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A STUDY OF HARMONIC SECTIONS OF TANGENT
BUNDLES WITH VERTICALLY RESCALED BERGER-TYPE
DEFORMED SASAKI METRIC

ABDERRAHIM ZAGANE

Abstract. In this paper, we introduce a vertically rescaled Berger-
type deformed Sasaki metric on the tangent bundle TM over an anti-
paraKédhler manifold (M, ¢, g). We study the harmonicity of the tan-
gent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric and we establish a necessary and sufficient condition un-
der which a vector field is harmonic with respect to this metric. We
also construct some examples of harmonic vector fields. Finally, we
study the harmonicity of a vector field along a map between Riemann-
ian manifolds, the target manifold being anti-paraKéhler equipped with
a vertically rescaled Berger-type deformed Sasaki metric on its tangent
bundle. Also, we discuss the harmonicity of the composition of the pro-
jection map of the tangent bundle of a Riemannina manifold with a
map from this manifold into another Riemannian manifold, the source
manifold being anti-paraKéhler whose tangent bundle is endowed with
a vertically rescaled Berger-type deformed Sasaki metric.

1. Introduction

The geometry of the tangent bundle TM over a Riemannian manifold (M, g),
equipped with the Sasaki metric has been studied by many authors such as S.
Sasaki [16], P. Dombrowski [5], K. Yano, S. Ishihara [19], A. Salimov, A. Gezer,
K. Akbulut [13] etc. The rigidity of Sasaki metric has incited some geometers to
construct and study other metrics on TM. E. Musso, F. Tricerri has introduced
the notion of Cheeger-Gromoll metric [11], this metric has been studied also by
many authors (see [8, 15, 17]). M. Altunbas, R. Simsek, A. Gezer has introduced
the notion of Berger type deformed Sasaki metric [2].

Consider a smooth map ¢ : (M™,g9) — (N™ h) between two Riemannian
manifolds, then the second fundamental form of ¢ is defined by

(Vd)(X,Y) = Vidp(Y) — dp(VxY). (1.1)
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Here V is the Riemannian connection on M and V¢ is the pull-back connection
on the pull-back bundle ¢~ TN, and

7(¢) = trace,Vdo, (1.2)

is the tension field of ¢.
The energy functional of ¢ is defined by

H@=Ld@%, (1.3)

such that K is any compact of M, where

e(9) = %tracegh(dgb, do), (1.4)

is the energy density of ¢.
A map is called harmonic if it is a critical point of the energy functional F. For

d
any smooth variation {¢;}er of ¢ with ¢g = ¢ and V = %qﬁt o’ e have

iEmmﬂz—AMﬂWVW@ (1.5)

Then ¢ is harmonic if and only if 7(¢) = 0.
One can refer to [6, 7, 9, 12] for background on harmonic maps.

The main idea in this note consists in the deformation (in the vertical bundle)
of the Berger type deformed Sasaki metric on the tangent bundle [2]. Firstly, we
introduce the vertically rescaled Berger-type deformed Sasaki metric on the tan-
gent bundle T'M over an anti-paraKihler manifold (M?™, ¢, g) and we investigate
the Levi-Civita connection (Theorem 3.1). Secondly, we study the harmonicity
respect to the vertically rescaled Berger-type deformed Sasaki metric and we es-
tablish necessary and sufficient conditions under which a vector field is harmonic
(Theorem 4.2 and Theorem 4.3). We also construct some examples of harmonic
vector fields (Example 4.1 and Example 4.2). After that we study the harmonicity
of the map o : (M, g) —)(TN,h), z — (¢(x),v) (Theorem 4.4 and Theorem
4.5) and the map ® : (TM,5) — (N,h), (z,u) — ¢(x) ( Theorem 4.6 and
Theorem 4.7), where ¢ : (M,g) — (N, h) is a smooth map and (T'N,h) (resp
(T'M, g)) is a tangent bundle equipped with the vertically rescaled Berger-type
deformed Sasaki metric on N (resp on M).

2. Preliminaries

Let TM be the tangent bundle over an m-dimensional Riemannian manifold

(M™ g) and the natural projection 7 : TM — M. A local chart (U, mz)zzm
on M induces a local chart (W*I(U),xi,yi)i:L—m on TM. Denote by Ffj the
Christoffel symbols of g and by V the Levi-Civita connection of g. Let C*°(M)
be the ring of real-valued C* functions on M and I}(M) be the module over
C>*(M) of C* vector fields on M.

The Levi Civita connection V defines a direct sum decomposition
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of the tangent bundle to TM at any (x,u) € TM into vertical subspace
‘/Y(a:,u)TM = Ke?"(d’ﬂ‘ (z,u) ) - {£Z |(xu 5 € R} (22)

and the horizontal subspace

7 9 1

't

1]8 ok |(:qu €Z € R} (23)

Note that the map X — X# is an isomorphism between the vector spaces
T M and H, , TM. Similarly, the map X — X V' is an isomorphism between the
vector spaces T M and V(, ,)T'M. Obviously, each tangent vector Z € T\, ,TM
can be written in the form Z = X¥ + YV, where X,Y € T,M are uniquely
determined vectors.

Let X = X! aii be a local vector field on M. The vertical and the horizontal
lifts of X are defined by

XV = Xii, (2.4)
oy’
.0 0 0
X" = Xl = XYoo - y’T Za -} (2.5)
For consequences, we have ( azi)H = % and ( B W= ay“ then ( 8?/i)i=1,m is

a local adapted frame on TT M.

If U be a local vector field constant on each fiber T, M ie. (U = u = u’ 6?01»),

the vertical lift UY is called the canonical vertical vector field or Liouville vector
field on T'M.

Lemma 2.1. [5,19] Let (M, g) be a Riemannian manifold. The bracket operation
of vertical and horizontal vector fields is given by the formulas

(1) [XHﬂyH](:Jc,u) [X Y](x u) (Rx(X7Y)u)V7
(2) [XH’ YV](J:,u) - (VXY)
(3> [va YV](x,u) =0,
for all vector fields X,Y € S{(M) and (x,u) € TM, where V and R denotes
respectively the Levi-Civita connection and the curvature tensor of (M, g).

()’

3. Vertically rescaled Berger-type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric
g. An almost paracomplex manifold is an almost product manifold (M?™, ),
©? = id, such that the two eigenbundles T+ M and T~ M associated to the two
eigenvalues +1 and —1 of ¢, respectively, have the same rank.

A paracomplex structure is an integrable almost paracomplex structure. Let
(M?™, ) be an almost paracomplex manifold. A Riemannian metric g is said to
be an anti-paraHermitian metric if

9(pX,Y) = g(X,Y), (3.1)
or equivalently (purity condition), (B-metric)[14]
9(pX,Y) = g(X, V) (3.2)
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for all X,Y € S3(M).

If (M?™, ) is an almost paracomplex manifold with an anti-paraHermitian
metric g, then the triple (M?™, ¢, g) is said to be an almost anti-paraHermitian
manifold (an almost B-manifold)[14]. Moreover, (M?™ ¢, g) is said to be anti-
paraKéhler manifold (B-manifold)[14] if ¢ is parallel with respect to the Levi-
Civita connection V of g i.e. (Vo =0).

As is well known, the anti-paraKéahler condition (Ve = 0) is equivalent to
paraholomorphicity of the anti-paraHermitian metric g, that is, (¢,g9) = 0, where
¢, is the Tachibana operator [18].

It is well known that if (M?™, ¢, g) is a anti-paraKihler manifold, the Rie-
mannian curvature tensor is pure [14], and

R(¢Y,Z) = R(Y,0Z) = R(Y,Z)p = ¢R(Y, Z),
{R(soYmM) = R(Y,2),

for all Y, Z € S (M).

(3.3)

Definition 3.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and
[+ M —]0,400[ be a strictly positive smooth function on M. Define a fiber-wise
vertically rescaled Berger-type deformed Sasaki metric noted § on T M, by

gx Y™y = g(x,Y),

gx"nyYy") = o,

XVYY) = f(9(XY) + 8 g(X, pu)g (Y, pu)),

for all X,Y € S§(M), where § is some constant [2] and f is called twisting
function.

Remark 3.1. 1. If f=1and 6 =0, g is the Sasaki metric[16],
2. If f =1, g is the Berger-type deformed Sasaki metric[2],
3. If 6 =0, g is the vertical rescaled metric [4],
4. G(XV,oUV) = (148%r?) fg(X, pu) and 2 = g(u,u), for any X € I3(M).

In the following, we consider A = 1+ §?r% and r? = g(u,u) = |lu/|?, where ||.||
denote the norm with respect to (M, g).

Lemma 3.1. [1] Let (M, g) be a Riemannian manifold and p : R — R a smooth
function. Then we have

(1) X2 =0

(2) X7 (p(r?)) =20/ (r*)g(X, w),

(3) XMg(Y,u) = g(VxY,u),

(4) ng(Y7u) = g(X,Y),
for any X, Y € S§(M).
Lemma 3.2. Let (M?™,p,g) be an anti-paraKdihler manifold, we have the fol-
lowing:

(1) X7g(Y, pu) = g(VxY, pu),
(2) XVQ(Y7 (,O’U,) = g(Y7 SDX);

for all X,Y € S{(M).

Proof. The results follow immediately from Lemma 3.1. 0



274 ABDERRAHIM ZAGANE

Lemma 3.3. Let (M?™,p,g) be an anti-paraKdihler manifold, we have the fol-
lowing:

(1) XTg(vV, 2"y = }X(f)g(YV,ZU+§<<VXY>V,ZV>+§<YV7<VXZ>V>,
2) XVg(YV,z"¥) = & f[9(X,0Y)g(Z. ou) + g(Y, ou)g(X,¢Z)],

where X,Y,Z € S§(M).

Proof. The results follow directly from Lemma 3.1 and Lemma 3.2 U

We shall calculate the Levi-Civita connection V of TM with vertically rescaled
Berger-type deformed Sasaki metric g. This connection is characterized by the
Koszul formula:

20(VY,Z) = Xg(Y,2)+Y§(Z,X)~ Z§(X,Y)
+4( —§(X,[Y,Z]). (34

Z,[X.Y)) +3(Y,[Z,X])

N}

for all X,Y,Z € SY(TM).

Theorem 3.1. Let (M*™, ¢, g) be an anti-paraKdhler manifold and (T M, §) its
tangent bundle equipped with the vertically rescaled Berger-type deformed Sasaki
metric , then we have the following formulas.

1

1.VynYH = (VXY)H—i(R(X,Y)u)V,

2.VynYV = (VxY)V + 21fX( HYV + g(R(u, Y)X)H
3.V YA = fY(f)XVJrJ;(R(u,X)Y)H

LY = S grad )+ SoX o)UY,

for all vector fields X,Y € %é(M), where V and R denotes respectively the Levi-
Civita connection and the curvature tensor of (M?™, 0, g).

Proof. The proof of Theorem 3.1 follows directly from Kozul formula (3.4), Lemma
2.1, Lemma 3.2 and Lemma 3.3.
(1) Direct calculations give,

2§(%XHYH,ZH) — XH (YH ZH)+YH (ZH XH) ZH (XH YH)
+g(2™ (X Y] + gy T (27, X))
—g(xM [y zH)
= Xg(Y,2)+Yg(Z,X) - Zg(X,Y)+g(Z,[X,Y])
9(Y.[Z,X]) — g(X,[Y, Z])
= 29(VxY,Z2)
= 25((VxY)™, zM),

+
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and
2§(Vyu Y ZV) = XHgy" zV)y+vHgzV, x") - zVg(xH, vH)
+g(2V, (X7 YH) + gy 12V, X))
—g(x" ", zV])
= g(Zv7[XHaYH])
= _g((R(Xay)u)V7ZV)
we have:
- 1
VynYH = (VXY)Hfi(R(X,Y)u)V.
(2) By straightforward calculations,
20(VxuYV, 20y = XxHgyV, zM)y+vVgz", xH) - zH5(x" yV)
+g(Z2" I XT YV + vV, (27, X))
(

(R(Z, X)u)", YY)
[9(R(Z, X)u,Y) + 6°g(Y, pu)g(R(Z, X)u, pu)]
= fi((R(u,Y)X)", 2.
Where
—9(R(Z, X)u,Y) = g(R(u,Y)X, Z) = §((R(u,Y)X)", Z),
and from (3.3) we have
9(R(Z, X)u, pu) = g(pR(Z, X)u,u) = g(R(pZ, X )u,u) = 0.
It follows from.
2(VrYV, 2V = XHgyV,zV)+vVgz", x") -2V x" vV)
+g(ZV, XYV + (Y, (27, xT) - g(x ™YY, 2V])
= XMV, Z2V)+ (2", (X" Y )+ a(v", (27, x ")

- }X(f)g(Yv, 2V) + §(VxY)Y. 2Y) + 57, (Vx2)Y)

+§(Zva (VXY)V) - g(YV7 (VXZ)V)
— 25(VxY)Y. ZV) + }X<f>a<yv, 7v)

= 25(VxY)Y + ;fX(f)YV, zY).

we have:

TanV = (00) 4 g XYY+ (R ) )

The other formulas are obtained by a similar calculation. O
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4. Vertically rescaled Berger-type deformed Sasaki metric and

Harmonicity

4.1. Harmonicity of a vector field X : (M,g) — (TM, g).

Lemma 4.1. [10] Let (M, g) be a Riemannian manifold. If X,Y € S§(M) are

vector fields on M and (z,u) € TM such that Y, = u, then we have:

d.Y (Xy) = X(Ia{,u) + (VXY)KC,u)

Proof. Let (U,z%) be a local chart on M in z € M and (7= 1(U),z*,y7) be the

induced chart on TM, if X, = X*(2)-2|, and Y, = Y*(2)-2;|, = u, then

oz’ ozt
.0 N L
d:Y(Xz) = X (@@\(x,u) +X (m)W(x)aiyk‘(w’“)
i 0 i j k 9
= X (x)@‘(:v,u) - X'(z)Y (x)rz‘j(x)aiykkz,u)
- - 0 . 9Yk 0
i k 7
+X ($)Y]($)Fij($)87kl(m,u) +X(2) 55 (x)W|(m,u)
= X(ga v gl T X (G Y T0) il
oYk . 0 v
_ H 7 k

= X[, +(VxY),

(z,u) (zu)"

O

Lemma 4.2. Let (M?",p,g) be an almost anti-paraHermitian manifold and
(T'M,g) be its tangent bundle equipped with the vertically rescaled Berger-type
deformed Sasaki metric. If X € S(l)(M), then the energy density associated to X

s given by

e(X) = m+ gtraceg [9(VX,VX)+ §%g(VX, @X)Q]. (4.1)

Proof. Let (z,u) € TM, X € S{(M), X, = u and {EZ}sz be a local or-

thonormal frame on M, then:

1
G(X)x = §tr(lceg§(dX7 dX)(fﬂy“)

12m

=1



A STUDY OF HARMONIC SECTIONS OF TANGENT BUNDLES ... 277
Using Lemma 4.1, we obtain:

2m

e(X) = 5GB! + (Ve X) B 4 (V5 X)Y)
=1

2m

1

= 5> @ELEN +3(VeX)" (VX))
=1

2m

= % > (9B E) + f(9(VEX,VEX) +6°9(VEX, 0X)?))
=1

- m4+ g”a% (9(VX,VX)+6°g(VX, 0X)?).

0

Theorem 4.1. Let (M?™, ¢, g) be an anti-paraKdhler manifold and (TM, §)
be its tangent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric. If X € S§(M), then the tension field associated to X is given by:

H \%

1
+ [+ Vgraas X + trace,B(X)] ", (4.2)

T(X) = [tracegA(X)] 7

where A(X) and B(X) are a bilinear maps defined by

A(X) = fR(X, VX)*—%(g(VX, VX)+6%9(VX, 0X)?)grad f,

2

5
B(X) = V2X+XQ(VX,¢(VX))¢X,

where A = 1+ §2||X||? and || X||? = g(X, X). In the expression R(X,VX)x, the
symbol x denotes the third component of the curvature tensor.

Proof. Let (z,u) € TM, X € S4(M), X, = u and {Ei};—1am be a local or-
thonormal frame on M such that (V%{E@)x =0, then

2m
T(X)e = Y (VEAX(E)—dX(VEE)),
i=1
2m ~
= 2 (Virsws o B+ (VaX))
=1
2m

= Z (%E,LHE’LI{ + %EZH(VEI-X)V + %(inX)V(Ei)H
i—1

—l—%(inX)v (VEZ.X)V)(

z,u)
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Using Theorem 3.1, we obtain

r(X) = QZm; (VBN ~ (R B)X) + (Ve Vi, X)”
+21fE,-(f)(inX)V + g(R(X, Vi X)E)H + ;fEi(f)(VEiX)V
HLRX T8 X0B) - 52 0(V e X)Y (T6X) ) (grad /)"
(VX (Vi X)) (X))
= Zf; (HROXT520B) - (V60" (T6.X) (grad )

HIETEX)" + TEXY + oV X e(VEX) ()"

= (tmceg (fR(X,VX) x —%(g(VX, VX)+6%g(VX, @X)Z)gradf))H

1 ) 52 4
+<?ngde + tracegy (V X+ XQ(VX’ go(VX))ng))

g

Theorem 4.2. Let (M?™,p,g) be an anti-paraKdhler manifold and (TM, §)
be its tangent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric. If X € S(l)(M), X is a harmonic vector field if and only if the
following conditions are verified

traceq(fR(X,VX) x —g(g(VX, VX)+6%g(VX,0X)*)grad f) =0, (4.3)
and
1 5 52
?vgmd X +tracey(V2X + Xg(VX, p(VX))pX) =0, (4.4)

where A = 1+ 62| X||? and | X|]? = g(X, X).
Proof. The statement is a direct consequence of Theorem 4.1. O

Corollary 4.1. Let (M?™, p,g) be an anti-paraKdihler manifold and (TM,§)
be its tangent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric. If X € S§(M), X is a parallel vector field (i.e. VX = 0) then X
is harmonic.

Example 4.1. Let R? be endowed with the structure anti-paraKihler (¢, g)
defined by

g = e¥dz? + edy?,
and

o_¢o o _@o
Yor e oy SOcr)y et oz’
The non-null Christoffel symbols of the Riemannian connection are:

Fh = F%z =1,



A STUDY OF HARMONIC SECTIONS OF TANGENT BUNDLES ... 279

then we have,

0 0 0 0 0 0
I v —~ =0, Z _Z
Veor ™ ar 7 Oy Vo va@a oy’
1 1
the vector field X = 8@ + —8@ is harmnic because X is parallel, indeed,
eror ey Yy
10 1 0 1 0
X = ———+— —+ — — =0
V% em8x+e$va%6x+eyva%8y ’

1 0 10 1
VoX = —Vo————+4+—-V =0,
e et 55 0x v y * v oy oy

i.e. VX =0, then X is harmonic.
Example 4.2. Let R? be endowed with the structure anti-paraKihler (¢, g) in
polar coordinate defined by
g =dr? +r2d6?,
and

0 o 1 0 0 0 0
— =sin20— + —cos 20— — = 2 —sin20—.
o smﬁr COSHG  Pag rcos@r sm@e

The non-null Christoffel symbols of the Riemannian connection are:

1
F%Q :F%1 = F%Q =T
then we have,
0 0 0 10 0 0
Vaor =" Vaoe~Vaor oo Yaos or
. .0 1 0
the vector field X = sin 95 — CoS 0% is harmnic because X is parallel, indeed,
0 1 0o 1 0
X = — - Il
V% smHVarar 7,2603989 TCOSQVarae 0,
0 o 1 o 1 0
V%X = cosQa— + sin 0V 29 7 smH% *COS@V 290 — =0,

i.e. VX =0, then X is harmonic.

Theorem 4.3. Let (M*™ ¢, g) be an anti-paraKihler compact manifold and
(TM,g) be its tangent bundle equipped with the wvertically rescaled Berger-type
deformed Sasaki metric. If X € S§(M), X is a harmonic vector field if and only
if X is parallel (i.e. VX =0).

Proof. If X is parallel, from Corollary 4.1, we deduce that X is harmonic vector
field.
Inversely, let X; be a compactly supported variation of X defined by:
RxM — T,M
(t,x) — Xy(x)=(1+6)X,
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From lemma 4.2 we have:

1+41)2 1+t)4
e(Xy) = m—i—( —; ) ftracegg(VX, VX)+( ; ) f6*trace,g(VX, pX)?,
(1 —|— t
E(X:y) = mVol(M)+ / ftracegg(VX,VX)dy,
1+1)

—i-( + 62/ ftrace,g(VX, oX)2dv,.
If X is a critical pomt of the energy functional, then we have :

0

0 = —F(Xy)l=
5 (Xt)|t=0

_ gt[mVOZ(M) 1” / trace,g(VX, VX)dv,|
8{(1—1—75 52

ol 2

/ ftracegg(VX, pX) dvg} S

= / ftrace,g(VX,VX)dv, + 267 / ftrace,g(VX, X)%dv,
M M

= /M ftraceg[g(VX,VX) +25%g(VX, pX)?]dv,
which gives
9(VX,VX)+25°g(VX,pX)* =0,
hence VX = 0. g

Remark 4.1. In general , using Corollary 4.1 and Theorem 4.3, we can construct
many examples for a harmonic vector fields.

2. Harmonicity of the map o : (M,g) — (TN, h).

Lemma 4.3. Let ¢ : (M,g) — (N,h) be a smooth map between Riemannian
manifolds and let
oM — TN
. — (¢(x),v)

be a smooth map such that ¢ = wn o o, where v € Ty(yN and 7y : TN — N s
the canonical projection, then

do(X) = (d(X) " + (Vi)Y

for all X € S§(M), where V¢ is the pull-back connection on the pull-back bundle
¢ 'TN.

Proof. Let z € M, X € S§(M) and Y € S§(N) such that Y,y = v € Ty N.
Using Lemma 4.1, we obtain:

ds0(X,) = do(Y 0 $)(X,.)
= dy()Y (dsd(X.))
= (dp(XD a0 + (Vas0Y) ey
= (@) (.0 + (VX o)
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g

Theorem 4.4. Let (M™,g) be a Riemannian manifold, (N*", ¢, h) be an anti-
paraKdhler manifold and let (T'N, l~1) be the tangent bundle of N equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let ¢ : M — N be a
smooth map and

c:M — TN
z — (¢(z),v)

be a smooth map such that ¢ =y oo and v € Ty,)N. The tension field of o is
given by

T(o) = (T(qb) + traceg (fRN(U, Veo)de

—%(h(Vd’a, V%) + 62h(V¥0, po)?)grad f))H

2 1%
+<tmceg((v¢)2a + }h(grad f,dp)Voo + %h(V‘%, ng‘z’a)(pa)) ,

where A = 1+ 62||0||?, ||o||?> = h(o,0) and V? is the pull-back connection.

Proof. Let x € M and {E;},_17; be a local orthonormal frame on M such that
(V%{Ez)m =0and o(z) = (¢(x),v),v € Ty, N. Using Lemma 4.3, we have

(o) =

M

ﬁ
Il
—

((V%,do(E;))e — do(VHE E;)y)

I
NE

(vda(E )dU(Ei)) (¢(z),v)

@
I
—

|

s
Il
i

(v"{(il\;(E ))H+(V¢ ((d¢( )) (V%ia)v))(d)(x)m)

(V(TN i (dS(ED) T + V(i oy (Vg0)Y +V( > o v(d¢(Ei))H

I
407

¢ \V
% v (VED" ) 4w
From the Theorem 3.1, we obtain:

m

r(0) = 3 (VN do(B)" — 5 (BN (do(E:), d6(E)0) + (Vi V,0)”

=1
N §< RN (0, V%, 0)do(E:))"

N §< RN (0, V%, 0)do(E;))"

+o7 fd¢< DNV

+ fd¢< D) (Vo)

2
5 (50 (V50 )grad T+ S h(VE 0,6 %,0)(00)")
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Il
.MS

@
Il
—

((V5,do(B) + F(RN (0, Vi, 0)d(E:)"

(h(V%icr, V%ﬁ_a) + 52h(V%ia, @0)2)(grad NHE + (V%iV%iJ)V

—_ DN =

2
+h(grad J,d0(E))(Vh,0)" + S h(VE,0,09%,0)(¢0)" ).

~

Therefore we get
= (T((;S) + trace, (fRN(O', VPo)de

,%(h(v¢07 V%) + 62h(V¥a, po)?)grad f))H

2 1%
+<traceg((v¢)20 + chh(gmd f,dp)VPo + %h(v¢0, (pV‘%)(pJ)) .

From Theorem 4.4 we obtain.

Theorem 4.5. Let (M™,g) be a Riemannian manifold, (N*",,h) be an anti-
paraKdhler manifold and let (T'N, l~1) be the tangent bundle of N equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let ¢ : M — N be a
smooth map and

c:M — TN
z — (¢(z),v)

be a smooth map such that ¢ =y oo and v € Ty, N, then o is a harmonic if
and only if the following conditions are verified

1
T(p) = tmceg(§ (h(V¢U, V?o) + 6%h(V?0, cpa)z)gradf — fRN (o, V‘%)dqﬁ),
and
0\25 4 L P e
traceq((V?)°0 + ?h(gmdf, dg)Veo + Xh(V 0,¢oV9r)po) = 0.
4.3. Harmonicity of the map ®: (T'M,g) — (N, h).
Lemma 4.4. Let (M>?™, ¢, g) be an anti-paraKdihler manifold and (T M, §) be its
tangent bundle equipped with the vertically rescaled Berger-type deformed Sasaki
metric. The tension field of the canonical projection w : (TM,g) — (M, g) is
given by
_m

(M) =7

Proof. Let (z,u) € TM and {E;}, 75 be alocal orthonormal frame on M such
that Ey = i, In this case, the set {Fa}
local orthonormal frame on T'M.

(grad f)om.

o—T 1 Which is defined as below, is a

1
F;, = EZ-H,F2m+1 = 7(90E1)V7F2m+j =

NiD) (pEj)Y,i=T1,2m,j = 2,2m. (4.5)

L
v
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T(m) = tracezVdnm
2m

= > (VRdr(F) —dn(VEVF)) + VE,, . dr(Fomy1)
=1

2m

—dm (VFQ +1F2m+1) + Z ( 7}1;2m+j dW(FQm"‘j) —dm (vgzj‘r/[merZm'f‘j))
=2
as dr(X") =0 and dr(X) = X o for any X € S}(M) then

2m

T(m) = Z(VT(EH)dw( My —dn(VEE)T ;(R(Ei,Ei)u)V))

=1
—V}jdw(wEnV(})(soEnV Vi (eE)")

—Z(fdﬂ (¥E)) (\/7)(<PE) +\}TV<T%»V<‘PEJ')V>)

2m

= Y (VgL (Biom) = (VI E) o)

=1

+f1)\2f ((<PE1) (¢E1)V)d7r(gmd f)H

+Z 733 S7il0E)" (0B am(grad )"

1

= zf,\( 9(pE1, 0B +8°g(pE1, o)) (grad f) o m

+ Z 9(¢Ej, ¢Ej) + 6%9(0Ej, pu)?) (grad f) o

= ;f(gradf) om 4+ 277;; 1(gradf) o

= %(gradf) o
O

Theorem 4.6. Let (M?™, ¢, g) be an anti-paraKihler manifold, (N™,h) be a
Riemannian manifold and let (T M, g) be the tangent bundle of M equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let ¢ : (M, g) — (N, h)
be a smooth map. The tension field of the map

&:(TM,§) — (N,h)
(,u) — oz)

s given by

D dp(grad f)) o

(@) = (T(¢)+f
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Proof. Let (z,u) € TM and {Ez}@:m be a local orthonormal frame on M such
that By = pir and {Fo} be a local orthonormal frame on T'M defined by
(4.5). Since ® is written in the form ® = ¢ o 7, we have

T(®) = 7(¢om)
= do(r(m)) +tracezVdeo(dm, dr)

a=1,4m

2m

tracegVdo(dm, dr) = Z (Viﬂ(ﬂ)dgb(dw(ﬂ)) - dQS(V%(Fi)dw(Fi)))

i=1
+V§W(Fgm+1)d¢(dﬂ-(F2m+l)) - d(ﬁ(vé\i(gmﬂ)dﬂ(ﬂmﬂ))

+ Z (Viﬂ(F2m+j)d¢(d7r(F2m+j))
j=2

2m

= ) (Vi do(E) — dp(VILE)) o

i=1
= 7(¢)om,
Using Lemma 4.4, we obtain:
m

T(®) = T(¢)O7T+d¢(f (grad f) o)

- [T(qb) + %dgb(grad f)} oT.

g

Theorem 4.7. Let (M?™,¢,g) be an anti-paraKihler manifold, (N™,h) be a
Riemannian manifold and let (T M, g) be the tangent bundle of M equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let ¢ : (M, g) — (N, h)
a smooth map. The map

s a harmonic if and only if

T(¢) = —%dgb(grad f)om.
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