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SOLVABILITY OF A BOUNDARY VALUE PROBLEM FOR A

SECOND ORDER ELLIPTIC DIFFERENTIAL-OPERATOR

EQUATION WITH A COMPLEX PARAMETER

BAHRAM A. ALIEV, VUGAR Z. KERIMOV, AND YAKOV S. YAKUBOV

Abstract. In a separable Hilbert space H, we study solvability of a
boundary value problem for a second order elliptic differential-operator
equation with a complex parameter. The parameter enters into the equa-
tion and boundary conditions. In addition to the complex parameter,
the boundary conditions contain linear operators as well, one of which
is unbounded. Application of the obtained abstract results to elliptic
boundary value problems is given.

1. Introduction

In the paper, in a separable Hilbert space H, we consider the following bound-
ary value problem:

L(λ)u := λu(x)− u′′(x) +Au(x) = f(x), x ∈ (0, 1), (1.1)

L1(λ)u := λu(0)− αu′(0) +B1u(1) = f1,
L2(λ)u := λu(1) + βu′(1) +B2u(0) = f2,

(1.2)

where λ is a complex parameter; A is a linear, closed operator with domain of
definition dense everywhere in H and with the resolvent decreasing as |λ|−1 for
sufficiently large λ in some angles, containing a negative semi-axis; α and β are
non-zero complex numbers from the right-hand side of the complex plane; B1

is a linear bounded operator in H; B2 is a linear unbounded operator in H,
subordinated to the operator A1/2 in some sense.

It is proved that under certain conditions, for sufficiently large λ from some
angle, containing a positive semi-axis, a theorem on the isomorphism between
the solutions, belonging to W 2

p ((0, 1);H(A), H), and the right-hand side of the
boundary value problem (1.1), (1.2) is satisfied. It is also established the coercive
estimate for the solution of the problem (1.1), (1.2) in the space Lp((0, 1);H), p ∈
(1,∞). More precisely, sufficient conditions, providing coercive solvability of the
boundary value problem (1.1), (1.2) with respect to u in the space Lp((0, 1);H),
p ∈ (1,∞), were found.

Note that if the boundary conditions in (1.2) do not contain the operators B1

and B2, the coercive solvability of the boundary value problem (1.1), (1.2) was
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studied in [5] and [14] in the spaces Lp((0, 1);H) and Lp((0, 1);E), p ∈ (1,∞),
respectively. Here E is a UMD Banach space (UMD -Unconditional Martingale
Differences, whose definition is given, e.g., in monograph [9]).

The novelty of the present paper, unlike the papers [5], [14], is that the main
part of the boundary value problem (1.1), (1,2), in addition to a complex param-
eter, contains in the boundary conditions linear operators as well, one of which
is unbounded.

If the boundary conditions in (1.2) do not contain a complex parameter λ and
the operator B1 is a zero operator, the solvability of the obtained boundary value
problem was studied in [2] and [6] in the spaces Lp((0, 1);H) and Lp((0, 1);E),
respectively.

In [4], in the space Lp((0, 1);H), p ∈ (1,∞), a non-coerciveness of a boundary
value problem, with respect to u and λ, for the equation (1.1) was studied. In [4],
the principal part of one of the boundary conditions, in addition to the complex
parameter λ, contains also a linear bounded operator as a multiplier.

Boundary value problems for second order elliptic differential-operator equa-
tions, when one (and the same) complex parameter is included into the equation
and boundary conditions, were studied in different aspects in the papers [1], [3],
[7], [8], [11] and others.

In the present paper, we will use the technique developed in monograph [13,
chapter 5, section 5.4]. There, in Lp((0, 1);H), p ∈ (1,∞), coercive solvability
of boundary value problems was studied for a second order elliptic differential-
operator equation with nonlocal boundary conditions, when the coefficients in
the boundary conditions are complex numbers. Solvability of a boundary value
problem, considered in [13, chapter 5, section 5.4], was further studied in the
paper [10] in the space Lp((0, 1);E), p ∈ (1,∞).

The above mentioned novelty of the paper allows as to study solvability of a
new class of boundary value problems for second order partial elliptic differential
equations in nonsmooth domains. We give one of such applications for elliptic
equations in the square at the end of the paper.

We introduce definitions and notions used in the paper. Let E1 and E2 be
Banach spaces. The set E1 u E2 of all vectors of the from (u, v), where u ∈ E1,
v ∈ E2, with ordinary coordinate-linear operations and with the norm

‖(u, v)‖E1uE2 := ‖u‖E1 + ‖v‖E2 ,

is a Banach space and is called a direct sum of Banach spaces E1 and E2.
Let E1 and E be Banach spaces. By B(E1, E) we denote a Banach space of all

linear bounded operators acting from E1 into E, with ordinary operator norm.
In a particular case, we assume B(E) := B(E,E).

Let A be a linear closed operator in E. Then, the domain of definition D(An)
of the operator An turns into the Banach space E(An) with respect to the norm

‖u‖E(An) :=

(
n∑
k=0

∥∥∥Aku∥∥∥2
E

)1/2

.

The operator An is bounded from E(An) into E. In particular, if the operator A
has a bounded inverse in E, then

‖u‖E(An) := ‖Anu‖E .
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Let E0 and E1 be two Banach spaces continuously imbedded into the Banach
space E: E0 ⊂ E, E1 ⊂ E. Such two spaces are called an interpolation pair
{E0, E1}. Let us consider a Banach space (see [12], section 1.2.1):

E0 + E1 := {u : u ∈ E, ∃uj ∈ Ej , j = 0, 1, where u = u0 + u1,
‖u‖E0+E1 = inf

u=u0+u1
uj∈Ej

(
‖u0‖E0

+ ‖u1‖E1

)}
.

According to the statement [12, section 1.3.1], the functional

K(t, u) := inf
u=u0+u1
uj∈Ej

(
‖u0‖E0

+ t ‖u1‖E1

)
is continuous on (0,∞) with respect to t and the following estimate holds

min{1, t} ‖u‖E0+E1
≤ K(t, u) ≤ max{1, t} ‖u‖E0+E1

.

The interpolation space for {E0, E1} is determined by the K-method as follows

(E0, E1)θ,p := {u : u ∈ E0 + E1, ‖u‖(E0+E1)θ,p
:=

=

+∞∫
0

t−1−θpKp(t, u)dt

1/p

<∞} , 0 < θ < 1, 1 ≤ p <∞.

Definition 1.1. [12, theorema 1.14.5] Let the operator A generate an analytic,
for t > 0, and a strongly continuous, for t ≥ 0, semigroup e−tA and this semigroup
exponentially decreases. Then, the interpolation spaces (E(An), E)θ,p of Banach
spaces E(An) and E are determined by the equalities

(E(An), E)θ,p := {u : u ∈ E0 + E1, ‖u‖(E(An,E)θ,p
:=

=

+∞∫
0

t−1+nθp
∥∥Ane−tAu∥∥p

E
dt

1/p

<∞} , 0 < θ < 1, p ≥ 1, n ∈ N.

Moreover, by definition (E(An), E)0,p := E(An), (E(An, E)1,p := E.

Theorem 1.1. (interpolation theorem) [12, theorem 1.3.3/(a)] (see, also,
[13, section 1.7.9]). Let {E0, E1} and {F0, F1} be interpolation pairs. Denote by
B({E0, E1} , {F0, F1}) the set of linear operators mapping E0 +E1 into F0 + F1

and such that their contraction on Ek, k = 0, 1, continuously maps Ek into Fk.
Then, for any T ∈ B({E0, E1} , {F0, F1}), we have the inequality

‖T‖B((E0,E1)θ,p , (F0,F1)θ,p)
≤ ‖T‖1−θB(E0,F0)

‖T‖θB(E1,F1)
, 0 < θ < 1, 1 ≤ p <∞.

Denote by Lp((0, 1);H), 1 < p <∞, a Banach space (for p = 2, a Hilbert space)
of vector-functions x → u(x) : [0, 1] → H strongly measurable and summable in
the p -th degree with the norm

‖u‖Lp((0,1);H) :=

 1∫
0

‖u(x)‖pH dx

1/p

<∞.
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Denote also by W 2n
p ((0, 1);H(An), H) := {u : Anu, u(2n) ∈ Lp((0, 1);H)} a space

of vector-functions with the norm

‖u‖W 2n
p ((0,1);H(An),H) := ‖Anu‖Lp((0,1);H) +

∥∥∥u(2n)∥∥∥
Lp((0,1);H)

.

It is known [12, theorem 1.8.2] that if u ∈W 2n
p ((0, 1);H(An), H) then

u(j)(·) ∈ (H(An), H) j+1/p
2n

,p
, j = 0, ..., 2n− 1.

2. Homogeneous equation

At first, in a separable Hilbert space H, we consider the following boundary
value problem:

L(λ)u := λu(x)− u′′(x) +Au(x) = 0, x ∈ (0, 1), (2.1)

L1(λ)u := λu(0)− αu′(0) +B1u(1) = f1,
L2(λ)u := λu(1) + βu′(1) +B2u(0) = f2.

(2.2)

Theorem 2.1. Let the following conditions be fulfilled:
1) A is a closed densely defined and invertible operator in the Hilbert space H

and

‖R(λ,A)‖ ≤ C(1 + |λ|)−1 for |arg λ| ≥ π − ϕ,
where R(λ,A) := (λI −A)−1 is the resolvent of the operator A and ϕ ∈ (0, π) is
some number;

2) α and β are non-zero complex numbers with

|argα| ≤ π − ϕ
2

and |argβ| ≤ π − ϕ
2

;

3) A linear operator B1 is bounded from H into H and from H(A) into H(A);

4) A linear closed operator B2 is bounded from H(A1/2) into H and from H(A)

into H(A1/2).
Then, for fk ∈ (H(A), H) 1

2
+ 1

2p
,p, p ∈ (1,∞), and for sufficiently large λ

from the angle |arg λ| ≤ ϕ − ε, where ε > 0 is a sufficiently small number, the
problem (2.1), (2.2) has a unique solution u(x) ∈ W 2

p ((0, 1);H(A), H) such that
u(0) ∈ D(B2). Moreover, for such λ, for the solution we have the following
estimate

|λ| ‖u‖Lp((0,1);H) +
∥∥∥u′′∥∥∥

Lp((0,1);H)
+ ‖Au‖Lp(0,1);H) ≤

≤ C(ϕ, ε)

2∑
k=1

(
‖fk‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖fk‖H
)
. (2.3)

Proof. Condition 1) implies that, for |arg λ| ≤ ϕ < π ||(A+λI)−1|| ≤ C(1+|λ|)−1.
Then, by [13, lemma 5.4.2/6], for |arg λ| ≤ ϕ < π there exists an analytic, for

x > 0, and a strongly continuous, for x ≥ 0, semigroup e−x(A+λI)
1/2

. By [13,
lemma 5.4.2/1], for the function u(x) to be a solution of the equation (2.1),
belonging to W 2

p ((0, 1);H(A), H), p ∈ (1,∞), it is necessary and sufficient that,
for |arg λ| ≤ ϕ < π,

u(x) = e−x(A+λI)
1/2
g1 + e−(1−x)(A+λI)

1/2
g2, (2.4)
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where g1, g2 ∈ (H(A), H) 1
2p
,p.

Require that the function of the form (2.4) satisfies the boundary conditions
in (2.2). Then for the elements g1 and g2 we get the following system:[

λI + α(A+ λI)1/2 +B1e
−(A+λI)1/2

]
g1+

+
[
(λI − α(A+ λI)1/2)e−(A+λI)

1/2
+B1

]
g2 = f1,[

(λI − β(A+ λI)1/2)e−(A+λI)
1/2

+B2

]
g1+[

λI + β(A+ λI)1/2 +B2e
−(A+λI)1/2

]
g2 = f2.

(2.5)

We write the system (2.5) in the space H := (H(A), H) 1
2
+ 1

2p
,pu (H(A), H) 1

2
+ 1

2p
,p

in the following operator equation form

(A(λ) +R(λ))

(
g1
g2

)
=

(
f1
f2

)
. (2.6)

Here A(λ) and R(λ) are operator-matrices of dimension 2× 2:

A(λ) :=

 λI + α(A+ λI)1/2 0

B2 λI + β(A+ λI)1/2

 ,

D(A(λ)) := (H(A), H) 1
2p
,p u (H(A), H) 1

2p
,p := H1

and

R(λ) :=

=

 B1e
−(A+λI)1/2 (λI − α(A+ λI)1/2)e−(A+λI)1/2 +B1

(λI − β(A+ λI)1/2)e−(A+λI)1/2 B2e
−(A+λI)1/2

 ,

D(R(λ)) := H.
Show that the operator A(λ) in the space H for λ from the angle |arg λ| ≤ ϕ− ε,
where ε > 0 is a sufficiently small number, has a bounded inverse A(λ)−1 acting
from H into H1 and that the estimate∥∥A(λ)−1

∥∥
B(H,H1)

≤ C(ϕ, ε), (2.7)

where C(ϕ, ε) > 0 is a constant independent of λ, is satisfied. Since the inverse
operator A(λ)−1 is formally given of the form

A(λ)−1 =

=


[
λI + α(A+ λI)1/2

]−1
0

−
[
λI + β(A+ λI)1/2

]−1
B2

[
λI + α(A+ λI)1/2

]−1 [
λI + β(A+ λI)1/2

]−1


then for that it suffices to show that
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a) the operator
[
λI + α(A+ λI)1/2

]−1
for λ from the angle |arg λ| ≤ ϕ − ε,

where ε > 0 is a sufficiently small number, is bounded from (H(A), H) 1
2
+ 1

2p
,p into

(H(A), H) 1
2p
,p and that the estimate is true∥∥∥∥[λI + α(A+ λI)1/2

]−1∥∥∥∥
B

(
(H(A),H) 1

2+ 1
2p ,p

,(H(A),H) 1
2p ,p

) ≤ C(ϕ, ε); (2.8)

b) the operator
[
λI + β(A+ λI)1/2

]−1
B2

[
λI + α(A+ λI)1/2

]−1
for λ from

the angle |arg λ| ≤ ϕ − ε, where ε > 0 is a sufficiently small number is bounded
from (H(A), H) 1

2
+ 1

2p
,p into (H(A), H) 1

2p
,p and that the estimate is true∥∥∥∥[λI + β(A+ λI)1/2

]−1
×

×B2

[
λI + α(A+ λI)1/2

]−1∥∥∥∥
B

(
(H(A),H) 1

2+ 1
2p ,p

(H(A),H) 1
2p ,p

) ≤ C(ϕ, ε). (2.9)

Prove statement a). In [6], it was shown that for λ from the angle |arg λ| ≤ ϕ,

the operator (A+ λI)−1/2 is bounded from (H(A), H) 1
2
+ 1

2p
,p into (H(A), H) 1

2p
,p

and the estimate is satisfied∥∥∥(A+ λI)−1/2
∥∥∥
B

(
(H(A),H) 1

2+ 1
2p ,p

,(H(A),H) 1
2p ,p

) ≤ C, (2.10)

where C > 0 is a constant independent of λ. In paper [14], it was proved that
for λ from the angle |arg λ| ≤ ϕ − ε, where ε > 0 is a sufficiently small number,

the operator
[
αI + λ(A+ λI)−1/2

]−1
, subject to conditions 1) and 2), is bounded

from H into H and the estimate is satisfied∥∥∥∥[αI + λ(A+ λI)−1/2
]−1∥∥∥∥

B(H)

≤ C(ϕ, ε). (2.11)

Then, by (2.11),∥∥∥∥[αI + λ(A+ λI)−1/2
]−1∥∥∥∥

B(H(A))

=

∥∥∥∥A [αI + λ(A+ λI)−1/2
]−1

A−1
∥∥∥∥
B(H)

=

=

∥∥∥∥[αI + λ(A+ λI)−1/2
]−1∥∥∥∥

B(H)

≤ C(ϕ, ε). (2.12)

By virtue of the interpolation theorem 1.1, from the estimates (2.11), (2.12), it

follows that the operator
[
αI + λ(A+ λI)−1/2

]−1
for λ from the angle |arg λ| ≤

≤ ϕ−ε, where ε > 0 is a sufficiently small number, is bounded from (H(A), H)θ,p
into (H(A), H)θ,p, for any θ ∈ (0, 1), and the estimate is satisfied∥∥∥∥[αI + λ(A+ λI)−1/2

]−1∥∥∥∥
B((H(A),H)θ,p)

≤ C(ϕ, ε). (2.13)

In particular, for θ = 1
2p , we have∥∥∥∥[αI + λ(A+ λI)−1/2

]−1∥∥∥∥
B

(
(H(A),H) 1

2p ,p

) ≤ C(ϕ, ε). (2.14)
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From the representation[
λI + α(A+ λI)1/2

]−1
=
[
αI + λ(A+ λI)−1/2

]−1
(A+ λI)−1/2, (2.15)

by virtue of the estimates (2.10), (2.14), it follows that for λ from the angle
|arg λ| ≤ ϕ− ε, where ε > 0 is a sufficiently small number, we have the estimate
(2.8). This proves the statement a).

Prove the statement b). It was shown in [6] that, the operator B2, subject to
the condition 4), is bounded from (H(A), H) 1

2p
,p into (H(A), H) 1

2
+ 1

2p
,p and the

estimate is satisfied

‖B2‖
B

(
(H(A),H) 1

2p ,p
,(H(A),H) 1

2+ 1
2p ,p

) ≤ C. (2.16)

Then, the validity of the statement b) follows from the estimates (2.8) and
(2.16). The estimate (2.7) follows from the estimates (2.8), (2.9).

Then, from equation (2.6), we have(
I +A(λ)−1R(λ)

)(g1
g2

)
= A(λ)−1

(
f1
f2

)
. (2.17)

From the representations of A(λ)−1 and R(λ), we can see that the product
A(λ)−1R(λ) is an operator-matrix of dimension 2× 2:

A(λ)−1R(λ) =

 K11(λ) K12(λ)

K21(λ) K22(λ)

 ,

where

K11(λ) :=
[
λI + α(A+ λI)1/2

]−1
B1e

−(A+λI)1/2 ,

K12(λ) :=
[
λI + α(A+ λI)1/2

]−1 [
B1 + (λI − α(A+ λI)1/2)e−(A+λI)

1/2
]
,

K21(λ) := −
[
λI + β(A+ λI)1/2

]−1
B2

[
λI + α(A+ λI)1/2)

]−1
B1e

−(A+λI)1/2+

+
[
λI + β(A+ λI)1/2

]−1
(λI − β(A+ λI)1/2)e−(A+λI)

1/2
,

K22(λ) := −
[
λI + β(A+ λI)1/2

]−1
B2

[
λI + α(A+ λI)1/2)

]−1
×

×
{
B1 + (λI − α(A+ λI)1/2)e−(A+λI)

1/2
}

+
[
λI + β(A+ λI)1/2

]−1
B2e

−(A+λI)1/2 .

Show that for sufficiently large λ from the angle |arg λ| ≤ ϕ − ε, where ε > 0
is a sufficiently small number, the operator A(λ)−1R(λ) is bounded from H1 into
H1 and that the estimate is true∥∥A(λ)−1R(λ)

∥∥
B(H1)

≤ C(ϕ, ε)

(1 + |λ|)1/2
< 1. (2.18)

In order to prove the estimate (2.18), it suffices to show that all operators
which appear in the operator-matrix A(λ)−1R(λ) for sufficiently large λ from the
angle |arg λ| ≤ ϕ − ε, where ε > 0 is a sufficiently small number, are bounded
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from (H(A), H) 1
2p
,p into (H(A), H) 1

2p
,p. Show this, for example, for the operator

K22(λ).
According to theorem 1.1, it suffices to show that the operator K22(λ) for suf-

ficiently large λ from the angle |arg λ| ≤ ϕ− ε, where ε > 0 is a sufficiently small
number, is bounded from H into H and from H(A) into H(A). More precisely, we
have to estimate the norms ‖K22(λ)‖B(H) and ‖K22(λ)‖B(H(A)) for the mentioned
λ. Before estimating these norms, using the representation (2.15), rewrite the op-
erators K22(λ) and AK22(λ)A−1 (since ‖K22(λ)‖B(H(A)) =

∥∥AK22(λ)A−1
∥∥
B(H)

)

in the form

K22(λ) = −[βI + λ(A+ λI)−1/2]−1(A+ λI)−1/2B2A
−1/2A1/2(A+ λI)−1/2×

×[αI +λ(A+λI)−1/2]−1
[
B1 +

(
λ(A+ λI)−1/2 − αI

)
(A+ λI)1/2e−(A+λI)

1/2
]

+

+[βI + λ(A+ λI)−1/2]−1(A+ λI)−1/2B2A
−1/2A1/2e−(A+λI)

1/2
,

AK22(λ)A−1 =

= −[βI + λ(A+ λI)−1/2]−1A1/2(A+ λI)−1/2A1/2B2A
−1(A+ λI)−1/2×

×[αI + λ(A+ λI)−1/2]−1
[
AB1A

−1+

+
(
λ(A+ λI)−1/2 − αI

)
(A+ λI)1/2e−(A+λI)

1/2
]

+

+[βI + λ(A+ λI)−1/2]−1A1/2(A+ λI)−1/2A1/2B2A
−1e−(A+λI)

1/2
.

By virtue of [13, lemma 5.4.2/6], the estimate (2.11), conditions 3) and 4), for
sufficiently large λ from the angle | arg λ| ≤ ϕ − ε, where ε > 0 is a sufficiently
small number, we have

‖K22(λ)‖B(H) ≤

≤
∥∥∥[βI + λ(A+ λI)−1/2]−1

∥∥∥
B(H)

∥∥∥(A+ λI)−1/2
∥∥∥
B(H)

∥∥∥B2A
−1/2

∥∥∥
B(H)

×

×
∥∥∥A1/2(A+ λI)−1/2

∥∥∥
B(H)

∥∥∥[αI + λ(A+ λI)−1/2]−1
∥∥∥
B(H)

×

×
[
‖B1‖B(H) +

∥∥∥λ(A+ λI)−1/2 − αI
∥∥∥
B(H)

×

×
∥∥∥(A+ λI)1/2e−(A+λI)

1/2
∥∥∥
B(H)

]
+
∥∥∥[βI + λ(A+ λI)−1/2]−1

∥∥∥
B(H)

×

×
∥∥∥(A+ λI)−1/2

∥∥∥
B(H)

∥∥∥B2A
−1/2

∥∥∥
B(H)

∥∥∥A1/2e−(A+λI)
1/2
∥∥∥
B(H)

≤ C(ϕ, ε)

|λ|1/2
,

(2.19)

‖K22(λ)‖B(H(A)) =
∥∥AK22(λ)A−1

∥∥
B(H)

≤
∥∥∥[βI + λ(A+ λI)−1/2]−1

∥∥∥
B(H)

×

×
∥∥∥A1/2(A+ λI)−1/2

∥∥∥
B(H)

∥∥∥A1/2B2A
−1
∥∥∥
B(H)

∥∥∥(A+ λI)−1/2
∥∥∥
B(H)

×

×
∥∥∥[αI + λ(A+ λI)−1/2]−1

∥∥∥
B(H)

[∥∥AB1A
−1∥∥

B(H)
+

+
∥∥∥(λ(A+ λI)−1/2 − αI)

∥∥∥
B(H)

∥∥∥(A+ λI)1/2e−(A+λI)
1/2
∥∥∥
B(H)

]
+

+
∥∥∥[βI + λ(A+ λI)−1/2]−1

∥∥∥
B(H)

∥∥∥A1/2(A+ λI)−1/2
∥∥∥
B(H)

∥∥∥A1/2B2A
−1
∥∥∥
B(H)

×
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×
∥∥∥e−(A+λI)1/2∥∥∥

B(H)
≤ C(ϕ, ε)

|λ|1/2
. (2.20)

By theorem 1.1, from the estimates (2.19) and (2.20), it follows that the op-
erator K22(λ) for sufficiently large λ from the angle | arg λ| ≤ ϕ− ε, is bounded
from (H(A), H)θ,p into (H(A), H)θ,p for any θ ∈ (0, 1) and, in particular, from

(H(A), H) 1
2p
,p into (H(A), H) 1

2p
,p (for θ = 1

2p) and the estimate is true

‖K22(λ)‖
B

(
(H(A)H) 1

2p ,p

) ≤ C(ϕ, ε)

(1 + |λ|)1/2
. (2.21)

In the same way, we show that the remaning operators, participating in the
operator-matrix A(λ)−1R(λ), for sufficiently large λ from the angle |arg λ| ≤ ϕ−ε
are bounded from (H(A), H) 1

2p
,p into (H(A), H) 1

2p
,p, and the estimate (2.21) is

satisfied. Thus, the estimate (2.18) holds.
Hence, by the Neumann identity, for sufficiently large λ from the angle |arg λ| ≤

ϕ− ε, (
I +A(λ)−1R(λ)

)−1
= I +

∞∑
k=1

(−1)k
(
A(λ)−1R(λ)

)k
, (2.22)

where the series in the right-hand side of (2.22) converges in the norm of the
space of bounded operators acting in H1.

By (2.18), for sufficiently large λ from the angle |arg λ| ≤ ϕ − ε, from (2.17)
we have (

g1
g2

)
=
(
I +A(λ)−1R(λ)

)−1
A(λ)−1

(
f1
f2

)
.

Hence, for sufficiently large λ from the angle |arg λ| ≤ ϕ − ε, the elements g1
and g2 can be represented in the form

gk = (Ck1(λ) +Rk1(λ))f1 + (Ck2(λ) +Rk2(λ))f2, k = 1, 2, (2.23)

where

C11(λ) =
[
λI + α(A+ λI)1/2

]−1
, C12(λ) = 0,

C21(λ) = −
[
λI + β(A+ λI)1/2

]−1
B2

[
λI + α(A+ λI)1/2

]−1
,

C22(λ) =
[
λI + β(A+ λI)1/2

]−1
,

Rkj(λ) (k, j = 1, 2) are some bounded operators acting from (H(A), H) 1
2
+ 1

2p
,p into

(H(A), H) 1
2p
,p, for |arg λ| ≤ ϕ − ε , |λ| → ∞. Furthermore, from the estimates

(2.7) and (2.18), it follows that for |arg λ| ≤ ϕ− ε, |λ| → ∞,

‖Rkj(λ)‖
B

(
(H(A),H) 1

2+ 1
2p ,p

,(H(A),H) 1
2p ,p

) ≤ C(ϕ, ε) |λ|−1/2 . (2.24)

From the representations of A(λ)−1 and A(λ)−1R(λ) it also follows that for suf-
ficiently large λ from the angle |arg λ| ≤ ϕ− ε, for the operator Rkj(λ) we have
the estimate

‖Rkj(λ)‖
B(H)

≤ C(ϕ, ε) |λ|−1/2 . (2.25)
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Substituting (2.23) into (2.4), we get

u(x) =
2∑

k=1

{
e−x(A+λI)

1/2
(C1k(λ) +R1k(λ)) +

+e−(1−x)(A+λI)
1/2

(C2k(λ) +R2k(λ))
}
fk. (2.26)

Note that for sufficiently large λ from the angle |arg λ| ≤ ϕ − ε, from (2.26) we
have

|λ| ‖u‖Lp((0,1);H) +
∥∥u′′∥∥

Lp((0,1);H)
+ ‖Au‖Lp((0,1);H) ≤

≤ C(ϕ, ε)

2∑
k=1

|λ|

 1∫

0

∥∥∥e−x(A+λI)1/2C1k(λ)fk

∥∥∥p
H
dx

1/p

+

+

 1∫
0

∥∥∥e−x(A+λI)1/2R1k(λ)fk

∥∥∥p
H
dx

1/p

+

 1∫
0

∥∥∥e−(1−x)(A+λI)1/2C2k(λ)fk

∥∥∥p
H
dx

1/p

+

 1∫
0

∥∥∥e−(1−x)(A+λI)1/2R2k(λ)fk

∥∥∥p
H
dx

1/p
+

(
1 +

∥∥A(A+ λI)−1
∥∥)×

×


 1∫

0

∥∥∥(A+ λI)e−x(A+λI)
1/2
C1k(λ)fk

∥∥∥p
H
dx

1/p

+

+

 1∫
0

∥∥∥(A+ λI)e−x(A+λI)
1/2
R1k(λ)fk

∥∥∥p
H
dx

1/p

+

+

 1∫
0

∥∥∥(A+ λI)e−(1−x)(A+λI)
1/2
C2k(λ)fk

∥∥∥p
H
dx

1/p

+

+

 1∫
0

∥∥∥(A+ λI)e−(1−x)(A+λI)
1/2
R2k(λ)fk

∥∥∥p
H
dx

1/p

 . (2.27)

By virite of [13, theorem 5.4.2/1], the representation (2.15), the estimate (2.11),
and the estimate (2.13), for θ = 1

2 + 1
2p , for sufficiently large λ from the angle

|arg λ| ≤ ϕ − ε, for the first summand of the right-hand side of the inequality
(2.27) we have

|λ|
2∑

k=1

 1∫
0

∥∥∥e−x(A+λI)1/2C1k(λ)fk

∥∥∥p
H
dx

1/p

=
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= |λ|

 1∫
0

∥∥∥∥e−x(A+λI)1/2 [λI + α(A+ λI)1/2
]−1

f1

∥∥∥∥p
H

dx

1/p

≤

≤ |λ|
∥∥(A+ λI)−1

∥∥
B(H)

×

×

 1∫
0

∥∥∥∥(A+ λI)e−x(A+λI)
1/2

(A+ λI)−1/2
[
αI + λ(A+ λI)−1/2

]−1
f1

∥∥∥∥p
H

dx

1/p

≤ C

 1∫
0

∥∥∥∥(A+ λI)1/2e−x(A+λI)
1/2
[
αI + λ(A+ λI)−1/2

]−1
f1

∥∥∥∥p
H

dx

1/p

≤

≤ C

∥∥∥∥[αI + λ(A+ λI)−1/2
]−1

f1

∥∥∥∥
(H(A),H) 1

2+ 1
2p ,p

+

+ |λ|
1
2
− 1

2p

∥∥∥∥[αI + λ(A+ λI)−1/2
]−1

f1

∥∥∥∥
H

)
≤

≤ C(ϕ, ε)

(
‖f1‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖f1‖H
)
.

By virtue of [13, theorem 5.4.2/1] and estimates (2.24), (2.25), for sufficiently
large λ from the angle |arg λ| ≤ ϕ− ε, for the second summand of the right-hand
part of the inequality (2.27) we have

|λ|
2∑

k=1

 1∫
0

∥∥∥e−x(A+λI)1/2R1k(λ)fk

∥∥∥p
H
dx

1/p

≤

≤ |λ|
∥∥(A+ λI)−1

∥∥
B(H)

2∑
k=1

 1∫
0

∥∥∥(A+ λI)e−x(A+λI)
1/2
R1k(λ)fk

∥∥∥p
H
dx

1/p

≤

≤ C
2∑

k=1

(
‖(R1k(λ)fk‖(H(A),H) 1

2p ,p
+ |λ|1−

1
2p ‖R1k(λ)fk‖H

)
≤

≤ C(ϕ, ε)
2∑

k=1

(
‖fk‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖fk‖H
)
.

In the same way, we can estimate remaining summands of the right-hand side
of the inequality (2.27) and get the required estimate (2.3). Theorem 2.1 is
proved. �
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3. Nonhomogeneous equation

Now, in a separable Hilbert space H, we consider a boundary value problem
for the nonhomogeneous equation with a parameter, i.e., the problem

L(λ)u := λu(x)− u′′(x) +Au(x) = f(x), x ∈ (0, 1), (3.1)

L1(λ)u := λu(0)− αu′(0) +B1u(1) = f1,
L2(λ)u := λu(1) + βu′(1) +B2u(0) = f2.

(3.2)

Theorem 3.1. Let the all conditions of theorem 2.1 be fulfilled.
Then, the operator L(λ) : u → L(λ)u := (L(λ)u, L1(λ)u, L2(λ)u) for suffi-

ciently large λ from the angle |arg λ| ≤ ϕ − ε, where ε > 0 is a sufficiently
small number, is an isomorphism from W 2

p ((0, 1);H(A), H) into Lp((0, 1);H)u
(H(A), H) 1

2
+ 1

2p
,p u (H(A), H) 1

2
+ 1

2p
,p and, for these λ, the following estimate for

the solution of the problem (3.1), (3.2) is valid:

|λ| ‖u‖Lp((0,1);H) +
∥∥u′′∥∥

Lp((0,1);H)
+ ‖Au‖Lp((0,1);H) ≤

≤ C(ϕ, ε)

[
|λ| ‖f‖Lp((0,1);H) +

2∑
k=1

(
‖fk‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖fk‖H
)]

.

(3.3)

Proof. Injectivity of the mapping L(λ) follows from theorem 2.1, since a homo-
geneous boundary value problem, corresponding to the boundary value problem
(3.1), (3.2) for sufficiently large λ from the angle |arg λ| ≤ ϕ − ε, has only a
trivial solution. Thus, it suffices to show that L(λ) is surjective, i.e., for any
f(x) ∈ Lp((0, 1);H) and any f1, f2 ∈ (H(A), H) 1

2
+ 1

2p
,p, there exists a solu-

tion of the problem (3.1), (3.2), belonging to W 2
p ((0, 1);H(A), H). Determine

f̃(x) = f(x) if x ∈ [0, 1] and f̃(x) = 0 if x /∈ [0, 1] The solution of the prob-
lem (3.1),(3.2) is represented as the sum u(x) = u1(x) + u2(x), where u1(x) is a
contraction on [0, 1] of the solution ũ1(x) of the equation

L(λ)ũ1(x) = f̃(x), x ∈ R = (−∞,+∞), (3.4)

while u2(x) is a solution of the problem

L(λ)u2 = 0, Lk(λ)u2 = fk − Lk(λ)u1, k = 1, 2. (3.5)

As it was shown in the proof of theorem 5.4.4 from [13], the solution of the
equation (3.4) is given by the following formula

ũ1(x) =
1

2π

∫
R

eiµxL(λ, iµ)−1F f̃(µ)dµ.

Here F f̃ is the Fourier transform of the function f̃(x), and L(λ, σ) is a charac-
teristic operator pencil of the equation (3.4), i.e., L(λ, σ) = −σ2I + A + λI. It
was proved [13, theorem 5.4.4 ] that there exists a solution of the equation (3.4),
belonging to W 2

p ((0, 1);H(A), H), and for this solution the estimate is valid

|λ| ‖ũ1‖Lp(R;H) + ‖ũ1‖W 2
p (R;H(A),H) ≤

∥∥∥f̃∥∥∥
Lp(R;H)

, |arg λ| ≤ ϕ < π. (3.6)



SOLVABILITY OF A BOUNDARY VALUE PROBLEM FOR A SECOND ORDER . . . 321

Therefore, u1 ∈W 2
p ((0, 1);H(A), H). From (3.6), for |arg λ| ≤ ϕ, we have

|λ| ‖u1‖Lp((0,1);H) + ‖u1‖W 2
p ((0,1);H(A),H) ≤ C ‖f‖Lp((0,1);H) . (3.7)

By [12, theorem 1.8.2] (see also [13, theorem 1.7.7/1 ]) and the inequality (3.7),
we have

u
(s)
1 (x0) ∈ (H(A), H) s

2
+ 1

2p
,p , ∀x0 ∈ [0, 1], s = 0, 1.

From conditions 3) and 4) of theorem 2.1 (see also theorem 1.1 and (2.16)), it
follows that Lk(λ)u1 ∈ (H(A), H) 1

2
+ 1

2p
,p, since (H(A), H) 1

2p
,p ⊂ (H(A), H) 1

2
+ 1

2p
,p .

Thus, by virtue of theorem 2.1, for sufficiently large λ from the angle |arg λ| ≤
ϕ − ε, the problem (3.5) has a unique solution u2(x) that belongs to
W 2
p ((0, 1);H(A), H). Furthermore, for the solution of the problem (3.5) for
|arg λ| ≤ ϕ− ε, |λ| → ∞, we have

|λ| ‖u2‖Lp((0,1);H) +
∥∥u′′2∥∥Lp((0,1);H)

+ ‖Au2‖Lp((0,1);H) ≤

≤ C(ϕ, ε)
2∑

k=1

(
‖fk − Lk(λ)u1‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖fk − Lk(λ)u1‖H
)
≤

≤ C(ϕ, ε)
2∑

k=1

(
‖fk‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖fk‖H +

+ ‖Lk(λ)u1‖(H(A),H) 1
2+ 1

2p ,p
+ |λ|

1
2
− 1

2p ‖Lk(λ)u1‖H
)
≤

≤ C(ϕ, ε)

[
2∑

k=1

(
‖fk‖(H(A),H) 1

2+ 1
2p ,p

+ |λ|
1
2
− 1

2p ‖fk‖H
)

+

+ |λ| ‖u1(0)‖(H(A),H) 1
2+ 1

2p ,p
+
∥∥u′1(0)

∥∥
(H(A),H) 1

2+ 1
2p ,p

+ ‖B1u1(1)‖(H(A),H) 1
2+ 1

2p ,p
+

+ |λ| ‖u1(1)‖(H(A),H) 1
2+ 1

2p ,p
+
∥∥u′1(1)

∥∥
(H(A),H) 1

2+ 1
2p ,p

+ ‖B2u1(0)‖(H(A),H) 1
2+ 1

2p ,p
+

+ |λ|
1
2
− 1

2p
(
|λ| ‖u1(0)‖H +

∥∥u′1(0)
∥∥
H

+ ‖B1u1(1)‖H + |λ| ‖u1(1)‖H +

+
∥∥u′1(1)

∥∥
H

+ ‖B2u1(0)‖H
)]
. (3.8)

By virtue of [13, theorem 1.7.7/1 ] and the estimate (3.7), for any x0 ∈ [0, 1],
s = 0, 1,∥∥∥u(s)1 (x0)

∥∥∥
(H(A),H) s

2
+ 1

2p
,p
≤ C ‖u1‖W 2

p ((0,1);H(A),H) ≤ C(ϕ) ‖f‖Lp((0,1);H) . (3.9)

By virtue of [13, theorem 1.7.7/2 ], for µ ∈ C, u1 ∈ W 2
p ((0, 1);H), the estimate

is satisfied

|µ|2−s
∥∥∥u(s)1 (x0)

∥∥∥
H
≤

≤ C
(
|µ|

1
p ‖u1‖W 2

p ((0,1);H) + |µ|2+
1
p ‖u1‖Lp((0,1);H)

)
, s = 0, 1. (3.10)

Dividing (3.10) by |µ|
1
p and denoting λ = µ2, for λ ∈ C, |λ| → ∞,

u1 ∈W 2
p ((0, 1);H), we have
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|λ|1−
s
2
− 1

2p

∥∥∥u(s)1 (x0)
∥∥∥
H
≤ C

(
‖u1‖W 2

p ((0,1);H) + |λ| ‖u1‖Lp((0,1);H)

)
, s = 0, 1.

(3.11)
Then, from (3.7) and (3.11) for |arg λ| ≤ ϕ, |λ| → ∞, we have

|λ|1−
s
2
− 1

2p

∥∥∥u(s)1 (x0)
∥∥∥
H
≤ C(ϕ) ‖f‖Lp((0,1);H) , s = 0, 1. (3.12)

Since the imbedding (H(A), H) 1
2p
,p ⊂ H is continuous, by condition 3) of

theorem 2.1 and the estimate (3.9), we get

‖B1u1(1)‖H ≤ ‖u1(1)‖H ≤ C ‖u1(1)‖(H(A),H) 1
2p ,p
≤ C(ϕ) ‖f‖Lp((0,1);H) . (3.13)

By condition 4) of theorem 2.1,

‖B2u1(0)‖H =
∥∥∥B2A

−1/2A1/2u1(0)
∥∥∥
H
≤ C

∥∥∥A1/2u1(0)
∥∥∥
H
. (3.14)

Estimate the norm
∥∥A1/2u1(0)

∥∥
H

. Since u1(0) ∈ (H(A), H) 1
2p
,p and the oper-

ator A1/2 is bounded from (H(A), H) 1
2p
,p into (H(A), H) 1

2
+ 1

2p
,p (see [12, the-

orem 1.15.2/(e)]), then A1/2u1(0) ∈ (H(A), H) 1
2
+ 1

2p
,p. Since the imbedding

(H(A), H) 1
2
+ 1

2p
,p ⊂ H is continuous, from (3.9) we have∥∥∥A1/2u1(0)

∥∥∥
H
≤ C

∥∥∥A1/2u1(0)
∥∥∥
(H(A),H) 1

2+ 1
2p ,p

≤

≤ C ‖u1(0)‖(H(A),H) 1
2p ,p
≤ C(ϕ) ‖f‖Lp((0,1);H) . (3.15)

Taking into account (3.15) in (3.14), we get

‖B2u1(0)‖H ≤ C(ϕ) ‖f‖Lp((0,1);H) . (3.16)

As the imbedding (H(A), H) 1
2p
,p ⊂ (H(A), H) 1

2
+ 1

2p
,p is continuous, by virtue

of condition 3) of theorem 2.1 (see also theorem 1.1) and the estimate (3.9), we
have

‖B1u1(1)‖(H(A),H) 1
2+ 1

2p ,p
≤ C ‖B1u1(1)‖(H(A),H) 1

2p ,p
≤

≤ C ‖u1(1)‖(H(A),H) 1
2p ,p
≤ C(ϕ) ‖f‖Lp((0,1);H) . (3.17)

By virtue of the estimates (2.16) and (3.9),

‖B2u1(0)‖(H(A),H) 1
2+ 1

2p ,p
≤ C ‖u1(0)‖(H(A),H) 1

2p ,p
≤ C(ϕ) ‖f‖Lp((0,1);H) . (3.18)

By the estimates (3.9), (3.12), (3.13), (3.16), (3.17), and (3.18), from (3.8) for
|arg λ| ≤ ϕ− ε, |λ| → ∞, we get the estimate (3.3). Theorem 3.1 is proved. �

Remark 3.1. Instead of the boundary value problem (3.1), (3.2) in H we can
consider a boundary value problem with perturbation operators in the boundary
conditions, i.e., the problem

L(λ)u := λu(x)− u′′(x) +Au(x) = f(x), x ∈ (0, 1), (3.19)

L1(λ)u := λu(0)− αu′(0) +B1u(1) + T1u = f1,
L2(λ)u := λu(1) + βu′(1) +B2u(0) + T2u = f2,

(3.20)
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where Tk, k = 1, 2, are operators acting from Lp((0, 1);H), p ∈ (1,∞) into H.

Imposing some conditions on the operators Tk, k = 1, 2, we can prove a theorem
on solvability of the boundary value problem (3.19), (3.20) by the same way as
in papers [4], [6].

4. Application of the abstract results to elliptic partial
differential equations

In the square Ω = [0, 1] × [0, 1], we consider a boundary value problem for a
second order elliptic partial differential equation with a complex parameter in the
equation and in the boundary conditions

L(λ)u :=λu(x, y)−D2
xu(x, y)−

−Dy(a(y)Dyu(x, y)) = f(x, y), (x, y) ∈ (0, 1)× (0, 1),
(4.1)

L1(λ)u := λu(0, y)−αDxu(0, y)+b1(y)u(1, y)+

1∫
0

b1(t, y)u(1, t)dt = f1(y), y ∈ [0, 1],

L2(λ)u := λu(1, y) + βDxu(1, y) + b2(y)Dyu(0, y) + c(y)u(0, g(y))+

+
1∫
0

(b2(t, y)Dtu(0, y) + c(t, y)u(0, h(y)))dt = f2(y), y ∈ [0, 1],
(4.2)

L3u := u(x, 0) = 0, x ∈ [0, 1],
L4u := u(x, 1) = 0, x ∈ [0, 1].

(4.3)

Here λ is a complex parameter; α, β are some complex numbers; b1(y), b2(y), c(y),
h(y), g(y), b1(x, y), b2(x, y), c(x, y) are continuous functions; Dx = ∂

∂x , Dy = ∂
∂y .

Denote the interpolation space of Sobolev spaces by

Bs
p,q(0, 1) :=

(
W s0
p (0, 1),W s1

p (0, 1)
)
θ,q
,

where 0 ≤ s0, s1 are integers, 0 < θ < 1, 1 < q < ∞, 1 < p < ∞ and
s = (1−θ)s0+θs1. In particular, W s

p (0, 1) := Bs
p,p(0, 1) :=

(
W s0
p (0, 1),W s1

p (0, 1)
)
θ,p

,

if 0 < s 6= an integer.

Theorem 4.1. Let the following conditions be fulfilled:
1) α, β are some non-zero complex numbers with |argα| ≤ π−ϕ

2 and |arg β| ≤
π−ϕ
2 , for some ϕ ∈ (0, π); a(y) ∈ C1[0, 1], a(y) > 0, for y ∈ [0, 1];

2) b1(y) ∈ C2[0, 1], b1(0) = b1(1) = b′1(0) = b′1(1) = 0; b1(x, y) ∈ C0,2(Ω),
where C0,2(Ω) is the space of continuous functions in the square Ω, which have

continuous derivatives ∂b1(x,y)
∂y , ∂2b1(x,y)

∂y2
, and b1(x, 0) = b1(x, 1) = ∂b1(x,0)

∂y =
∂b1(x,1)
∂y = 0; b2(y) ∈ C1[0, 1], b2(0) = b2(1) = 0; c(y), g(y), h(y) ∈ C1[0, 1];

g(y) and h(y) map [0, 1] into itself, c(0) = c(1) = 0; b2(t, y), c(t, y) ∈ C1(Ω) and
b2(t, 0) = b2(t, 1) = c(t, 0) = c(t, 1) = 0, for t ∈ [0, 1].

Then, the operator L(λ) : u → L(λ)u := (L(λ)u, L1(λ)u, L2(λ)u) for suffi-
ciently large λ from the angle |arg λ| ≤ ϕ− ε, where ε > 0 is a sufficiently small
number, is an isomorphism from W 2

p ((0, 1);W 2
2 (0, 1), L2(0, 1), u(0) = u(1) = 0)
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into Lp((0, 1);L2(0, 1))uB
1− 1

p

2,p,∗(0, 1)uB
1− 1

p

2,p,∗(0, 1) and for the solution u(x, y) of

the problem (4.1)-(4.3), u(0, y) ∈W 1
2 (0, 1) and the following estimate is valid

|λ| ‖u(x, y)‖Lp((0,1);L2(0,1))
+
∥∥D2

xu(x, y)
∥∥
Lp((0,1);L2(0,1))

+
∥∥D2

yu(x, y)
∥∥
Lp((0,1);L2(0,1))

≤ C(ϕ, ε)

[
|λ| ‖f(x, y)‖Lp((0,1);L2(0,1))

+
2∑

k=1

(
‖fk(y)‖

B
1− 1

p
2,p (0,1)

+

+ |λ|
1
2
− 1

2p ‖fk(y)‖L2(0,1)

)]
,

where

B
1− 1

p

2,p,∗(0, 1) =


B

1− 1
p

2,p (0, 1), 1 < p < 2,

W
1/2
2

(
(0, 1);

1∫
0

(min{x, 1− x})−1 |u(x)|2 dx <∞
)
,

B
1− 1

p

2,p ((0, 1), u(0) = u(1) = 0) , p > 2.

p = 2,

Proof. In the space H := L2(0, 1), we consider the operators A,B1, B2 given by
the following equalities

D(A) := W 2
2 ((0, 1);u(0) = u(1) = 0), Au := −(a(y)u′(y))′, (4.4)

D(B1) := L2(0, 1), B1u := b1(y)u(y) +

1∫
0

b1(t, y)u(t)dt, (4.5)

D(B2) := W 1
2 (0, 1), B2u := b2(y)u

′
(y) + c(y)u(g(y))+

1∫
0

(
b2(t, y)u

′
(t) + c(t, y)u(h(t))

)
dt. (4.6)

Then, the problem (4.1)-(4.3) can be rewritten in the operator form (3.1), (3.2)
and one can apply theorem 3.1. Verify the conditions of theorem 3.1 for the all
considered operators (4.4)-(4.6).

From condition 1) of theorem 4.1, if follows that the operator A determined by
the equalities in (4.4), is self-adjoint and positive definite in the space L2(0, 1).
Therefore, condition 1) of theorem 2.1 is fulfilled for any 0 < ϕ < π.

It is easily shown that the operator B1 determined by the equalities in (4.5),
subject to condition 2) of theorem 4.1, is bounded in the spaces L2(0, 1) and
W 2

2 (0, 1). Hence, condition 3) of theorem 2.1 is fulfilled, too.
Condition 4) of theorem 2.1 for the operator B2 determined by the equalities

in (4.6), is verified in the same way as in the proof of theorem 7.1 from [6].
Now, we give an explicit form of the interpolation space (H(A), H) 1

2
+ 1

2p
,p. By

theorem 4.3.3 from [12],

(H(A), H) 1
2
+ 1

2p
,p = (W 2

2 ((0, 1);u(0) = u(1) = 0), L2(0, 1)) 1
2
+ 1

2p
,p =
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=


B

1− 1
p

2,p (0, 1), 1 < p < 2,

W
1/2
2

(
(0, 1);

1∫
0

(min{x, 1− x})−1 |u(x)|2 dx <∞
)
,

B
1− 1

p

2,p ((0, 1), u(0) = u(1) = 0), p > 2,

p = 2,

i.e, (H(A), H) 1
2
+ 1

2p
,p = B

1− 1
p

2,p,∗(0, 1). �
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