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A STUDY OF HARMONIC SECTIONS OF TANGENT

BUNDLES WITH VERTICALLY RESCALED BERGER-TYPE

DEFORMED SASAKI METRIC

ABDERRAHIM ZAGANE

Abstract. In this paper, we introduce a vertically rescaled Berger-
type deformed Sasaki metric on the tangent bundle TM over an anti-
paraKähler manifold (M,ϕ, g). We study the harmonicity of the tan-
gent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric and we establish a necessary and sufficient condition un-
der which a vector field is harmonic with respect to this metric. We
also construct some examples of harmonic vector fields. Finally, we
study the harmonicity of a vector field along a map between Riemann-
ian manifolds, the target manifold being anti-paraKähler equipped with
a vertically rescaled Berger-type deformed Sasaki metric on its tangent
bundle. Also, we discuss the harmonicity of the composition of the pro-
jection map of the tangent bundle of a Riemannina manifold with a
map from this manifold into another Riemannian manifold, the source
manifold being anti-paraKähler whose tangent bundle is endowed with
a vertically rescaled Berger-type deformed Sasaki metric.

1. Introduction

The geometry of the tangent bundle TM over a Riemannian manifold (M, g),
equipped with the Sasaki metric has been studied by many authors such as S.
Sasaki [16], P. Dombrowski [5], K. Yano, S. Ishihara [19], A. Salimov, A. Gezer,
K. Akbulut [13] etc. The rigidity of Sasaki metric has incited some geometers to
construct and study other metrics on TM . E. Musso, F. Tricerri has introduced
the notion of Cheeger-Gromoll metric [11], this metric has been studied also by
many authors (see [8, 15, 17]). M. Altunbas, R. Simsek, A. Gezer has introduced
the notion of Berger type deformed Sasaki metric [2].

Consider a smooth map φ : (Mm, g) → (Nn, h) between two Riemannian
manifolds, then the second fundamental form of φ is defined by

(∇dφ)(X,Y ) = ∇φXdφ(Y )− dφ(∇XY ). (1.1)
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Here ∇ is the Riemannian connection on M and ∇φ is the pull-back connection
on the pull-back bundle φ−1TN , and

τ(φ) = traceg∇dφ, (1.2)

is the tension field of φ.
The energy functional of φ is defined by

E(φ) =

∫
K
e(φ)dvg, (1.3)

such that K is any compact of M , where

e(φ) =
1

2
tracegh(dφ, dφ), (1.4)

is the energy density of φ.
A map is called harmonic if it is a critical point of the energy functional E. For

any smooth variation {φt}t∈I of φ with φ0 = φ and V =
d

dt
φt

∣∣∣
t=0

, we have

d

dt
E(φt)

∣∣∣
t=0

= −
∫
K
h(τ(φ), V )dvg (1.5)

Then φ is harmonic if and only if τ(φ) = 0.
One can refer to [6, 7, 9, 12] for background on harmonic maps.

The main idea in this note consists in the deformation (in the vertical bundle)
of the Berger type deformed Sasaki metric on the tangent bundle [2]. Firstly, we
introduce the vertically rescaled Berger-type deformed Sasaki metric on the tan-
gent bundle TM over an anti-paraKähler manifold (M2m, ϕ, g) and we investigate
the Levi-Civita connection (Theorem 3.1). Secondly, we study the harmonicity
respect to the vertically rescaled Berger-type deformed Sasaki metric and we es-
tablish necessary and sufficient conditions under which a vector field is harmonic
(Theorem 4.2 and Theorem 4.3). We also construct some examples of harmonic
vector fields (Example 4.1 and Example 4.2). After that we study the harmonicity

of the map σ : (M, g) −→)(TN, h̃), x →
(
φ(x), v

)
(Theorem 4.4 and Theorem

4.5) and the map Φ : (TM, g̃) −→ (N,h), (x, u) → φ(x) ( Theorem 4.6 and

Theorem 4.7), where φ : (M, g) −→ (N,h) is a smooth map and (TN, h̃) (resp
(TM, g̃)) is a tangent bundle equipped with the vertically rescaled Berger-type
deformed Sasaki metric on N (resp on M).

2. Preliminaries

Let TM be the tangent bundle over an m-dimensional Riemannian manifold
(Mm, g) and the natural projection π : TM → M . A local chart (U, xi)i=1,m

on M induces a local chart (π−1(U), xi, yi)i=1,m on TM . Denote by Γkij the

Christoffel symbols of g and by ∇ the Levi-Civita connection of g. Let C∞(M)
be the ring of real-valued C∞ functions on M and =1

0(M) be the module over
C∞(M) of C∞ vector fields on M .

The Levi Civita connection ∇ defines a direct sum decomposition

T(x,u)TM = V(x,u)TM ⊕H(x,u)TM. (2.1)
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of the tangent bundle to TM at any (x, u) ∈ TM into vertical subspace

V(x,u)TM = Ker(dπ(x,u)) = {ξi ∂
∂yi
|(x,u), ξi ∈ R}, (2.2)

and the horizontal subspace

H(x,u)TM = {ξi ∂
∂xi
|(x,u) − ξiujΓkij

∂

∂yk
|(x,u), ξi ∈ R}. (2.3)

Note that the map X → XH is an isomorphism between the vector spaces
TxM and H(x,u)TM . Similarly, the map X → XV is an isomorphism between the
vector spaces TxM and V(x,u)TM . Obviously, each tangent vector Z ∈ T(x,u)TM
can be written in the form Z = XH + Y V , where X,Y ∈ TxM are uniquely
determined vectors.

Let X = Xi ∂
∂xi

be a local vector field on M . The vertical and the horizontal
lifts of X are defined by

XV = Xi ∂

∂yi
, (2.4)

XH = Xi δ

δxi
= Xi{ ∂

∂xi
− yjΓkij

∂

∂yk
}. (2.5)

For consequences, we have ( ∂
∂xi

)H = δ
δxi

and ( ∂
∂xi

)V = ∂
∂yi

, then ( δ
δxi
, ∂
∂yi

)i=1,m is

a local adapted frame on TTM .
If U be a local vector field constant on each fiber TxM i.e. (U = u = ui ∂

∂xi
),

the vertical lift UV is called the canonical vertical vector field or Liouville vector
field on TM .

Lemma 2.1. [5, 19] Let (M, g) be a Riemannian manifold. The bracket operation
of vertical and horizontal vector fields is given by the formulas

(1) [XH , Y H ](x,u) = [X,Y ]H(x,u) − (Rx(X,Y )u)V ,

(2) [XH , Y V ](x,u) = (∇XY )V(x,u),

(3) [XV , Y V ](x,u) = 0,

for all vector fields X,Y ∈ =1
0(M) and (x, u) ∈ TM , where ∇ and R denotes

respectively the Levi-Civita connection and the curvature tensor of (M, g).

3. Vertically rescaled Berger-type deformed Sasaki metric

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric
g. An almost paracomplex manifold is an almost product manifold (M2m, ϕ),
ϕ2 = id, such that the two eigenbundles T+M and T−M associated to the two
eigenvalues +1 and −1 of ϕ, respectively, have the same rank.

A paracomplex structure is an integrable almost paracomplex structure. Let
(M2m, ϕ) be an almost paracomplex manifold. A Riemannian metric g is said to
be an anti-paraHermitian metric if

g(ϕX,ϕY ) = g(X,Y ), (3.1)

or equivalently (purity condition), (B-metric)[14]

g(ϕX, Y ) = g(X,ϕY ) (3.2)
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for all X,Y ∈ =1
0(M).

If (M2m, ϕ) is an almost paracomplex manifold with an anti-paraHermitian
metric g, then the triple (M2m, ϕ, g) is said to be an almost anti-paraHermitian
manifold (an almost B-manifold)[14]. Moreover, (M2m, ϕ, g) is said to be anti-
paraKähler manifold (B-manifold)[14] if ϕ is parallel with respect to the Levi-
Civita connection ∇ of g i.e. (∇ϕ = 0).

As is well known, the anti-paraKähler condition (∇ϕ = 0) is equivalent to
paraholomorphicity of the anti-paraHermitian metric g, that is, (φϕg) = 0, where
φϕ is the Tachibana operator [18].

It is well known that if (M2m, ϕ, g) is a anti-paraKähler manifold, the Rie-
mannian curvature tensor is pure [14], and{

R(ϕY,Z) = R(Y, ϕZ) = R(Y,Z)ϕ = ϕR(Y,Z),
R(ϕY, ϕZ) = R(Y, Z),

(3.3)

for all Y, Z ∈ =1
0(M).

Definition 3.1. Let (M2m, ϕ, g) be an almost anti-paraHermitian manifold and
f : M →]0,+∞[ be a strictly positive smooth function on M . Define a fiber-wise
vertically rescaled Berger-type deformed Sasaki metric noted g̃ on TM , by

g̃(XH , Y H) = g(X,Y ),

g̃(XH , Y V ) = 0,

g̃(XV , Y V ) = f
(
g(X,Y ) + δ2g(X,ϕu)g(Y, ϕu)

)
,

for all X,Y ∈ =1
0(M), where δ is some constant [2] and f is called twisting

function.

Remark 3.1. 1. If f = 1 and δ = 0, g̃ is the Sasaki metric[16],
2. If f = 1, g̃ is the Berger-type deformed Sasaki metric[2],
3. If δ = 0, g̃ is the vertical rescaled metric [4],
4. g̃(XV , ϕUV ) = (1+δ2r2)fg(X,ϕu) and r2 = g(u, u), for any X ∈ =1

0(M).

In the following, we consider λ = 1 + δ2r2 and r2 = g(u, u) = ‖u‖2, where ‖.‖
denote the norm with respect to (M, g).

Lemma 3.1. [1] Let (M, g) be a Riemannian manifold and ρ : R→ R a smooth
function. Then we have

(1) XH(ρ(r2)) = 0,
(2) XV (ρ(r2)) = 2ρ′(r2)g(X,u),
(3) XHg(Y, u) = g(∇XY, u),
(4) XV g(Y, u) = g(X,Y ),

for any X,Y ∈ =1
0(M).

Lemma 3.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold, we have the fol-
lowing:

(1) XHg(Y, ϕu) = g(∇XY, ϕu),
(2) XV g(Y, ϕu) = g(Y, ϕX),

for all X,Y ∈ =1
0(M).

Proof. The results follow immediately from Lemma 3.1. �
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Lemma 3.3. Let (M2m, ϕ, g) be an anti-paraKähler manifold, we have the fol-
lowing:

(1) XH g̃(Y V , ZV ) =
1

f
X(f)g̃(Y V , ZV ) + g̃((∇XY )V , ZV ) + g̃(Y V , (∇XZ)V ),

(2) XV g̃(Y V , ZV ) = δ2f
[
g(X,ϕY )g(Z,ϕu) + g(Y, ϕu)g(X,ϕZ)

]
,

where X,Y, Z ∈ =1
0(M).

Proof. The results follow directly from Lemma 3.1 and Lemma 3.2 �

We shall calculate the Levi-Civita connection ∇̃ of TM with vertically rescaled
Berger-type deformed Sasaki metric g̃. This connection is characterized by the
Koszul formula:

2g̃(∇̃
X̃
Ỹ , Z̃) = X̃g̃(Ỹ , Z̃) + Ỹ g̃(Z̃, X̃)− Z̃g̃(X̃, Ỹ )

+g̃(Z̃, [X̃, Ỹ ]) + g̃(Ỹ , [Z̃, X̃])− g̃(X̃, [Ỹ , Z̃]). (3.4)

for all X̃, Ỹ , Z̃ ∈ =1
0(TM).

Theorem 3.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) its
tangent bundle equipped with the vertically rescaled Berger-type deformed Sasaki
metric , then we have the following formulas.

1. ∇̃XHY H = (∇XY )H − 1

2
(R(X,Y )u)V ,

2. ∇̃XHY V = (∇XY )V +
1

2f
X(f)Y V +

f

2
(R(u, Y )X)H ,

3. ∇̃XV Y H =
1

2f
Y (f)XV +

f

2
(R(u,X)Y )H ,

4. ∇̃XV Y V =
−1

2f
g̃(XV , Y V )(grad f)H +

δ2

λ
g(X,ϕY )(ϕU)V ,

for all vector fields X,Y ∈ =1
0(M), where ∇ and R denotes respectively the Levi-

Civita connection and the curvature tensor of (M2m, ϕ, g).

Proof. The proof of Theorem 3.1 follows directly from Kozul formula (3.4), Lemma
2.1, Lemma 3.2 and Lemma 3.3.
(1) Direct calculations give,

2g̃(∇̃XHY H , ZH) = XH g̃(Y H , ZH) + Y H g̃(ZH , XH)− ZH g̃(XH , Y H)

+g̃(ZH , [XH , Y H ]) + g̃(Y H , [ZH , XH ])

−g̃(XH , [Y H , ZH ])

= Xg(Y,Z) + Y g(Z,X)− Zg(X,Y ) + g(Z, [X,Y ])

+g(Y, [Z,X])− g(X, [Y, Z])

= 2g(∇XY,Z)

= 2g̃((∇XY )H , ZH),
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and

2g̃(∇̃XHY H , ZV ) = XH g̃(Y H , ZV ) + Y H g̃(ZV , XH)− ZV g̃(XH , Y H)

+g̃(ZV , [XH , Y H ]) + g̃(Y H , [ZV , XH ])

−g̃(XH , [Y H , ZV ])

= g̃(ZV , [XH , Y H ])

= −g̃((R(X,Y )u)V , ZV ).

we have:

∇̃XHY H = (∇XY )H − 1

2
(R(X,Y )u)V .

(2) By straightforward calculations,

2g̃(∇̃XHY V , ZH) = XH g̃(Y V , ZH) + Y V g̃(ZH , XH)− ZH g̃(XH , Y V )

+g̃(ZH , [XH , Y V ]) + g̃(Y V , [ZH , XH ])

−g̃(XH , [Y V , ZH ])

= g̃(Y V , [ZH , XH ])

= −g̃((R(Z,X)u)V , Y V )

= −f [g(R(Z,X)u, Y ) + δ2g(Y, ϕu)g(R(Z,X)u, ϕu)]

= fg̃((R(u, Y )X)H , ZH).

Where

−g(R(Z,X)u, Y ) = g(R(u, Y )X,Z) = g̃((R(u, Y )X)H , ZH),

and from (3.3) we have

g(R(Z,X)u, ϕu) = g(ϕR(Z,X)u, u) = g(R(ϕZ,X)u, u) = 0.

It follows from.

2g̃(∇̃XHY V , ZV ) = XH g̃(Y V , ZV ) + Y V g̃(ZV , XH)− ZV g̃(XH , Y V )

+g̃(ZV , [XH , Y V ]) + g̃(Y V , [ZV , XH ])− g̃(XH , [Y V , ZV ])

= XH g̃(Y V , ZV ) + g̃(ZV , [XH , Y V ]) + g̃(Y V , [ZV , XH ])

=
1

f
X(f)g̃(Y V , ZV ) + g̃((∇XY )V , ZV ) + g̃(Y V , (∇XZ)V )

+g̃(ZV , (∇XY )V )− g̃(Y V , (∇XZ)V )

= 2g̃((∇XY )V , ZV ) +
1

f
X(f)g̃(Y V , ZV )

= 2g̃((∇XY )V +
1

2f
X(f)Y V , ZV ).

we have:

∇̃XHY V = (∇XY )V +
1

2f
X(f)Y V +

f

2
(R(u, Y )X)H .

The other formulas are obtained by a similar calculation. �
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4. Vertically rescaled Berger-type deformed Sasaki metric and
Harmonicity

4.1. Harmonicity of a vector field X : (M, g) −→ (TM, g̃).

Lemma 4.1. [10] Let (M, g) be a Riemannian manifold. If X,Y ∈ =1
0(M) are

vector fields on M and (x, u) ∈ TM such that Yx = u, then we have:

dxY (Xx) = XH
(x,u) + (∇XY )V(x,u)

Proof. Let (U, xi) be a local chart on M in x ∈ M and (π−1(U), xi, yj) be the
induced chart on TM , if Xx = Xi(x) ∂

∂xi
|x and Yx = Y i(x) ∂

∂xi
|x = u, then

dxY (Xx) = Xi(x)
∂

∂xi
|(x,u) +Xi(x)

∂Y k

∂xi
(x)

∂

∂yk
|(x,u)

= Xi(x)
∂

∂xi
|(x,u) −Xi(x)Y j(x)Γkij(x)

∂

∂yk
|(x,u)

+Xi(x)Y j(x)Γkij(x)
∂

∂yk
|(x,u) +Xi(x)

∂Y k

∂xi
(x)

∂

∂yk
|(x,u)

=
[
Xi
( ∂
∂xi
− yjΓkij

) ∂

∂yk
]
(x,u)

+
[
Xi
(∂Y k

∂xi
+ Y jΓkij

) ∂

∂yk
]
(x,u)

= XH
(x,u) +

[
Xi
(∂Y k

∂xi
+ Y jΓkij

) ∂

∂xk
]V
(x,u)

= XH
(x,u) + (∇XY )V(x,u).

�

Lemma 4.2. Let (M2m, ϕ, g) be an almost anti-paraHermitian manifold and
(TM, g̃) be its tangent bundle equipped with the vertically rescaled Berger-type
deformed Sasaki metric. If X ∈ =1

0(M), then the energy density associated to X
is given by

e(X) = m+
f

2
traceg

[
g(∇X,∇X) + δ2g(∇X,ϕX)2

]
. (4.1)

Proof. Let (x, u) ∈ TM , X ∈ =1
0(M), Xx = u and {Ei}i=1,2m be a local or-

thonormal frame on M , then:

e(X)x =
1

2
traceg g̃(dX, dX)(x,u)

=
1

2

2m∑
i=1

g̃(dX(Ei), dX(Ei))(x,u)
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Using Lemma 4.1, we obtain:

e(X) =
1

2

2m∑
i=1

g̃(EHi + (∇EiX)V , EHi + (∇EiX)V )

=
1

2

2m∑
i=1

(
g̃(EHi , E

H
i ) + g̃((∇EiX)V , (∇EiX)V )

)
=

1

2

2m∑
i=1

(
g(Ei, Ei) + f(g(∇EiX,∇EiX) + δ2g(∇EiX,ϕX)2)

)
= m+

f

2
traceg

(
g(∇X,∇X) + δ2g(∇X,ϕX)2

)
.

�

Theorem 4.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃)
be its tangent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric. If X ∈ =1

0(M), then the tension field associated to X is given by:

τ(X) =
[
tracegA(X)

]H
+
[ 1

f
∇grad fX + tracegB(X)

]V
, (4.2)

where A(X) and B(X) are a bilinear maps defined by

A(X) = fR(X,∇X) ∗ −1

2

(
g(∇X,∇X) + δ2g(∇X,ϕX)2

)
grad f,

B(X) = ∇2X +
δ2

λ
g(∇X,ϕ(∇X))ϕX,

where λ = 1 + δ2‖X‖2 and ‖X‖2 = g(X,X). In the expression R(X,∇X)∗, the
symbol ∗ denotes the third component of the curvature tensor.

Proof. Let (x, u) ∈ TM , X ∈ =1
0(M), Xx = u and {Ei}i=1,2m be a local or-

thonormal frame on M such that (∇MEiEi)x = 0, then

τ(X)x =

2m∑
i=1

(
∇XEidX(Ei)− dX(∇MEiEi)

)
x

=

2m∑
i=1

(
∇̃(EHi +(∇EiX)V )(E

H
i + (∇EiX)V )

)
(x,u)

=
2m∑
i=1

(
∇̃EHi E

H
i + ∇̃EHi (∇EiX)V + ∇̃(∇EiX)V (Ei)

H

+∇̃(∇EiX)V (∇EiX)V
)
(x,u)
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Using Theorem 3.1, we obtain

τ(X) =
2m∑
i=1

(
(∇EiEi)H −

1

2
(R(Ei, Ei)X)V + (∇Ei∇EiX)V

+
1

2f
Ei(f)(∇EiX)V +

f

2
(R(X,∇EiX)Ei)

H +
1

2f
Ei(f)(∇EiX)V

+
f

2
(R(X,∇EiX)Ei)

H − 1

2f
g̃((∇EiX)V , (∇EiX)V )(grad f)H

+
δ2

λ
g(∇EiX,ϕ(∇EiX))(ϕX)V

)
=

2m∑
i=1

(
f(R(X,∇EiX)Ei)

H − 1

2f
g̃((∇EiX)V , (∇EiX)V )(grad f)H

+(∇Ei∇EiX)V +
1

f
Ei(f)(∇EiX)V +

δ2

λ
g(∇EiX,ϕ(∇EiX))(ϕX)V

)
=

(
traceg

(
fR(X,∇X) ∗ −1

2

(
g(∇X,∇X) + δ2g(∇X,ϕX)2

)
grad f

))H
+
( 1

f
∇grad fX + traceg

(
∇2X +

δ2

λ
g(∇X,ϕ(∇X))ϕX

))V
.

�

Theorem 4.2. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃)
be its tangent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric. If X ∈ =1

0(M), X is a harmonic vector field if and only if the
following conditions are verified

traceg
(
fR(X,∇X) ∗ −f

2

(
g(∇X,∇X) + δ2g(∇X,ϕX)2

)
grad f

)
= 0, (4.3)

and

1

f
∇grad fX + traceg

(
∇2X +

δ2

λ
g(∇X,ϕ(∇X))ϕX

)
= 0, (4.4)

where λ = 1 + δ2‖X‖2 and ‖X‖2 = g(X,X).

Proof. The statement is a direct consequence of Theorem 4.1. �

Corollary 4.1. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃)
be its tangent bundle equipped with the vertically rescaled Berger-type deformed
Sasaki metric. If X ∈ =1

0(M), X is a parallel vector field (i.e. ∇X = 0) then X
is harmonic.

Example 4.1. Let R2 be endowed with the structure anti-paraKähler (ϕ, g)
defined by

g = e2xdx2 + e2ydy2,

and

ϕ
∂

∂x
=
ex

ey
∂

∂y
, ϕ

∂

∂y
=
ey

ex
∂

∂x
.

The non-null Christoffel symbols of the Riemannian connection are:

Γ1
11 = Γ2

22 = 1,
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then we have,

∇ ∂
∂x

∂

∂x
=

∂

∂x
, ∇ ∂

∂x

∂

∂y
= ∇ ∂

∂y

∂

∂x
= 0, ∇ ∂

∂y

∂

∂y
=

∂

∂y
,

the vector field X =
1

ex
∂
∂x +

1

ey
∂
∂y is harmnic because X is parallel, indeed,

∇ ∂
∂x
X = − 1

ex
∂

∂x
+

1

ex
∇ ∂

∂x

∂

∂x
+

1

ey
∇ ∂

∂x

∂

∂y
= 0,

∇ ∂
∂θ
X =

1

ex
∇ ∂

∂y

∂

∂x
− 1

ey
∂

∂y
+

1

ey
∇ ∂

∂y

∂

∂y
= 0,

i.e. ∇X = 0, then X is harmonic.

Example 4.2. Let R2 be endowed with the structure anti-paraKähler (ϕ, g) in
polar coordinate defined by

g = dr2 + r2dθ2,

and

ϕ
∂

∂r
= sin 2θ

∂

∂r
+

1

r
cos 2θ

∂

∂θ
, ϕ

∂

∂θ
= r cos 2θ

∂

∂r
− sin 2θ

∂

∂θ
.

The non-null Christoffel symbols of the Riemannian connection are:

Γ2
12 = Γ2

21 =
1

r
, Γ1

22 = −r,

then we have,

∇ ∂
∂r

∂

∂r
= 0, ∇ ∂

∂r

∂

∂θ
= ∇ ∂

∂θ

∂

∂r
=

1

r

∂

∂θ
, ∇ ∂

∂θ

∂

∂θ
= −r ∂

∂r
,

the vector field X = sin θ
∂

∂r
+

1

r
cos θ

∂

∂θ
is harmnic because X is parallel, indeed,

∇ ∂
∂r
X = sin θ∇ ∂

∂r

∂

∂r
− 1

r2
cos θ

∂

∂θ
+

1

r
cos θ∇ ∂

∂r

∂

∂θ
= 0,

∇ ∂
∂θ
X = cos θ

∂

∂r
+ sin θ∇ ∂

∂θ

∂

∂r
− 1

r
sin θ

∂

∂θ
+

1

r
cos θ∇ ∂

∂θ

∂

∂θ
= 0,

i.e. ∇X = 0, then X is harmonic.

Theorem 4.3. Let (M2m, ϕ, g) be an anti-paraKähler compact manifold and
(TM, g̃) be its tangent bundle equipped with the vertically rescaled Berger-type
deformed Sasaki metric. If X ∈ =1

0(M), X is a harmonic vector field if and only
if X is parallel (i.e. ∇X = 0).

Proof. If X is parallel, from Corollary 4.1, we deduce that X is harmonic vector
field.
Inversely, let Xt be a compactly supported variation of X defined by:

R×M −→ TxM

(t, x) 7−→ Xt(x) = (1 + t)Xx
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From lemma 4.2 we have:

e(Xt) = m+
(1 + t)2

2
f tracegg(∇X,∇X) +

(1 + t)4

2
fδ2 tracegg(∇X,ϕX)2,

E(Xt) = mV ol(M) +
(1 + t)2

2

∫
M
f tracegg(∇X,∇X)dvg

+
(1 + t)4

2
δ2
∫
M
f tracegg(∇X,ϕX)2dvg.

If X is a critical point of the energy functional, then we have :

0 =
∂

∂t
E(Xt)|t=0

=
∂

∂t

[
mV ol(M) +

(1 + t)2

2

∫
M
f tracegg(∇X,∇X)dvg

]
t=0

+
∂

∂t

[(1 + t)4

2
δ2
∫
M
f tracegg(∇X,ϕX)2dvg

]
t=0

=

∫
M
f tracegg(∇X,∇X)dvg + 2δ2

∫
M
f tracegg(∇X,ϕX)2dvg

=

∫
M
f traceg

[
g(∇X,∇X) + 2δ2g(∇X,ϕX)2

]
dvg

which gives
g(∇X,∇X) + 2δ2g(∇X,ϕX)2 = 0,

hence ∇X = 0. �

Remark 4.1. In general , using Corollary 4.1 and Theorem 4.3, we can construct
many examples for a harmonic vector fields.

4.2. Harmonicity of the map σ : (M, g) −→ (TN, h̃).

Lemma 4.3. Let φ : (M, g) → (N,h) be a smooth map between Riemannian
manifolds and let

σ : M −→ TN

x 7−→ (φ(x), v)

be a smooth map such that φ = πN ◦ σ, where v ∈ Tφ(x)N and πN : TN → N is
the canonical projection, then

dσ(X) = (dφ(X))H + (∇φXσ)V ,

for all X ∈ =1
0(M), where ∇φ is the pull-back connection on the pull-back bundle

φ−1TN .

Proof. Let x ∈ M , X ∈ =1
0(M) and Y ∈ =1

0(N) such that Yφ(x) = v ∈ Tφ(x)N .
Using Lemma 4.1, we obtain:

dxσ(Xx) = dx(Y ◦ φ)(Xx)

= dφ(x)Y (dxφ(Xx))

= (dφ(X))H(φ(x),v) + (∇dφ(X)Y )V(φ(x),v)

= (dφ(X))H(φ(x),v) + (∇φXσ)V(φ(x),v).
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�

Theorem 4.4. Let (Mm, g) be a Riemannian manifold, (N2n, ϕ, h) be an anti-

paraKähler manifold and let (TN, h̃) be the tangent bundle of N equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let φ : M → N be a
smooth map and

σ : M −→ TN

x 7−→ (φ(x), v)

be a smooth map such that φ = πN ◦ σ and v ∈ Tφ(x)N . The tension field of σ is
given by

τ(σ) =
(
τ(φ) + traceg

(
fRN (σ,∇φσ)dφ

−1

2

(
h(∇φσ,∇φσ) + δ2h(∇φσ, ϕσ)2

)
grad f

))H
+
(
traceg

(
(∇φ)2σ +

1

f
h(grad f, dφ)∇φσ +

δ2

λ
h(∇φσ, ϕ∇φσ)ϕσ

))V
,

where λ = 1 + δ2‖σ‖2, ‖σ‖2 = h(σ, σ) and ∇φ is the pull-back connection.

Proof. Let x ∈ M and {Ei}i=1,m be a local orthonormal frame on M such that

(∇MEiEi)x = 0 and σ(x) = (φ(x), v), v ∈ Tφ(x)N . Using Lemma 4.3, we have

τ(σ)x =

m∑
i=1

(
(∇σEidσ(Ei))x − dσ(∇MEiEi)x

)
=

m∑
i=1

(
∇TNdσ(Ei)dσ(Ei)

)
(φ(x),v)

=

m∑
i=1

(
∇TN

((dφ(Ei))H+(∇φEiσ)
V )

((dφ(Ei))
H + (∇φEiσ)V )

)
(φ(x),v)

=
m∑
i=1

(
∇TN(dφ(Ei))H (dφ(Ei))

H +∇TN(dφ(Ei))H (∇φEiσ)V +∇TN
(∇φEiσ)

V
(dφ(Ei))

H

+∇TN
(∇φEiσ)

V
(∇φEiσ)V

)
(φ(x),v)

From the Theorem 3.1, we obtain:

τ(σ) =

m∑
i=1

(
(∇Ndφ(Ei)dφ(Ei))

H − 1

2
(RN (dφ(Ei), dφ(Ei))σ)V + (∇Ndφ(Ei)∇

φ
Ei
σ)V

+
1

2f
dφ(Ei)(f)(∇φEiσ)V +

f

2
(RN (σ,∇φEiσ)dφ(Ei))

H

+
1

2f
dφ(Ei)(f)(∇φEiσ)V +

f

2
(RN (σ,∇φEiσ)dφ(Ei))

H

− 1

2f
h̃((∇φEiσ)V , (∇φEiσ)V )(grad f)H +

δ2

λ
h(∇φEiσ, ϕ∇

φ
Ei
σ)(ϕσ)V

)



282 ABDERRAHIM ZAGANE

=
m∑
i=1

(
(∇φEidφ(Ei))

H + f(RN (σ,∇φEiσ)dφ(Ei))
H

−1

2

(
h(∇φEiσ,∇

φ
Ei
σ) + δ2h(∇φEiσ, ϕσ)2

)
(grad f)H + (∇φEi∇

φ
Ei
σ)V

+
1

f
h(grad f, dφ(Ei))(∇φEiσ)V +

δ2

λ
h(∇φEiσ, ϕ∇

φ
Ei
σ)(ϕσ)V

)
.

Therefore we get

=
(
τ(φ) + traceg

(
fRN (σ,∇φσ)dφ

−1

2

(
h(∇φσ,∇φσ) + δ2h(∇φσ, ϕσ)2

)
grad f

))H
+
(
traceg

(
(∇φ)2σ +

1

f
h(grad f, dφ)∇φσ +

δ2

λ
h(∇φσ, ϕ∇φσ)ϕσ

))V
.

�

From Theorem 4.4 we obtain.

Theorem 4.5. Let (Mm, g) be a Riemannian manifold, (N2n, ϕ, h) be an anti-

paraKähler manifold and let (TN, h̃) be the tangent bundle of N equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let φ : M → N be a
smooth map and

σ : M −→ TN

x 7−→ (φ(x), v)

be a smooth map such that φ = πN ◦ σ and v ∈ Tφ(x)N , then σ is a harmonic if
and only if the following conditions are verified

τ(φ) = traceg
(1

2

(
h(∇φσ,∇φσ) + δ2h(∇φσ, ϕσ)2

)
grad f − fRN (σ,∇φσ)dφ

)
,

and

traceg
(
(∇φ)2σ +

1

f
h(grad f, dφ)∇φσ +

δ2

λ
h(∇φσ, ϕ∇φσ)ϕσ

)
= 0.

4.3. Harmonicity of the map Φ : (TM, g̃) −→ (N,h).

Lemma 4.4. Let (M2m, ϕ, g) be an anti-paraKähler manifold and (TM, g̃) be its
tangent bundle equipped with the vertically rescaled Berger-type deformed Sasaki
metric. The tension field of the canonical projection π : (TM, g̃) −→ (M, g) is
given by

τ(π) =
m

f
(grad f) ◦ π.

Proof. Let (x, u) ∈ TM and {Ei}i=1,2m be a local orthonormal frame on M such

that E1 = u
‖u‖ , In this case, the set {Fa}a=1,4m which is defined as below, is a

local orthonormal frame on TM .

Fi = EHi , F2m+1 =
1√
fλ

(ϕE1)
V , F2m+j =

1√
f

(ϕEj)
V , i = 1, 2m, j = 2, 2m. (4.5)
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τ(π) = traceg̃∇dπ

=

2m∑
i=1

(
∇πFidπ(Fi)− dπ(∇TMFi Fi)

)
+∇πF2m+1

dπ(F2m+1)

−dπ
(
∇TMF2m+1

F2m+1

)
+

2m∑
j=2

(
∇πF2m+j

dπ(F2m+j)− dπ
(
∇TMF2m+j

F2m+j

))
as dπ(XV ) = 0 and dπ(XH) = X ◦ π for any X ∈ =1

0(M) then

τ(π) =
2m∑
i=1

(
∇TM
dπ(EHi )

dπ(EHi )− dπ
(
(∇MEiEi)

H − 1

2
(R(Ei, Ei)u)V

))
− 1√

fλ
dπ
(
(ϕE1)

V (
1√
fλ

)(ϕE1)
V +

1√
fλ
∇TM(ϕE1)V

(ϕE1)
V
)

−
2m∑
j=2

( 1√
f
dπ
(
(ϕEj)

V (
1√
f

)(ϕEj)
V +

1√
f
∇TM(ϕEj)V (ϕEj)

V
))

=
2m∑
i=1

(
∇TM(Ei◦π)(Ei ◦ π)− (∇MEiEi) ◦ π

)
+

1

fλ

1

2f
g̃((ϕE1)

V , (ϕE1)
V )dπ(grad f)H

+
2m∑
j=2

1

fλ

1

2f
g̃((ϕEj)

V , (ϕEj)
V )dπ(grad f)H

=
1

2fλ

(
g(ϕE1, ϕE1) + δ2g(ϕE1, ϕu)2

)
(grad f) ◦ π

+
2m∑
j=2

1

2f

(
g(ϕEj , ϕEj) + δ2g(ϕEj , ϕu)2

)
(grad f) ◦ π

=
1

2f
(grad f) ◦ π +

2m− 1

2f
(grad f) ◦ π

=
m

f
(grad f) ◦ π.

�

Theorem 4.6. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (Nn, h) be a
Riemannian manifold and let (TM, g̃) be the tangent bundle of M equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let φ : (M, g) −→ (N,h)
be a smooth map. The tension field of the map

Φ : (TM, g̃) −→ (N,h)

(x, u) 7−→ φ(x)

is given by

τ(Φ) =
(
τ(φ) +

m

f
dφ(grad f)

)
◦ π.
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Proof. Let (x, u) ∈ TM and {Ei}i=1,2m be a local orthonormal frame on M such

that E1 = u
‖u‖ and {Fa}a=1,4m be a local orthonormal frame on TM defined by

(4.5). Since Φ is written in the form Φ = φ ◦ π, we have

τ(Φ) = τ(φ ◦ π)

= dφ(τ(π)) + traceg̃∇dφ(dπ, dπ)

traceg̃∇dφ(dπ, dπ) =
2m∑
i=1

(
∇φdπ(Fi)dφ(dπ(Fi))− dφ(∇Mdπ(Fi)dπ(Fi))

)
+∇φdπ(F2m+1)

dφ(dπ(F2m+1))− dφ(∇Mdπ(F2m+1)
dπ(F2m+1))

+

m∑
j=2

(
∇φdπ(F2m+j)

dφ(dπ(F2m+j))

−dφ(∇Mdπ(F2m+j)
dπ(F2m+j))

)
=

2m∑
i=1

(
∇φEidφ(Ei)− dφ(∇MEiEi)

)
◦ π

= τ(φ) ◦ π,

Using Lemma 4.4, we obtain:

τ(Φ) = τ(φ) ◦ π + dφ(
m

f
(grad f) ◦ π)

=
[
τ(φ) +

m

f
dφ(grad f)

]
◦ π.

�

Theorem 4.7. Let (M2m, ϕ, g) be an anti-paraKähler manifold, (Nn, h) be a
Riemannian manifold and let (TM, g̃) be the tangent bundle of M equipped with
vertically rescaled Berger-type deformed Sasaki metric. Let φ : (M, g) −→ (N,h)
a smooth map. The map

Φ : (TM, g̃) −→ (N,h)

(x, u) 7−→ φ(x)

is a harmonic if and only if

τ(φ) = −m
f
dφ(grad f) ◦ π.
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