
Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan
Volume 47, Number 2, 2021, Pages 301–308
https://doi.org/10.30546/2409-4994.47.2.301

THE WELL-POSEDNESS OF THE MIXED PROBLEM FOR

ONE SYSTEM OF THERMOELASTICITY WITH A SINGULAR

COEFFICIENT

AKBAR B. ALIYEV AND GUNAY R. GADIROVA

Abstract. Various problems of thermoelasticity are reduced to the mixed
problem for a system of parabolic-hyperbolic equations. We consider
the mixed problem for a system of thermoelastic plates with some non-
Lipschitz coefficients and investigate the well-posedness of the corre-
sponding mixed problem in some functional spaces.

1. Introduction

In this paper we consider model equations for the thermoelastic plates{
utt + a(t)∆2u+ δ∆θ = f(t, x)
θt −∆θ − δ∆ut = g(t, x) ,

(1.1)

where t ∈ [0, T ], x ∈ Ω, δ 6= 0, and u = u(t, x), θ = θ(t, x) are deflection and
the temperature difference, respectively. Here Ω is an open bounded domain in
Rn with smooth boundary Γ = ∂Ω. Throughout the article, the letter t in the
indices of various functions denotes the derivative with respect to the variable t.
Additionally, one has the boundary conditions

u(t, x) = ∆u(t, x) = θ(t, x) = 0, t > 0, x ∈ Γ (1.2)

and the initial conditions

u(0, x) = u0(x), ut(0, x) = u1(x), θ(0, x) = θ0(x), x ∈ Ω. (1.3)

Various problems of thermoelasticity are reduced to the mixed problem for a sys-
tem of parabolic-hyperbolic equations (see [14]). If the coefficients are sufficiently
smooth, these problems have been studied by various authors in the works [6, 10-
13, 16-18, 20, 21]. In the present paper we study the mixed problem (1.1)-(1.3)
with non-smooth coefficient.

At first we recall some results concerning Cauchy problem for the hyperbolic
equation

utt − a(t)∆ u = F (t, x), t ∈ [0, T ] , x ∈ Ω , (1.4)

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω , (1.5)

where a(t) ≥ a0 > 0.
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It is known that if a(t) satisfies Lipschitz condition, then for any u0 ∈ Hs(Ω),
u1 ∈ Hs−1(Ω) the problem(1.4)-(1.5) has a unique solution u ∈ C ([0, T ] ;Hs(Ω))⋂
C1([0, T ]; Hs−1(Ω)) (see [15]). In the case when a(t) does not satisfy the

Lipschits condition, then corresponding assertion is no longer true (see [4]). In
this case, the loss of smoothness happens, and therefore finding a class of well-
posedness is a very important task. These problems were thoroughly studied for
hyperbolic equations and interesting results were obtained (see, for example, [2-5,
9, 19]).

In the works [6, 10-13, 16-18, 20, 21] and others, the Cauchy problem or
the mixed problem for hyperboloic-parabolic systems were studied mainly when
the coefficients in the principal part are smooth functions of the variable t. If
the coefficients of the principal part of the hyperbolic-parabolic systems are not
smooth, then the existence of the solution of the Cauchy problem or the mixed
problem has not been investigated generally. In this direction we know only the
papers [1] and [8]. In the work [8] the Cauchy problem for the system (1.1) is
studied, in the case when a(t) satisfies the logarithmic Lipschitz condition and
for the appropriate Cauchy problem the energy estimate with loss was obtained.

We investigate the problem (1.1)-(1.3) with a singular coefficient a(t). More
exactly, we consider the case where the function a(t) has no continuous derivative
at the point t = 0, and the function has some singularity as t→ 0. Depending on
a singularity degree of a(t), we define various correctness classes for the problem
(1.1)-(1.3). Note that the Cauchy problem for thermoelastic systems with a
similar singular coefficient was investigated in [1].

2. Preliminary and main results

Before formulating the obtained results we introduce some notations.
It is well known that, there exists an orthonormal basis {wk} in L2(Ω), where

wk ∈
0

W 1
2 (Ω) is an eigenfunction for the problem

−∆wk = λkwk in Ω,

wk = 0 on ∂Ω, k = 1, 2, . . . .

It is clear that 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · and lim
k→∞

λk = +∞ (see [7]).

For η ≥ 0 we’ll denote by V (η) the functional space

V (η) =

=

{
ϕ : ϕ ∈ L2(Ω), ‖ϕ‖V (η) =

{∑∞
k=1 λ

η
k |ϕk|

2
}1/2

<∞, ϕk =
∫

Ω ϕ(x)wk(x)dx

}
and V =

⋂
η≥0

V (η).

For s ≥ 1 we’ll denote by γ(s) =
⋂
β>0

γ
(s)
β the Gevrey Space, where f ∈ γ(s)

β if

f ∈ L2(Ω) and

‖f‖
γ
(s)
β

=

{ ∞∑
k=1

exp(βλ
1
s
k )f2

k

}1/2

< +∞,



THE WELL-POSEDNESS OF THE MIXED PROBLEM. . . 303

fk =

∫
Ω
f(x)wk(x)dx.

First, let us assume that the following conditions are fulfilled:
(i) Let a(t) ∈ C1 (0, T ] and a(t) ≥ a0, t ∈ (0, T ], where a0 > 0 is a positive

constant.
(ii) Let t · |a′(t)| ≤ c, t ∈ (0, T ], where a′(t) = da(t)

dt .
Under the conditions (i) and (ii) we show the well-posedness of the problem in

the class of infinitely differentiable functions with respect to the space variables.

Theorem 2.1. Let a(t) satisfy (i) and (ii), then the problem (1.1)-(1.3) is
well-posed in V on [0, T ]. That is, for each initial data u0(x), u1(x) and θ0(x)
from V there exists a uniquely determined solution (u, θ) ∈ C1([0, T ] , V )×C([0, T ] , V ).

Now we assume that the following condition is satisfied instead of (ii):
(ii*) Suppose that there exist c1, c2 > 0 such that, for all t ∈ [0, T ]

tq
∣∣a′(t)∣∣ ≤ c1,

tpa(t) ≤ c2,

where q > 1, p < q − 1 and p ∈ [0, 1).
In this case we prove that the problem (1.1)-(1.3) is well-posed in the class of

Gevrey with respect to the space variables.

Theorem 2.2. Let a(t) satisfy (i) and (ii*), then the problem (1.1)-(1.3)

is well-posed in γ(s) on [0, T ] for all s < q−p
q−1 , that is, for each initial data

u0(x), u1(x) and θ0(x) from γ(s) there exists a uniquely determined solution

(u, θ) ∈ C1([0, T ] , γ(s))× C([0, T ] , γ(s)).

The proofs of Theorems 2.1 and 2.2 are carried out by the standard regular-
ization method based on some energetic estimation.

Condition (ii) implies that a(·) ∈ L1(0, T ) and

a(t) ≤ c3 + c4 ln(1 +
1

t
), (2.1)

where c3, c4 > 0 (see [9]).
At first we give some auxiliary notations. We define for all k = 1, 2, ..., t ∈ [0, T ]

ar,k(t) =


a(T ) if λk ≤ T−r,
a(λ
−1/r
k ) if T−r < λk ≤ t−r,

a(t) if λk > t−r,

(2.2)

where r = s(q − 1) if q > 1 and r = 1 if q = 1. We define also

Ar,k(t) =

{
|ar,k(t)− a(t)| · λk if λk ≤ t−r,
|a′(t)|
a(t) if λk > t−r,

(2.3)

and

hr,k(η, t) = (1 + λ2
k)
η exp(−

∫ t

0
Ar,k(s)ds).
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Lemma 2.1. Let conditions (i) and (ii) be satisfied, then

a0 ≤ a1,k(t) ≤ c5 + c6 lnλk, k = 1, 2, . . . , t ∈ [0, T ] , (2.4)∫ t

0
A1,k(τ)dτ ≤ c7 + c8 lnλk, (2.5)

where ci > 0, i = 5, . . . , 8 are some constants independent of k.
Proof. Inequality (2.4) is obtained from inequality (2.1) and from definition of

functions ar,k(t) (see (2.2)). Let us prove inequality (2.5).
Let λk > T−1. By the definition of A1,k(t) we have∫ t

0
A1,k(s)ds ≤

∫ T

0
|a1,k(s)− a(s)| · λkds ≤ |a(T )|+ 1

T
‖ a(·)‖L1(0,T ) .

Secondly, we consider the case λk ≤ T−1. From (2.3) and (2.4) we have∫ t

0
A1,k(s)ds ≤

∫ T

0
A1,k(s)ds ≤

∫ λ−1
k

0
|a1,k(s)− a(s)| · λkds+

∫ T

λ−1
k

|a′(t)|
a(t)

dt ≤

≤ (c5 + c6 lnλk) + λk

∫ λ−1
k

0
a(t)dt+

c1

a0

∫ T

λ−1
k

dt

t
≤

≤ (c5 + c6 lnλk) + λ−1
k

∫ λ−1
k

0
[c3 + c4 ln(1 +

1

t
)]dt+

c1

a0

∫ T

λ−1
k

dt

t
≤

≤ (c5 + c6 lnλk) + c3 + c4λ
−1
k

∫ λ−1
k

0
ln(1 +

1

t
)dt+

c

a0

∫ T

λ−1
k

dt

t
≤ c7 + c8 lnλk.

The following lemma is proved in the same way.

Lemma 2.2. Let conditions (i) and (ii*) be satisfied, then

a0 ≤ ar,k(t) ≤ c9λ
1+ p

r
k ,∫ t

0
Ar,k(τ)dτ ≤ ηλ

q−1
r

k + cη,

where η > 0 is an arbitrary positive number, cη > 0 and c9 > 0 are some constants
independent of k.

3. Proof of Theorem 2.1

We seek the solution of problem (1.1)-(1.3) in the form

u = u(t, x) =

∞∑
k=1

uk(t)wk(x),

θ = θ(t, x) =

∞∑
k=1

θk(t)wk(x),

where uk(t) and θk(t) are the solutions of the Cauchy problem{
uktt(t) + a(t)λ2

kuk(t)− δλkθk(t) = fk(t),
θkt(t) + λkθk(t) + δλk ukt(t) = gk(t),

(3.1)
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with the initial conditions

uk(0) = u0k, ukt(0) = u1k, θk(0) = θk0, (3.2)

where

fk(t) =

∫
Ω
f(t, x)wk(x)dx, gk(t) =

∫
Ω
g(t, x)wk(x)dx,

u0k =

∫
Ω
u0(x)wk(x)dx, u1k =

∫
Ω
u1(x)wk(x)dx.

Let us define the weighted energetic function in the following way

E(η, t) =
∞∑
k=1

Ek(η, t),

where

Ek(η, t) =
[
u2
kt(t) + (1 + ar,k(t)λ

2
k) · u2

k(t) + θ2
k(t)

]
· hr,k(η, t). (3.3)

In view of (3.3) after simple transformations we get

dEk(η, t)

dt
= [2uktt(t) · ukt(t) + 2θk(t) · θkt(t)+

+ar,k(t)λ
2
k · u2

k(t) +
(
1 + ar,k(t)λ

2
k

)
· 2ukt(t) · uk(t)

]
· hk(η, t)−

−Ek(η, t) ·Ar,k(t). (3.4)

By (3.1) it follows from relation (3.4) that

dEk(η, t)

dt
=
[
[1 + (ar,k(t)− a(t))λ2

k] · hr,k(η, t)uk(t)ukt(t) +

+ar,kt(t) · λ2
ku

2
k(t)− λk · θ2

k(t)
]
· hr,k(η, t)− Ek(η, t)Ar,k(t)+

+2 [ukt(t)fk(t) + θk(t) gk(t)] · hr,k(η, t). (3.5)

Since

2ukt(t)fk(t) ≤ u2
kt(t) + f2

k (t) and 2θk(t)gk(t) ≤ θ2
k(t) + g2

k(t),

from (3.5) we obtain the following inequality

dEk(η, t)

dt
≤
[
[1 + (ar,k(t)− a(t))λ2

k] · hr,k(η, t) · 2uk(t)ukt(t) +

+ar,kt(t) · λ2
ku

2
k(t)− λk · θ2

k(t)
]
· hr,k(η, t)− Ek(η, t)Ar,k(t)+

+
[
u2
k(t) + θ2

k(t) + f2
k (t) + g2

k(t)
]
· hr,k(η, t). (3.6)

If λk > t−r, then by virtue of (2.2) and (2.3) we get

ar,k(t)− a(t) = 0, Ar,k(t) =
|a′(t)|
a(t)

, (3.7)

and hence
ar,kt(t)λ

2
ku

2
k(t)hr,k(η, t)− Ek(η, t)Ar,k(t) ≤

≤ (ar,kt(t)− |ar,kt(t)|)λ2
k u

2
k(t)hr,k(η, t) ≤ 0. (3.8)

By virtue of (3.7) and (3.8), it follows from (3.6) that

dEk(η, t)

dt
≤ C

[
Ek(η, t) +

(
f2
k (t) + g2

k(t)
)
· hr,k(η, t)

]
, (3.9)

where C > 0 is independent of k.
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If λk ≤ t−r, then by (2.2) and (2.3) we have

ar,kt(t) = 0, Ar,k(t) = |ar,k(t)− a(t)| · λk,

and consequently,

(ark(t)− a(t))λ2
kuk(t).ukt(t)hr,k(η, t)−Ar,k(t)Ek(η, t) ≤ 0.

Therefore, we again obtain (3.9), from which it follows that

dE(η, t)

dt
≤ C [E(η, t) + Φ(η, t)] , (3.10)

where Φ(η, t) =
∑∞

k=1

[
f2
k (t) + g2

k(t)
]
· hk(η, t).

Using (3.2) and applying the Gronwall’s inequality from (3.10), we get

E(η, t) ≤MT

[
E(η, 0) +

∫ T

0
Φ(η, τ)dτ

]
, t ∈ [0, T ] , (3.11)

where MT > 0 is a constant independent of t.
In the case r = 1 from Lemma 2.1 it follows that for any η ≥ 0 and ε > 0

E(η, t) ≤ H(η + ε, t), (3.12)

where

H(α, t) =
∞∑
k=1

(1 + λ2
k)
α
[
u2
kt(t) + λ2

ku
2
k(t) + θ2

k(t)
]
. (3.13)

By (3.12) and (3.13) there exists M1 > 0 such that

e−
∫ t
0 A1,k(s)ds ≥M1λ

−c8
k .

Hence in the case r = 1 there exist N > 0 and M2 > 0 such that for all t ∈ [0, 1]

E(η, t) ≥M2 ·H(η −N, t). (3.14)

From (3.12) and (3.14) it follows that the Cauchy problem (1.1)-(1.3) is well-
posed in C1([0, T ];V )× C([0, T ];V ).

4. Proof of Theorem 2.2

Let 1 < s < q−p
q−1 .

At first we introduce some notations:

Λk(β, s, t) = Ek(0, t) exp(βλ
1/s
k ),Λ(β, s, t) =

∞∑
k=1

Λk(β, s, t),

where β > 0, 1 < s < q−p
q−1 .

In the same way as we obtained inequality (3.11) we can show that, there exists
a constant MT, 1 > 0 which independent of t such that

Λ(β, s, t) ≤MT, 1

[
Λ(β, s, 0) +

∫ T

0
P(β, s, τ) dτ

]
, t ∈ [0, T ] , (4.1)

where P(β, s, t) =
∑∞

k=1

[
|fk(t)|2 + |gk(t)|2

]
· hk(0, t) exp(βλ

1/s
k ).
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For r > 1, it follows from Lemma 2.2 that there exist M1,M2 > 0 such that
for every β > 0 and ε > 0 the following inequalities hold:

M1

[
‖ut(t, ·)‖γ(s)β−ε

+ ‖u(t, ·)‖
γ
(s)
β−ε

+ ‖θ(t, ·)‖
γ
(s)
β−ε

]
≤ Λ(β, s, t) ≤

≤ M2

[
‖ut(t, ·)‖γ(s)β+ε

+ ‖u(t, ·)‖
γ
(s)
β+ε

+ ‖θ(t, ·)‖
γ
(s)
β+ε

]
, t ∈ [0, T ] , (4.2)

M1

[
‖f(t, ·)‖

γ
(s)
β−ε

+ ‖g(t, ·)‖
γ
(s)
β−ε

]
≤

≤ P(β, s, t) ≤ M2

[
‖f(t, ·)‖

γ
(s)
β+ε

+ ‖g(t, ·)‖
γ
(s)
β+ε

]
, t ∈ [0, T ] . (4.3)

Now, using (4.2) and (4.3), we can show that there exists M3 > 0 such that for
any β > 0 and ε > 0

‖ut(t, ·)‖γ(s)β−ε
+ ‖u(t, ·)‖

γ
(s)
β−ε

+ ‖θ(t, ·)‖
γ
(s)
β−ε
≤

≤ M3

[
‖u0(·)‖

γ
(s)
β+ε

+ ‖u1(·)‖
γ
(s)
β+ε

+ ‖θ0(·)‖
γ
(s)
β+ε

]
+

+ M3

∫ T

0

[
‖f(τ, ·)‖

γ
(s)
β+ε

+ ‖g(τ, ·)‖
γ
(s)
β+ε

]
dτ, t ∈ [0, T ] .

From (3.12) and (3.14) it follows that the Cauchy problem (1.1)-(1.3) is well-

posed in C1([0, T ]; γ(s))× C([0, T ]; γ(s)).
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