 1

0

(
A
d3u

dt3
, tA2d

2u

dt2

)
dt+

∥∥∥∥A 3
2
d2u

dt2

∥∥∥∥
L2([0,1];H)

(3.11)

and∥∥∥A 3
2u′′ (0)

∥∥∥2 = 2Re

∫ 1

0

(
A
d3u

dt3
, (1− t)Ad

2u

dt2

)
dt+

∥∥∥∥A 3
2
d2u

dt2

∥∥∥∥
L2([0,1];H)

. (3.12)

Let u (t) ∈
◦
W

4

2 ([0, 1] ; H). Then we have∫ 1

0

(
A
d3u

dt3
, tA2d

2u

dt2

)
dt =

(
A
d2u

dt2
, tA2d

2u

dt2

)∣∣∣∣1
0

−

−
∫ 1

0

(
A
d2u

dt2
, A2d

2u

dt2

)
dt−

∫ 1

0

(
tA2d

2u

dt2
, A

d3u

dt3

)
dt =

=
(
Au′′ (1) , tA2u′′ (1)

)
−
(
Au′′ (0) , 0 ·A2u′′ (0)

)
−

−
∫ 1

0

(
A

3
2
d2u

dt2
, A

3
2
d2u

dt2

)
dt−

∫ 1

0

(
tA2d

2u

dt2
, A

d3u

dt3

)
dt .
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Hence we have∫ 1

0

(
A
d3u

dt3
, tA2d

2u

dt2

)
dt =

∫ 1

0

(
tA2d

2u

dt2
, A

d3u

dt3

)
dt+

+
∥∥∥A 3

2u′′ (1)
∥∥∥2 − ∫ 1

0

(
A

3
2
d2u

dt2
, A

3
2
d2u

dt2

)
dt

or ∥∥∥A 3
2u′′ (1)

∥∥∥2 = 2Re

∫ 1

0

(
A
d3u

dt3
, tA2d

2u

dt2

)
dt+

∥∥∥∥A 3
2
d2u

dt2

∥∥∥∥
L2([0,1];H)

.

Equality (3.11) is proved.

Let us prove equality (3.12). Let u (t) ∈
◦
W

4

2 ([0, 1] ; H)∫ 1

0

(
A
d3u

dt3
, (1− t)A2d

2u

dt2

)
dt =

(
A

3
2u′′ (t) , (1− t)A

3
2u′′ (t)

)∣∣∣1
0
−

−
∫ 1

0

(
A
d2u

dt2
, A2d

2u

dt2

)
dt = −

∫ 1

0
(1− t)

(
A2d

2u

dt2
, A

d3u

dt3

)
dt .

Hence we have∫ 1

0

(
A
d3u

dt3
, (1− t)A2d

2u

dt2

)
dt+

∫ 1

0

(
(1− t)A2d

2u

dt2
, A

d3u

dt3

)
dt =

=
(
A

3
2u′′ (1) , 0 ·A

3
2u′′ (1)

)
−
(
A

3
2u′′ (0) , A

3
2u′′ (0)

)
+

∫ 1

0

(
A

3
2
d2u

dt2
, A

3
2
d2u

dt2

)
dt .

or ∥∥∥A 3
2u′′ (0)

∥∥∥2 = 2Re

∫ 1

0

(
A
d3u

dt3
, (1− t)A2d

2u

dt2

)
dt+

∥∥∥∥A 3
2
d2u

dt2

∥∥∥∥
L2([0,1];H)

.

Equality (3.12) is proved.
From equality (3.9) we obtain that∥∥∥A 1
2u′′′ (1)

∥∥∥2 ≤ 2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥tAd3udt3

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥A− 1
2A

d3u

dt3

∥∥∥∥
L2([0,1];H)

≤

≤ 2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+
∥∥∥A− 1

2

∥∥∥2 · ∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

. (3.13)

Since A ≥ E, then
∥∥∥A− 1

2

∥∥∥2 ≤ 1. Therefore,∥∥∥A 1
2u′′′ (1)

∥∥∥2 ≤ 2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

.

From equality (3.10) we have∥∥∥A 1
2u′′′ (0)

∥∥∥2 ≤ 2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥(1− t)Ad

3u

dt3

∥∥∥∥
L2([0,1];H)

+

+
∥∥∥A− 1

2

∥∥∥ · ∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

≤ 2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

×

×
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

. (3.14)
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From equality (3.11) it follows that∥∥∥A 3
2u′′ (1)

∥∥∥2 ≤ 2

∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥A− 1
2 ·Ad

2u

dt2

∥∥∥∥2
L2([0,1];H)

≤

≤ 2

∥∥∥∥Ad3udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥A2d
2u

dt2

∥∥∥∥2
L2([0,1];H)

. (3.15)

In the similar way we get∥∥∥A 3
2u′′ (0)

∥∥∥2 ≤ 2

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥A− 1
2A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

≤

≤ 2

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

. (3.16)

Taking into account inequalities (3.13)-(3.16) in inequality (3.8) for τ > 0 we
get ∥∥∥∥Ad3udt3

∥∥∥∥2
L2([0,1];H)

≤

≤ τ

2

(
2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

)
+

+
τ

2

(
2

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

)
+

+
1

2τ

(
2

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad2udt2
∥∥∥∥
L2([0,1];H)

)
+

+
1

2τ

(
2

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad2udt2
∥∥∥∥
L2([0,1];H)

)
=

= 2τ

∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

+

+
2

τ

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

·
∥∥∥∥A2d

2u

dt2

∥∥∥∥
L2([0,1];H)

+
1

τ

∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

. (3.17)

Taking into account ∥∥∥∥d4udt4
∥∥∥∥
L2([0,1];H)

≤ ‖L0u‖L2([0,1];H)

and ∥∥∥∥A2d
2u

dt2

∥∥∥∥
L2([0,1];H)

≤ 1

2
‖L0u‖L2([0,1];H)

from inequality (3.17) we get∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

≤ 2τ

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

·‖L0u‖L2([0,1];H)+τ

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

+

+
1

τ

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

· ‖L0u‖L2([0,1];H) +
1

4τ
‖L0u‖2L2([0,1];H) +
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+
1

2
‖L0u‖2L2([0,1];H) +

1

2
‖L0u‖2L2([0,1];H) .

Hence, for τ < 1 we have

(1− τ)

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

≤
(

2τ +
1

τ

)
‖L0u‖L2([0,1];H) +

+

(
1

4τ
+

1

2

)
‖L0u‖2L2([0,1];H) .

For τ < 1
∥∥∥Ad3u

dt3

∥∥∥ satisfies the inequality∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

≤
2τ + 1

τ

1− τ
‖L0u‖L2([0,1];H)×

×
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

+
1
4τ + 1

2

1− τ
‖L0u‖2L2([0,1];H) .

Denote by ϕ (τ) the function

ϕ (τ) =
2τ + 1

τ

1− τ
=

2τ2 + 1

τ (1− τ)
, τ ∈ (0, 1)

and find minimal value ϕ (τ).

ϕ′ (τ) =
4τ
(
τ − τ2

)
−
(
2τ2 + 1

)
(1− 2τ)

(τ − τ2)2
=

2τ2 + 2τ − 1

(τ − τ2)2
.

From the equation 2τ2 + 2τ − 1 = 0 we find τ = −1+
√
3

2 .

At τ = −1+
√
3

2 for
∥∥∥Ad3u

dt3

∥∥∥
L2([0,1];H)

we get the inequality

∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

≤
2 ·
(√

3−1
2

)2
+ 1

√
3−1
2 −

(√
3−1
2

)2 · ∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

×

×‖L0u‖2L2([0,1];H) + +

((
1

2
+

1

4
· 2√

3− 1

)
· 1

1−
√
3−1
2

)
· ‖L0u‖2L2([0,1];H)

or ∥∥∥∥Ad3udt3
∥∥∥∥
L2([0,1];H)

≤
2 · 4−2

√
3

4 + 1
√
3−1
2 − 4−2

√
3

4

·
∥∥∥∥Ad3udt3

∥∥∥∥2
L2([0,1];H)

· ‖L0u‖2L2([0,1];H) +

+

(
1

2
+

√
3 + 1

4

)
· 2

3−
√

3
· ‖L0u‖2L2([0,1];H) .

Hence we have∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

≤ 2
(√

3 + 1
)
·
∥∥∥∥Ad3udt3

∥∥∥∥
L2([0,1];H)

· ‖L0u‖L2([0,1];H) +

+
2 +
√

3

2
· ‖L0u‖2L2([0,1];H) .
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We can rewrite this inequality in the following form(∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

−
(√

3 + 1
)
· ‖L0u‖L2([0,1];H)

)2

≤

≤
(√

3 + 1
)
· ‖L0u‖2L2([0,1];H) +

2 +
√

3

2
· ‖L0u‖2L2([0,1];H) .

Hence we finally have∥∥∥∥Ad3udt3
∥∥∥∥2
L2([0,1];H)

≤

(
√

3 + 1 +
1

2

√
10
(

2 +
√

3
))
· ‖L0u‖L2([0,1];H) .

Thus, the theorem is completely proved. �

Remark 3.1. It is easy to see that c3 =
√

3 + 1 + 1
2

√
10
(
2 +
√

3
)
< 6.

Remark 3.2. As can be seen from the proof of the theorem, when obtaining
inequalities (3.1), (3.2), (3.3) and (3.5) the condition A ≥ E is not used, but when
proving inequality (3.4) this condition is used. Thus, the values c0, c1, c2, c4 are
universal i.e. they are independent of the operator A. Only c3 is not universal
and depends on the operator A.
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