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NONLINEAR WAVE EQUATIONS WITH NONLINEAR
TRANSMISSION ACOUSTIC CONDITION

SEVDA E. ISAYEVA

Abstract. In this paper we consider a mixed problem for nonlinear wave
equations with nonlinear transmission acoustic condition. We prove a
theorem on local existence and uniqueness of solutions for this problem
by using the Faedo-Galerkin approximations combined with a contrac-
tion mapping theorem.

1. Introduction

Let © be a bounded domain in R"(n > 1) with smooth boundary I';, Q2 C Q
be a subdomain with smooth boundary I'; and ©; = Q\(£22UI'2) be a subdomain
with boundary I' = I'y UT'9, I’y N T’y = (). The nonlinear transmission acoustic
problem considered here is

Ut — Au + ‘ut’ql_l Ut = f (u) in Q1 X (Oa OO), (11)
Utt — Av + |Ut|q2_1 UVt =g (U) in QZ X (0,00) ) (12)
Méy + Déy + K§ = —uz on I'y x (0,00), (1.3)
u=0 on I'y x (0,00), (1.4)
0 0

u:U,a—Z—a—Z+p(ut):5t on Ty x (0,00), (1.5)
u($70):u0 (JZ‘), Ut (.’L’,O) =u (.%'), z €, (16)
v (z,0) =vg (z), v (2,0) = vy (2), x € Ny, (1.7)

0 0
6(2,0) =80 (2), 8 (2,0) = 52 = Z2 4+ p(w) =61 (a), v €Ty (L)

where v is the unit outward normal vector to T'; f, g, p : (—o0, +00) = (—00, +00),
M,D,K : Ty — (=00, 4+00) , ug,uy : Q1 — (—00, +00), v, v1 : Qg — (—00, +00),
dp : 'y — (—o0, +00) are given functions; ¢; > 1,7 = 1,2 are constants.

The problems like (1.1)-(1.8), called transmission acoustic problems, are related
to the problem of two wave equations, which models the transverse acoustic
vibrations of the membrane composed by two different materials 21 and €s.

Transmission problems were studied, for example, in [3, 4, 5, 13, 26, 28, 31].
The transmission problem to hyperbolic equations was investigated by Dautray
and Lions [13] who proved the existence and regularity of solutions for the linear
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problem. Bae [4] studied the transmission problem, in which one component is
clamped and the other is in a viscoelastic fluid producing a dissipation mechanism
on the boundary, and established a decay result.

Aliev and Mammadhasanov [3] studied the initial boundary value problem on
longitudinal impact on a composite linear viscoelastic bar and established a well-
posedness result by the method of dynamic regularization of transmission and
boundary conditions.

The acoustic boundary conditions were studied in [6, 7, 8, 9, 10, 12, 14, 15, 16,
17, 18, 19, 20, 22, 23, 24, 25, 29, 30, 32, 33, 34]. A mixed problem for wave equa-
tion with nonlinear acoustic boundary conditions was considered by Gao, Liang,
Xiao [20], Graber [22, 23]. Graber and Said-Houari [24] studied the stability of
a structural acoustic wave equation with semilinear porous acoustic boundary
conditions and obtained several results in local existence, global existence, the
decay rate and blow up results.

The problems like (1.1)-(1.8) with linear acoustic conditions were studied in
[1, 2] in which some results in local existence, global existence, the exponential
stability and blow up results were obtained.

In this paper we prove the theorem on local existence and uniqueness of so-
lutions for the problem (1.1)-(1.8) by using the Faedo-Galerkin approximations,
the compactness method and the fixed point theorem.

Our paper is organized as follows. In section 2 we introduce some notations,
preliminaries and statement of well-posedness result for the problem (1.1)-(1.8),
which is proved in section 3.

2. Preliminaries and main result

The inner product and norm in L?(€;), i = 1,2 and L?*(T3) are denoted
respectively, by
1/2
o) = [u@)v@ds, Jul, = | [@@)Pd] | i=12,
Q,‘ i

1/2

/ 5 (@)8 @), 8], = | [ (6 (w))dr

2

H' (), i = 1,2 are the usual real Sobolev spaces of first order. We define a
closed subspace of the H' (€;) as

HE () = {ue H () 19 (u) =0 aeon Ty},

where 7o : H' (Q) — H1/2( ) is the trace map of order zero and HY/?(T) is
the Sobolev space of order defined over I'; as introduced by Lions and Magenes
[27]. Observe that the norm in Hf (€;):

el = / <ax)

= 191

1

1/2
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and the norm of the real Sobolev space H'!();) are equivalent, because the
Poincaré’s inequality holds in Hll“l (€;). Thus we consider Hlll (€;) with the
above gradient norm.

The map 1 : H (A, Q) U H (A, Q) — H™/2(Ty) is the Neumann trace map
on H (A, Q1)U H (A,€Q2) and

H(A,Q) ={ueH () : Aue L*()}, i=1,2
are equipped with the norms
fullag, = (b oy +12ui?)”, i=1.2
The well-posedness result is contained in the following theorem.
Theorem 2.1. Assume that
M,D,K € C (T3),M >0,D>0,K >0 for Yz € I'; (2.1)

f,9 € CH(—00;400), |f(s)] < erls]?,
17 ()] < ealslP 1g (s) < cslsP, |g (s)| < calslP™" (> 0,i=1,2,3,4);

(2.2)
p>1ifn=12 1<p< nzifnz& (2.3)
n—
p € CH(—o0;+00), |p(s)] < esls|™ (c5>0); (2.4)
p(s) is monotone increasing function on (—oo;400) with p (0) = 0. (2.5)

Then for ¥ (ug, vo, dy) € H%l (1) x HY (Q2) x L? (T'9), ¥V (u1,v1,01) € LT (Q1) x
L2 () x L*(T2) (uolp, = volp, , u1lp, = vilp,) there exists T > 0 such that
the problem (1.1)-(1.8) has a unique solution (u,v,d) which satisfies

ue C([0,T); HE, (1)), ue € C([0,T); L* (1)) N LI Q4 x (0,7)),
veC([0,T];H' (), vy € C([0,T]; L* (Q)) N LLT (Qy x (0,T)),
5,60 € L= (0,75 L* (1)) .
Moreover, if Tmax > 0 is the length of the maximal existence interval of the

solution (u,v,6), then either Tyax = +00, or
2 )
= +o0.
Ty

. 2 2 2 2
im (uutnl +llenlly + IV ull} + 703 + || VAz]

o IVEd

3. Proof of Theorem 2.1

We prove this theorem using the combination of the Faedo-Galerkin approxi-
mation, the compactness method and the fixed point theorem.
We consider the following problem:

Uy — AU + U Uy = F in Q x (0,7, (3.1)
Vie — AV + [Vi|2 7V, =G in Q2 x (0,7), (3.2)
M6y + D& + K6 = —U; on Ty x (0,T), (3.3)
U=0onTI;x(0,T), (3.4)

U _ov (3.5)

(3.6)

u=7V, ey E—i—p(Ut):&t on I'y x (0,7,

U(z,0) =ug(x), U (x,0) =up (), x € Q,
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V(x,0) = v (2), Vt(l‘, 0) =v(x), € Qy, (3.7)
d(x,0) =0d0 (), 6 (z,0) =01 (x), x € I'y; (3.8)
here T'> 0; F' = F(z,t) and G = G(x,t) are fixed functions on ©; x [0,7") and
Qg x [0,T), respectively.
To prove Theorem 2.1 we need two lemmas (Lemma 3.1 and Lemma 3.2).

Lemma 3.1. Suppose that (2.1), (2.4)-(2.5) hold and let

FeH' (0,T;L* (1)), Ge H (0,T;L* (), (3.9)
up € HE (Q1) NH? (1), wi € HE () N L2 (Qy), (3.10)
Vg € H? (Qg) , U1 € H! (QQ) N L% (Qz) , (3 11)

80,01 € L? (I'y). (3.12)

Then, there exists a unique solution (U, V,d) to the problem (3.1)-(3.8) such that
UeL™®(0,T;Hp, (1)), Uy € L= (0,T; Hp, () N L2y x (0,7)),

Uy € L™ (0, T L* (1)), (3.13)
VeL®(0,T;H" (Q)),V; € L™ (0,T; H () N L2 (Qy x (0,T)),
Vie € L™ (0,5 L* (), (3.14)
(=AU +|U|"'1y) () € LP (),
(=AV + |[Vi|27'V,) () € L*(Q) a.e. on (0,T), (3.15)
8,04, 0 € L™ (0,73 L (I'y)) . (3.16)

Proof of Lemma 3.1. Faedo-Galerkin approzimation. Let {(®;,¥;,e;)}
(j € N) be orthonormal basis in W = {(u,v,6) € H} (1) x H' (Qz) x L* ('),
ulp, = v|r,}. Since I'y and T'y are sufficiently smooth, we have that ®; €
H%l ()N L> () and ¥; € H' (Q2) N L™ (Q2) for all j € N. For each m € N
we consider

Up : QU %[0, 1] = R, Vi : Q2 x [0,T},,] = R, 6 : T2 x [0,T)] = R
defined by

m

U (2,8) = > tjon (£) @5 (), Vin (2,8) = > Bjm (1) 5 (),
j=1

j=1

)= njm(t)ej ()
j=1

which are solutions to the approximate problem :
(Unmtt, @5); + (VUn, V), —

Uy, _
( EY » Y0 ((I) )) —+ <’Umt‘q1 ! Umt7q)j) = (F7 q)j)17 (317)
Ty 1
(thtv \Ilj)Q + (va, V\Pj)Q +
OVim g2—1
(G ) (Va7 VW) = (G 8y)y, (318)
14 Ty 2

(Mémtt + D(smt + K5m7 ej)Fg - - (’YO (Umt) 7ej)F2 ’ (319)
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U,  OVn _
Uy = Vm, W — o + p(Umt) = 5mt;m € FQ, (320)
U (2,0) = Uom () = Y _ (10, ®;); B, Un, (£,0) = Upn () = Y _ (ug,
j=1 j=1
Vin (2,0) = Vom (2) = Z (vo, \PJ)Q\I’]" Vin, (2,0) = Vi (z) = Z (v1, \Ijj)Q\Ijj’
J=1 J=1
m (2,0) = dom (z) = Z (do, ej)r2ej7
j=1
6mt (ZE, 0) =M (UOm - VVOm)""’YO (p (Ulm)) Z (’71 (UO - UO) + Y (p( )) 7ej)F2€j'
j=1

The local existence of such solutions (Up,, Vi, ), m € N of this problem
on the interval [0,7},,] is obvious. From (3.17)-(3.19) we have the approximate

equations
(Umtt7 (I))l + (VUma V(I))l -
U, q1—1 _
- (ay,% (<I>))F2 + (!Umtl Umt,q))l = (F,®),, (3.21)
(thta \11)2 + (vvma V\I})2 +
aV,
Zm q2—1 _
(@) (el Ve 9), =G, 62

(M6t + Do, + Kom, €)r, = — (Y0 (Unt) , €)p,, (3.23)
for V& € Span {®1, Py, ..., Py, ...}, VU € Span {V1, Vs, ..., Uy, ...},
Ve € Span{e1, ez, ...,em, ... }.
Estimate 1. Taking ® = 2U,; in (3.21), ¥ = 2V, in (3.22), e = 2d,¢ in
(3.23), we find

U,
5 10ml + 190l = (5 20 20+
1)
+2 <|Umt|’11—1 Umz7 Umt>1 =2 (F7 Umt)l )
OV
5 Vi B+ 19Vl + (G 0 Vi) )+
1)

+2 (,th|q271 thv th)2 =2 (Gv th)2 )
2

4 |VaTs | 2| VDo + [ VEon
2 2

whence using (3.20), we obtain

2

+ (70 (Umt) 726mt)F2 = 07

2
)+
s

2 (U4 ,1) 42 (V|2 1), =

s

2
3 (1003 + ISR + 1V + 175l + VT

+Hx/?5

2
2(p Una) U ), +2 [ VD8 |
=2 (F’ Umt)l +2 (G7 th)2
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2
>+
T

or since by (2.5): p(s)s > 0,Vs € (—o0,+00), we have

2
& (nUmtn% Ul + Va3 + IV Vil + | VB0 |+ |[VE S|

+2 H VDb,

2
2 (U, [ 1) 2 (V27 1) =
s 1 2

=2 (F’ Umt)l +2 (G7 th)2 :
Integrating this from 0 to ¢(¢t < T},,) and using Young inequality, we get

2 2
Uo7 + VU + 1Vine 15 + 1V Vinll3 + (VM. || + |[VESw|| . +
I'y I's
t ) t
+2/H\/T)5mt ) ds+2/ [<|Umt|‘“+1,1>1+ (|th\q2+1,1)2}ds <
2
0 0

2 2 2 2
< NGy + [VUomlly + [IVimllz + IV Vol +

2 2
|V (1 (Uom = Vom) + 20 (o i) +|VESom |+
2 2
t t t
+ [1Fds + [ 1GI1Eds + [ (10 + Vi) o,
0 0 0

whence by (2.1), (2.4), (3.9)-(3.12) and Gronwall’s inequality, we deduce that
U, 17+ 1V U1+ Vi Iz + 19 Vil + 18, 17, + 167, +
t

t
[ lamlids + [ [(0mm 1)+ (17 0), Jas < 1
0

0
where (] is a positive constant, which does not depend on m. This is Estimate
1.
Estimate 2. First of all, we estimate ||Upn,, (0)||7, [[Vin,, (0)]13 and [|dm,, (0)]|7.,-
Taking ® = Uy, in (3.21), ¥ =V, in (3.22), e = 0y, in (3.23) and putting
t = 0, we come to

Ui O)1F = (AUt = [Urn|" ™ Uty + F (2,0), Uy (0)) <

< || ATom = 101l Ut + F (@,0)|| 1Unnie O]

Vi )13 = (AVorm = [Vi| ™ Vi + G (2,0) , Vi, (0) ) <

< |[AVom = Vi~ Vi + G (@, 0)| Vi, Ol
2
|Vaz6m. )], =
= (=D (m (Uom — Vom) +70 (p (U1m))) — Kom — 70 (Um) ; Omy, (0))1“2 <
< [=D (1 (Uom — Vom) + 70 (p (Uim))) — Kdom — Y0 (Ulm)HI‘Q |G (0)HF2 )
hence by (2.1), (2.4), (3.9)-(3.12) we have
Ui ()T + 1Vinse ()13 + [16ms, (07, < o, (3.24)

where Cs is a positive constant, which does not depend on m.
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Differentiating (3.21), (3.22), (3.23) and taking ® = 2U,,,,, ¥ = 2V,,,,,, e =
20m,,, after standard calculations we obtain
2
L)

+ H\/Ecsmt

2
2 2 2 2
i@mwmﬂwmmﬁwmﬂﬂWW%bWWM%um

oUp, OV 2
- < - 770(2Umtt)> + < - » Y0 (Qtht ) + 2 H\/Bémtt r +
T'a 2

ov ov

+ (70 (Umtt) 25mtt) + 2QI / ‘Umt‘ql ! mttd$+2q2 / |th‘q2 ! Vn%ttdx =
Q1 Q2
=2 (Ftv Umtt)l +2 (Gt7 tht)2 )
whence using (3.20) and Young inequality, we get

+ H\/Edmt

2 2
2 2 2 2
3 (1ma 4+ 19T 4 Vol 4 19 Vi 3+ |V | L

2
+2 H\/Eém“ Iy + (Pl (Umt) Umtm'YO (2Umtt))F2 +

+(q18i11)29/( (\U mt)>2daz+

1
8¢z ? 2 2 2 2
e [ (7 (1l Vi) ) e < UAUE + G+ 10+ IVl
2
Q

2

integrating this over (0,¢) and using the fact that by (2.5): p'(s) > 0,Vs €
(—00, +00) , we have

Ui I3+ VT 13+ 1 Vi 13+ 119 Vi 13+ 1V M, 17, + I1VE S, 17,7+

2
+2/H\F5mtt\p2ds+ +1 //<8t U m)) duds+
2+1 //<8t v f)) drds <

<N Ui O + 1VU1 T+ Vi ()13 + 1V VL, I3 + VDM 8y (017, +
+||\ﬁ(71(Uom ‘/t)m)+’Yo(p(U1m)))!\%2+

/M%%+/W%%+/W%A%WWA@%

Using (3.9)—(3.12), (3.24) and Gronwall s inequality we can obtain
Ui I3+ VU 13+ 1Vinea 13+ 19V |13 + 11V M, 17, + I1VE S, 17+

2
+2/”\/>6mtt‘[‘2d5+ +1 //<3t |U, mt>> drds+
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T //(m'v

where Cj3 is a positive constant, which does not depend on m. This is Estimate
2.

Passage to the limit. Using the estimates 1,2 and compactness argument, we
can see that there exist a subsequence of {U,,}, a subsequence of {V,,} and

a subsequence of {d,,} which will be denoted by the same notations, and the
functions U , V and J, such that

Up — U weakly starin L>°(0, T Hrl(Ql))

2
mt)) dxds < Cjs,

Vin — V weakly starin L>(0,T; H'()); (3.25)
U, — U; weaklystarin L*°(0,T; Hrl( 1)),
Vin, — Vi weakly starin L>°(0,T; H'(Q2)); (3.26)

Upny, — Uy weakly starin L™(0, T; L2()),
Ving, — Ve weakly starin L>°(0, T L2( 2)); (3.27)
6m — 0 weakly starin L>°(0,T; L*(T'3)),
Om, — 0¢ weaklystarin L>(0,T; L*(T'y));
Sy, — O weakly star in L°°(0, T; L*(T)
From [27, Theorem 3.1] we obtain that
Up — U stronglyin C([0,T]; Hf (1)),
Upm, — Uy stronglyin C([0,T]; L*()),
Vin — V stronglyin C([0,T]; H'(2s)),
Vin, — Vi stronglyin C([0, T]; L*(Q2)),

; (3.29)

and consequently:

Un = U, Uy, = Upae. in Q x (0,T) ,Vyy, =V, Vi, = Vi ace. in Q9 x (0,7);
therefore
U | U, — U710, ace. in @ x (0,T),
Vi |27 W, — [V, ace. in Qo x (0,7). (3.30)
Since by Estimate 1:
Unm, € L"THQ; x (0,T)), Vi, € L2T(Qy x (0,T)),

we obtain that

+1
U |9 U,y € (LOHY(Q % (0,T))) = L' (4 x (0,T)),

1
V|27V, € (L0 % (0,7))) = L% (2 % (0,7)).
Therefore using estimate 1 we can see that there exist a subsequence of {U,,}
and a subsequence of {V},,}, which we still denote by the same notations, and the
functions %, x such that as m — oo

q1+1

U, |70, — 9 weakly star in L a (2 x (0,7)),

a2+1

Vin, |27V, — x weakly star in L 2 (€ x (0,7)),
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whence using (3.30) and [26, Lemma 1.3] we get
Y= UM x = V=TV

or
1+1
Upp |9~ Uy, — |U| U, weakly star in Lo (€, x (0,T)), (3.31)
Vi |27 Vi, — |Vi|271V; weakly star in LT(QQ x (0,7)). (3.32)

Taking into account the convergences in (3.25)-(3.29), (3.31), (3.32) we can
pass to the limit in (3.21)-(3.23) and (3.20) as m — oo:

(Uu, @), + (VU,V®), —

—@Z,%(@))F (]Ut\‘h Ly, ® )1 (3.33)
-

(Vie, ¥)y + (VV,V¥),

ov -1
(o) (W), =@ (3.34)
(Mo + Doy + Ko, e)r, = — (70 (Ut) , e)p, (3.35)
for all (®,¥,e) € W a.e. in (0,T) and
ou oV
U=7V, (5t—5—%+p(lft), z el

From (3.33), (3.34) we obtain

/Uttq)dl'— (AU, q))D’(Q1)><D(Q1) —|—/|Ut’q1_1Ut¢‘dl' = /Fq)d.’I),

Q1 Q1 91
/Vtt\Ifdx— (AV, W) pr()x D(02) /yvtyqz WoWde = /G\Ildm
QQ QQ

forall® € D(Q;), ¥ € D(2) a. e. in (O,T). Therefore (=AU + U210y (t) €
L2(), (—AV +|V)|271V;) (t) € L?(Q) a.e. on (0,T) and

Uy — AU + |(]t|ql_1[]1L = F a.e. in 1 x (O,T),

Vie — AV + V5|27V, = G ae. in Qy x (0,7).

From (3.35) we can see that (U, V, ) satisfies the boundary condition (3.3).

The initial conditions (3.6)-(3.8) can be proved in a standard way and this
completes the proof of the existence of solutions.

Uniqueness. The uniqueness of solution to the problem (3.1)-(3.8) is obtained
by energy method as follows.

Let (U1, Vi,61) and (Uz, V2, 62) be two solutions of the problem (3.1)-(3.8). We
have that U; — Uy = U Vi—Vo = V 01— 0p = 5 satisfy

(ﬁtt, <I>)1 i (VU, vq>)1 _

oU _ _
- (au ;70 (<I>)> + / (|U1t\q1 YUy — Uyt Ugt) ddx = 0, (3.36)
2

Q1
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(‘Zt, \11)2 + (vf/, V\IJ)Q +

. (gf,»m (m) [ (V™ i 1l i) e =,
2 QQ
(Mgtt + Do + K, e)F2 = - <’YO <[7t) 76>F2

for all (®,¥,e) € W a. e. in (0,T);

U=0a.e.onl x(0,7),

.~ 9U OV
U=V
ﬁ(ﬂ?,O) :07 ﬁt(l’,O) :07 HANS Qla

+ ,O(Ult) — ,O(Ugt) = gt a.e. on 'y x (O,T),

V(z,0)=0, Vi(z,0) =0, z € Qy,

5(x,0) =0, 6(x,0) =0, €Ty,

241

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
(3.42)
(3.43)

Taking ® = 20, in (3.36), ¥ = 2V} in (3.37), e = 24, in (3.38) and using (3.39),

(3.40), we get

d 7/ ~ ~ ~ ~ ~
= (NGHIE + 19T 1 + Vel + IV VI3 + VA3 R, + VIR, ) +

+2(p(Ure) — p(Ust), U — Une)ry + 2|V D512, +
+2(|U |7 Uy — |Uog |9 U, Uyy — Ung)1+
+2(|Vig|2 Vi — Vo |27 Vay, Vig — Vay)a = 0.

Since

(|U |7 Uy — Uy | Usy, Upy — Uny)1 > 0,

(IVae| =7 Wag — [Var| =7 War, Vig = Var)2 2 0
and by (2.5) :
(p(Urt) — p(Uat), Urt — Uat)r, > 0,
then using (3.41)-(3.43) in last equality, we obtain

V2 + VT2 + T3 + IV 73+
t
HIVATGIE, + | VES[E, +2 [ IVD&IR,ds <o
0

This inequality yields U= 0, V= 0, 5 =0. Lemma 3.1 is proved.
For
u € C([0,T); Hy, (1)) N CH([0,TT]; L2 (1)),

v e C([0,T]; H(Q2)) N C*([0,TT; L*(Q0))
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(u|r, = v|r,) given we consider the following problem:

Uy — AU + |Ut’q1_1Ut = f(u) in 7 x (0, )
Vie — AV + |V |27V, = g(v) in Qg x (0,7),
My + D8, + K8 = —U, on Ty x (0,T),
U=0onT)x (0.7)

3.44
U=V, 2 9V | 5(1) = 5, on Ty, (3.44)

U(z,0) = ug(z), Ul(z,0) =ui(x), x € Q,
V(z,0) =vo(x), Vi(z,0) =vi(x), = € Qo,
d(z,0) = do(x), dt(x,0) =01(x), z € Ia.

Lemma 3.2. Suppose that (2.1)-(2.5) hold and let uy € H%l(ﬂl), up € L2 (€y),
vg € HY(Q), v1 € L?2(Qy), &g € L*(I'g), 61 € L?(T'). Then, there exist T > 0
and a unique solution (U,V,0) to the problem (3.44) such that

U € C([0,T]; Hp, (), U € C([0,T]; L*()) N L2TH(Qy x (0,7)),

Ve C([0,T]; H'(Q)), Vi € C([0,T); L* () N L= Qg x (0, 7)),
8,0; € L>®(0,T; L*(T5)).

Proof of Lemma 3.2. By the same methods as in [21], we approximate u €
C([0,T]; Hp, (1)) N CH([0, T]; L* (), v € C([0, T]; H (Q2)) NC ([0, TT; L*(22))
by sequences {u,}uen in C([0,T];C5°(1)) , {vu}uen in C([0,T];C>*(Q2)) by
standard convolution argument as in [11]. Next we approximate the initial data
up € HE (1) by a sequence {u},en in HE (€1) N H*(€) , the initial data
vo € H(Qs) by a sequence {’Ug}ueN in H?(Qy), the initial data u; € L2711 ()
by a sequence {u,},en in C*°(Q), the initial data v; € L*®(Q;) by a sequence
{U;}NeN in C*® (), dp € L*(I'2) by a sequence {0 },en in C®(T;) and 41 €
L?(T'3) by a sequence {6;}%]\[ in C*°(I'y). Then we consider the set of following
problems

( Upe — AUM + |Uut|q1_1Uut = f(u#) in ; x (0,7,
V#tt - AVH + |Vut|q271Vm = g(’UH) in QQ X (O,T),
M(S,utt +D5ﬂt +K(SH = _Uﬂt on F2 X (O,T),
U,=0onTy x(0,7),

U, =V, U, avu 4 p(U,,) = 6,, on T, (3.45)

UM($7 ) = uu( ) Mt(x 0) - u{i(x)v S Qlﬁ
VH(:L" ) U2 ) #t(x 0) f( )7 x € (g,
bu(x,0) = 05(x), 6, (x,0) =0d,(x), x €Dy

By (2.2)-(2.3) we obtain f(u,) € H'(0,T; L*()), g(v,) € HY(0,T; L*(Q2)).
Consequently, Lemma 3.1 guarantees the existence of a sequence of unique so-
lutions (U, V,,9,) to the problem (3.45) satisfying (3.13)-(3.16). Our goal now
is to show that the sequence of solutions (Uy, V), 6,) converges to the solution
(U,V,6) of (3.44); it is suffices to show that (U, V},d,) is a Cauchy sequence in
the space

Zp = {(U,V,6) : U € C([0,T]; Hy, (1)) N C*([0, T; L* (1)),
V e C([0,T]; H (92)) N C1([0,T); L*(22)), 6 € L™(0,T; L*(T3)),
6 € L®(0,T; L*(T'9)) }
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endowed with the norm
(U, V,0)||%, =

= jnax, (Ul + IVUIR + 1Vell3 + IV VIZ + 1617, + [18117,)-

We set 4 = u,, — ’U,T,’U—’Uu Uy, U:U#—UT,V:V#—VT,(SZ(SH—(FT. It
is easy to see that (U, V,8) satisfies

Utt - AU + |Uut|q1_1Uut |UTt|q1_1UTt = f(uu) - f(u‘f') n 2 X (OaT)’
Vtt AV + ‘V,Ut|q2 IVMt Vo |21V, = g(vp) — g(vr) in Qo x (0,7),
M(stt +D6t —|—K(5 = —Ut on I'y x (O T)
U=0onT; x (0,7),
U=V, %_7+p(U ) p(UTt):5t on I'y,

u(

U(x,0) = Up(x) = ufy() — ul(z),

[zt(a:,()) :gl(x) = b(m) —ul(x), x € Qy,
V(2,0) = Vo(a) = ol(x) — 12(x),
Vi(w,0) = Vi(w) = vy, () — vi(z), = € Dy,
5(93 0) —50( )—50( ) — 59( )

6(x,0) = 01 (x) = 8, (x) — 07 (x), x € Ty.
(3.46)
Multiplying the first equation of (3.46) by 20U, the second equation by 2V; and
the third equation by 2&, integrating over 4 x (0,7, Q2 % (0,7") and I'y x (0,7,
respectively, then using the fifth condition in (3.46) and the fact that

(|Uﬂt|ql_1UNt - |U‘Ft|ql_1U‘I’t7 Uut - UTt)l > Oa
(|Vﬂt|q2_1vﬂt - ‘VTt|q2_1VTt7 V#t - VTt)2 >0,
we get

d / ~ ~ ~ ~ ~
= (1T + IV T + Vel + IV VI3 + IVAZS R, + VKSR, ) +

—|—2(p(UM) - ,O(U-,-t), U/—Lt - UTt)Fz + 2”\/551‘/”%2 <

< 2(f(w) — flu >ﬁt>1+2<< ) — 9(v:), Vi)a. (3.47)

Using Hélder’s inequality (with 2 + 22 4+ 1 = 1) and (2.2) we estimate the
right hand side of (3.47) as follows:

/ (Flu) — F(ur)) Duder < / f Oy + (1~ )il | Trldr <
Q1

Q1

<e / sup (Juu P, Jur [P0 |l Tlda <
[

-1
&) <||Uu||L(p ngay) T HUTH%”’”"(Ql)) x

X || 22 (@) 1Tl (0 < 6 < 1); (3.48)
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by a similar way:
[ (6(w) 9w Vido <
Qo
< 1 (10l ) + 10r I 1y ) 1P s Iill2: (3.49)

By the Sobolev embedding H%l (Q1) — L*/(=2)(Q), Phriedrich’s inequality
and the condition that @|p, = U|p, we can obtain

@ p2nsin=2(0y) F [0l p20/0-2)(y) < CallIVa]lL + [[VOl2);
and in a similar way, by (2.3) we have
~1
||uMHL(p 1)n Ql =+ HuTHp Ql) + HUH/HL(p l)n(ﬂ2 + ||/U7'||I£(p71)n(ﬂ2) S

-1 -1 -1 -1
< C5([Vuully™ + HVurHlf +IVoulls™ + Vo I57),
where C4, Cs are positive constants depending only on €21, 29 and p. By these
inequalities from (3.48), (3.49) we have

(£Ous) = ). Tr) |+ (9(0) = 9(0:), i), <

maX{02,04} (”uMHL(p Dn(Qy) + ||UTHL(p Dn(Qy) =+ HUMHL(p Dn(Qy) + ”UTHL(p l)n(Q2)> X

X (1l 2nsn-22 ) 1Tl + 19112020 1 Vil ) <
-1 —1 -1 -1
< max{ez, ex OG5 (IVulF ™" + Ve ™+ [V oullf ™+ 90 5 %

x(IVall + [Vall2) (1Tsll + [ Vell2)- (3.50)
Using (3.50) and (2.5) in (3.47) we obtain

T2+ VTR + ITAIE + V13 + VT3, +
t
HIVESIE, +2 [ VD3I, ds <
0

< [T + IVDol12 + VA3 + IV Va3 + VA8 R, + [VE S|P, +
t
w2max(ea, e} CiCs [ (IVuallf™" + | Vur ™+ 190l + [Vor57)
0

x(IVally + [IVoll2) (Ul + [[Vill2)ds
By (2.1) the last inequality gives

1T + IVUIE + 1Vl3 + IV VIS + l10eIF,+

~ ~ 1 ~ ~ ~ ~
+\6ll%z+/|!6tu%2ds§ & (NI + I Toll3 + VA N3 + IV Tol3+

M) [, + max K @R, ) +
zels

z€ls
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t

/ (9l + 1V8ll2)(1Tills + [Till2)ds,

0
where Cg = min{1, mg, 2dy, ko}, min M(z) = mp > 0, min D(x) = dy > 0,
z€el's z€el's

K

"G

min K (z) = kg > 0 and K is a positive constant depending only on Q;, s, p,
xz€ls

T. The Gronwall’s lemma guarantees that:

1T,V 9)lIZ, < Ko (HUlH? + VUl + [VAll3 + [V VolI3+

+max M(x) |17, + max K(w)llgolﬁ) + KT (@,0,0)%,
zcla

€y

where Ko, K3 are positive constants depending only on 21, Qo, p, T

Since {uf)} is a converging sequence in Hf. (Q1), {v))} is a converging sequence
in H'(€2), {u} is a converging sequence in L*(€1), {v},} is a converging sequence
in L*(€), {67} is a converging sequence in L?(T'y) and {4} is a converging se-
quence in L?(I'y), we conclude that (U, V},,d,,) is a Cauchy sequence in Zr. Thus
(U, Vyu, 0) converges to the limit (U, V,0) € Zp. By the same procedure used
by Georgiev and Todorova in [21] we can prove that this limit is a solution of the
problem (3.44). Lemma 3.2 is proved.

Proof of Theorem 2.1. For T' > 0, we define the convex closed subset of
Zr:

X ={(U,V,0) € Zp : Uly=g = uo, V']1=0 = v0, Ut|i=0 = u1, Vi|1=0 = v1
dlt=0 = 60, Ot|t=0 = 01} .
For R > 0 let us denote
BR(XT) = {(Uv Vv (5) € Xr: H(U7 V7 (5)HZT < R}

Then, Lemma 3.2 implies that for any (u,v,d) € Xr, we define (U,V,0) =
®(u,v,d) as a unique solution of problem (3.44) corresponding to (u,v, ).
® is a contractive map satisfying ®(Br(Xr)) C Br(X7). Indeed, let (u,v,d) €
Br(Xr) and (U,V,6) = ®(u,v,d). Then for all t € (0,7) (as in the proof of
Lemma 3.2) we have
Cs (101 + IVUIR + [IVEI3 + IV VI3 + [16e]17,+
t t

t
6l + [ f,ds | +2 [ o), Uprsds +2 [ [ oo+ duds
0 0 0 O
t

12 / / Vil dads < |42 + IV UG + VA2 + [V Vol 3+
0 Qo

t ¢
+maXM(x)H61||12~2—|—maXK(x)H50H12~2—|—2//f(u)Utdxds+2//g(v)th$ds.
z€l's z€l'y
0 Ql 0 QQ
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By Hélder’s inequality, the condition (2.2) and the facts that p(s)s > 0 (Vs €
(—o0,+00)) and (u,v,d) € Br(X1) we get

Co (1T + IVUIT + Vil + IV VI3 + ll8¢ 17, +

+16117, + /H5t||r2ds +2//|Ut|ql+1dxds+2//|Vt|‘12+1dxds <

091 OQ2

<UL + IVUOIIF + IVall3 + [IVVoll3+

t

+m%xM(w)II51H%2 + me%xK(x)Héoll%z + 2CRP/(IIUtH1 + [[Vill2)ds
z€l's xel2
0

where C is a positive constant depending only on Q1, (o, p, T. This leads to

10, V,0)I1Z,, < C5 " (I1UL11F + [V TolF + [IVAlI3 + 1V Voll3+

+max M(z)[|01]F, + malng(w)\éoll%Q) + Ky RPT||(U, V, 6) | 27 (3.51)
xel2

xz€ls

where K4 — a positive constant which is independent on R. Using Young’s in-
equality in the last term on the right-hand side of (3.51), we get

IO, V.0)l%, < Cs " (11T + [V UIT + [VAll5 + 1V Vall5+

TRP
M (2)]|61]F K(x)||6o||?, | +TRP | —K 5 :
o M) 81, + max K @00}, )+ TR (T3 K3 + g 0. V2001,

Hence, we obtain

*H(U V.o)lZ, < gt (10111 + IV UllF + VA3 + IV Voll3+

1
M)A, +max K@, ) + TR (352
x€el2

x€l'y

By choosing R large enough so that

5 (U2 + VU2 + [Vall3 + ||V Vo I3+

e M (@)1, + max K@lolR, ) < 7,
zel's z€ly 4
then T sufficiently small so that R??T?K? < £ R?, from (3.52) we obtain: (U, V,0)
€ Br(Xr).
Next, we verify that ® is a contraction mapping. To this end, we set u=u—1u,

U=v-0,U=U-U,V=V-Vand é=08—26, where (U,V,8) = ®(u, v, )
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and (U,V,0) = ®(u,v,6). It is straightforward to verify that ([7, v, g) satisfies
i — AT + [T, — [T071T, = f(u) — f(@) in 01 x (0,7),
Vi = AV + V|27V, — [V 271V, = g(v) — g(0) in Qg x (0,T),

Mbéy + Doy + Ké = —U; on 'y x (O,T),
U=0onTy x(0,T),

- AR (3.53)
U=V, 90— 80+ p(U;) — p(Us) = 6; on Ty,
X

Multiplying the first equation by 2(7}, the second equation by 2‘2 and the
third equation by 26; in (3.53) and integrating over (0,¢) x 4, (0,t) x £, and
(0,t) x T'9, respectively, we obtain

d / ~ ~ ~ ~ - -
= (UG + IV T + 1Vl + IV P13 + WVATRIR, + VRS, ) +

+2(p(Us) — p(Uy), Uy — Up)r, + 2||\/53;H%2+
F2(|U| 10 — U2 0, Up = Up)y 4 2([Va| 271V, = [V 27,V = Vy)o =
= 2(f(u) — f(@), U1+ 2(g(v) — g(0), V). (3.54)
Since
(p(Uy) = p(Uy), Uy = Uy)r, > 0,
(|0 Uy = (U U, Uy — Uy > 0,
(IVi|27 1V, — [V |27V, V, = V)2 > 0,

min M (z) = mg > 0, min D(z) = dp > 0, min K(x) = ko >0
zel's zel's z€ls

and by (3.50):
(£ = £@), ) + (9(v) = 9(0), Vi), <
< max{cy, cs }CuCs (|| Vulf ™ + | Vallf ™ + Vol + Vol x

x(IVally + 1Vall2) (1Tl + [Vill2),
then from (3.54) we obtain

t
1O + IV UIT + 1Vall3 + IV VIE + lloel7, + N0l + / l0]17,ds <
0

< 2max{ca, cs}C4C5

t
O [ (1vul + Ivaly ™ + 9ol + (90l )

0
x(IVally + VOl ([Tl + [[Vell2)ds.
Thus we have
H(ﬁv V,S)HZT < K5TRP71H('&767 S)HZTv (3'55)

where K3 is a positive constant depending only on €21, {29 and p.
By choosing T small enough in order to have KsTRP~! < 1, the estimate
(3.55) shows that ® is a contraction. By the contraction mapping theorem we
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obtain the existence of a unique solution (U, V, §) satisfying (U, V,d) = ®(U,V, ).
Theorem 2.1 is proved.
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