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THE WELL-POSEDNESS OF THE MIXED PROBLEM FOR
ONE SYSTEM OF THERMOELASTICITY WITH A SINGULAR
COEFFICIENT

AKBAR B. ALIYEV AND GUNAY R. GADIROVA

Abstract. Various problems of thermoelasticity are reduced to the mixed
problem for a system of parabolic-hyperbolic equations. We consider
the mixed problem for a system of thermoelastic plates with some non-
Lipschitz coefficients and investigate the well-posedness of the corre-
sponding mixed problem in some functional spaces.

1. Introduction

In this paper we consider model equations for the thermoelastic plates

u + a(t)A%u + 6A0 = f(t,x)

{ 0y — AO — §Auy = g(t,x),
where ¢t € [0,T], z € Q, § # 0, and u = u(t,z), 0 = 0(t,x) are deflection and
the temperature difference, respectively. Here €2 is an open bounded domain in
R™ with smooth boundary I' = 9. Throughout the article, the letter t in the
indices of various functions denotes the derivative with respect to the variable t.
Additionally, one has the boundary conditions

(1.1)

u(t,z) = Au(t,z) =0(t,z) =0, t>0, z €T (1.2)
and the initial conditions
u(0,z) = up(z), u(0,2) =wuy(z), 0(0,x2) =6y(x), x € Q. (1.3)

Various problems of thermoelasticity are reduced to the mixed problem for a sys-
tem of parabolic-hyperbolic equations (see [14]). If the coefficients are sufficiently
smooth, these problems have been studied by various authors in the works [6, 10-
13, 16-18, 20, 21]. In the present paper we study the mixed problem (1.1)-(1.3)
with non-smooth coefficient.
At first we recall some results concerning Cauchy problem for the hyperbolic
equation
uy —a(t)A uw=F(t,z), t€[0,T], z€Q, (1.4)
u(0,2) = up(z), w(0,2)=ui(z), x€Q, (1.5)
where a(t) > ag > 0.
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It is known that if a(t) satisfies Lipschitz condition, then for any ug € H*(Q),
u; € H*~1(Q) the problem(1.4)-(1.5) has a unique solution u € C ([0, 7] ; H*(Q2))
NCY[0,T]; H5~1(Q)) (see [15]). In the case when a(t) does not satisfy the
Lipschits condition, then corresponding assertion is no longer true (see [4]). In
this case, the loss of smoothness happens, and therefore finding a class of well-
posedness is a very important task. These problems were thoroughly studied for
hyperbolic equations and interesting results were obtained (see, for example, [2-5,
9, 19]).

In the works [6, 10-13, 16-18, 20, 21| and others, the Cauchy problem or
the mixed problem for hyperboloic-parabolic systems were studied mainly when
the coefficients in the principal part are smooth functions of the variable . If
the coefficients of the principal part of the hyperbolic-parabolic systems are not
smooth, then the existence of the solution of the Cauchy problem or the mixed
problem has not been investigated generally. In this direction we know only the
papers [1] and [8]. In the work [8] the Cauchy problem for the system (1.1) is
studied, in the case when a(t) satisfies the logarithmic Lipschitz condition and
for the appropriate Cauchy problem the energy estimate with loss was obtained.

We investigate the problem (1.1)-(1.3) with a singular coefficient a(t). More
exactly, we consider the case where the function a(t) has no continuous derivative
at the point ¢ = 0, and the function has some singularity as ¢t — 0. Depending on
a singularity degree of a(t), we define various correctness classes for the problem
(1.1)-(1.3). Note that the Cauchy problem for thermoelastic systems with a
similar singular coefficient was investigated in [1].

2. Preliminary and main results

Before formulating the obtained results we introduce some notations.
It is well known that, there exists an orthonormal basis {wg} in L2(2), where

0
wy, € W4 () is an eigenfunction for the problem
—Awk = )\kwk in Q,
wy=00ndN, k=1,2,... .
It is clear that 0 < Ay < Xy < A3 < ... and klim A = +00o (see [7]).
— 00
For n > 0 we’ll denote by V' (n) the functional space
Vin) =
s my 22
=30 0 € L), el = {0 M lenl?} T < 00, 0k = o pl@)up(a)da

and V = V(n).
n>0

For s > 1 we'll denote by () = N 'y[(;) the Gevrey Space, where f € 'yés) if
B>0
f € La(2) and

(9] 1/2
1
Hf”ﬁ;) = {kz_l exp(@\;i)f;?} < +o00,
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fi = /Q F (@) wy (@) da.

First, let us assume that the following conditions are fulfilled:

(i) Let a(t) € C1(0,T] and a(t) > ag, t € (0,T], where ag > 0 is a positive
constant.

(ii) Let t - |a/(t)| < ¢, t € (0,T], where d/(t) = dig).

Under the conditions (i) and (ii) we show the well-posedness of the problem in
the class of infinitely differentiable functions with respect to the space variables.

Theorem 2.1. Let a(t) satisfy (i) and (ii), then the problem (1.1)-(1.3) is
well-posed in Von [0,T]. That is, for each initial data ug(x), ui(z) and Oy(x)
from V there exists a uniquely determined solution (u,0) € C1([0,T],V)xC([0,T],V).

Now we assume that the following condition is satisfied instead of (ii):
(ii*) Suppose that there exist ¢, ca > 0 such that, for all ¢ € [0, T

t9|d' (t)| < e,
tPa(t) < ca,

where ¢ > 1,p<g—1and p€[0,1).
In this case we prove that the problem (1.1)-(1.3) is well-posed in the class of
Gevrey with respect to the space variables.

Theorem 2.2. Let a(t) satisfy (i) and (ii*), then the problem (1.1)-(1.3)
is well-posed in V) on [0,T] for all s < g:—’l’, that is, for each initial data
uo(x),ur(x) and Oo(x) from V5 there exists a uniquely determined solution

(u,0) € C*([0,T],7®)) x C([0,T],7)).

The proofs of Theorems 2.1 and 2.2 are carried out by the standard regular-
ization method based on some energetic estimation.
Condition (ii) implies that a(-) € L1(0,7") and

1
a(t) <ecs+cqgln(l 4+ g), (2.1)
where c¢3,¢c4 > 0 (see [9]).
At first we give some auxiliary notations. We define for all k = 1,2, ...,¢t € [0,T]
a(T) it N <T77,
arp(t) =19 a(\T) i T <\ <t (2.2)
a(t) if Ap >t
where r = s(¢ — 1) if ¢ > 1 and r = 1 if ¢ = 1. We define also

‘ar,k(t) - a(t)’ . )\k if )\k < t’T’
A’I“,k:(t) = {

<0 it o>

and ,
hr,k(na t) = (1 + )\%)77 exp(— / Ar,k(5>d8)'
0
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Lemma 2.1. Let conditions (i) and (ii) be satisfied, then

ag < aljk(t) <cs+ceglnAg, k=1,2,...,t€ [O,T] R (2.4)
t
/ ALk(T)dT <cr+cg In /\].C7 (2.5)
0
where ¢; >0, 1 =05, ... ,8 are some constants independent of k.

Proof. Inequality (2.4) is obtained from inequality (2.1) and from definition of
functions a, x(t) (see (2.2)). Let us prove inequality (2.5).
Let A\, > T~1. By the definition of Aj j(t) we have
t T 1
| s < [ lans(e) = o) - s < oD+ 7 10O,

Secondly, we consider the case A\, < T~!. From (2.3) and (2.4) we have
t T )\;1 T ]a’(t)]
/ Aj i(s)ds < / A i(s)ds < / la1k(s) —a(s)| - Apds —i—/ ———dt <
0 0 0 atoalt)

ATt T
< (C5+C6ln)\k;)+)\k/ * a(t)dt—i—c—l @ <
0 ap Jy;tt

)\—1
1
< (s tald) +x70 [ fertetas e 2 [ S
0

T

1 )\’;1 1 & dt
< (c5+cs ln)\k)+03+64)\k In(1+ -)dt + — — < cr+cgln Ag.
0 t ao ’\;1 t

The following lemma is proved in the same way.

Lemma 2.2. Let conditions (i) and (ii*) be satisfied, then

142
ap < app(t) <cgh, T,

q—
T

t 1
/ A (T)dr <" ey,
0

wheren > 0 is an arbitrary positive number, ¢, > 0 and cg > 0 are some constants
independent of k.

3. Proof of Theorem 2.1
We seek the solution of problem (1.1)-(1.3) in the form

w=u(t,x) =Y up(tywp(x),
k=1

0=0(t,z) =Y Op(t)ywp(),
k=1
where ug(t) and 0 (t) are the solutions of the Cauchy problem

{ ke () + a(t)A\fur(t) — SMOr(t) = fr(t), (3.1)
Ort(t) + A (t) + Ok uge(t) = gx (1), ‘
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with the initial conditions
up(0) = uor, uke(0) = g, 0x(0) = Ogo,
where

t):/Qf(t,:c)wk(a:)da;, gk(t):/ﬂg(t,x)wk(x)dx,
UOkZ/QUO(x)wk(fU)dJ«", ulk:/gul(x)wk(x)dx.

Let us define the weighted energetic function in the following way

oo
nt) =Y Ex(n,t)
k=1
where

Ep(n,t) = [ugy(t) + (1 + are(0AR) - ug(t) + 2] - b, )
In view of (3.3) after simple transformations we get

dE(n, t
kd(;?) = [2upre(t) - wre () + 205 (1) - Ope(t)+
Fap k(DAL - ui () + (14 arp(DAT) - 2ue () - ug(t)] - hi(n, ) —
_Ek(na ) Ar,k(t)
By (3.1) it follows from relation (3.4) that

B0 _ 11+ (1,000 — alt)F) - b8 untt) +

Farg () - Aui(t) — Mo - 03(8)] - hoge(, t) — Er(n, t) Apio(8)+
+2 [uge (t) fe(t) + Ok (t) gi(t)] - Py (1, t).
Since
Qup (1) fr(t) < up(t) + f(t) and 26, (t)gr(t) < 07(t) + gi (L),
from (3.5) we obtain the following inequality

D) 114 (anelt) — aliDN] s, 1) 20s(uea(t) +

Fap ke (t) - AU (t) = A - 03(0)] - hege(n, 1) — Ey(n, 1) Ap (1) +
+ [ui(t) + 63(t) + f2 () + gi(®)] - (. 1)
If Ay > t7", then by virtue of (2.2) and (2.3) we get

en(®) ~al) = 0. Ana(t) = 25,

and hence
ar,kt(t))‘zu%(t)hr k(nv ) Ek(ﬁ» ) ( )
< (ke (t) = lar e (E)]) A7 ui (¢ )hrk(n, t) <
By virtue of (3.7) and (3.8), it follows from (3.6) that

dE’j:’t) < C [BEk(n,t) + (f]?(t) +91%(t)) “heg(n,1)]

where C > 0 is independent of k.

<
0
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If A\, <¢7", then by (2.2) and (2.3) we have
ar,kt(t) =0, Ar,k(t) = |ar,k(t) - a(t)| Ak,
and consequently,

(ari(t) — a(t) \pug(t) e (D) hese(n, ) — Api(t)Ei(n, t) < 0.

Therefore, we again obtain (3.9), from which it follows that

L) < o1y + on.1)]. (3.10)

where ®(n,t) = 3332, [fi(t) + g2 (t)] - hi(n, 1).
Using (3.2) and applying the Gronwall’s inequality from (3.10), we get

T
E(n,t) < My [E(U,O) +/0 o (n, T)dT:| ,t€e[0,7T], (3.11)

where M7 > 0 is a constant independent of t.
In the case r = 1 from Lemma 2.1 it follows that for any n > 0 and € > 0

E(n,t) <H(n+e,t), (3.12)
where
Ha,t) = > (14 X)) [ui,(8) + Apuii () + 67(1)] (3.13)
k=1

By (3.12) and (3.13) there exists M; > 0 such that
o Jo A1 k(s)ds > Ml/\gc;;.
Hence in the case 7 = 1 there exist N > 0 and My > 0 such that for all ¢ € [0, 1]
E(n,t) > My -H(n— N,t). (3.14)

From (3.12) and (3.14) it follows that the Cauchy problem (1.1)-(1.3) is well-
posed in C*([0,T}; V) x C([0,T]; V).

4. Proof of Theorem 2.2

Let 1 <s< %
At first we introduce some notations:

Aw(B5.t) = B (0,1) exp(BX,), A(B, 5,1) ZAk B,s,t),

where5>0,1<s<g_ff
In the same way as we obtained inequality (3.11) we can show that, there exists
a constant My 1 > 0 which independent of ¢ such that

T
A(B,s,t) < Mr) [A(ﬂ,s,O) —i—/o P(s,s,T) dT:| ,t€ 10,17, (4.1)

1
where P(83,5,8) = 532 [Ifi(t) + ln(8)] - he(0,2) exp(82%).
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For r > 1, it follows from Lemma 2.2 that there exist M, My > 0 such that
for every § > 0 and € > 0 the following inequalities hold:

Dm<nmﬂ+m<ﬂ%1+wmmWJSAw@wg
<My [t g+ g+ 1668l |t (4.2
1ol +latng | <
B—e

<P(35.0) <My |1F(0 g + ol | ee DTl @)

Now, using (4.2) and (4.3), we can show that there exists M3 > 0 such that for
any 8 >0and e >0

et Yo+ Nt Mo+ 100 <

B—e B—e

<M [Huo(')ﬂ @ Fllur()I @ + 100 o } +
Va+e To+e Tp+e

T
w3 [ 15+ latrlg | an ve o
0 B+e B+e

From (3.12) and (3.14) it follows that the Cauchy problem (1.1)-(1.3) is well-
posed in C*([0,T);~)) x C([0, T];7)).
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