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I'-RINGS OF WEAK COSETS IN NEARNESS
APPROXIMATION SPACES

EBUBEKIR INAN AND MUSTAFA UCKUN

Abstract. This article introduces I'-ring of all near weak cosets in near-
ness approximation spaces via new operations on the set of all near weak
cosets. Additionally, some properties of nearness I'-homomorphisms are
given.

1. Introduction

As a generalization of rough sets, near sets and near approximation spaces
were introduced in 2007 [12, 17]. The selection of probe functions that provide a
basis for defining and distinguishing affinities between objects is the first step in
near set theory. A probe function is a real-valued function representing a feature
of objects such as images.

Instead of abstract points, the sets in the nearness approximation space are
mainly composed of perceptual objects (non-abstract points). Perceptual objects
are featured points. Feature vectors can be used to describe these points [12].
Upper approximation of a set is determined by matching descriptions of objects
in the set of perceptual objects. The consideration of upper approximations of
perceptual object subsets is a fundamental method in algebraic structures built
on nearness approximation space. In a nearness groupoid, the binary operation
has the closeness property in upper approximation of set instead of set.

Nobusawa defined the idea of a I'-ring that is more general than a ring [8].
Barnes weakened the axioms in Nobusawa’s description of the I'-ring [1]. Barnes,
Kyuno [5], and Luh [6] investigated the structure of I'-rings and discovered a
number of generalizations that are analogous to ring theory.

In 2012, Inan and Oztiirk [2, 3] investigated the concept of group in nearness
approximation space. Furthermore, Oztiirk et al. [10] defined nearness group
of weak cosets in 2013. In 2015, Inan and Oztiirk [4] investigated the nearness
semigroups. Also, Oztiirk and Inan introduced nearness ring in 2019 [9].

The aim of this paper is to define I'-ring of all near weak cosets in nearness
approximation space via new operations on the set of all near weak cosets. Also,
some properties of nearness I'-homomorphisms are given.
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2. Preliminaries

Perceptual objects are points with feature vectors that can be defined. Let
O be a set of perceptual objects, X C O, F is a set of probe functions and
® : O — R where the description length is |®| = L.

@ () = (1 (2), 02 (x) 03 (£) - 1 (x) -+ > o1, (x)) is am object description
of x € X such that each p; € B C F (¢; : O — R) is a probe function
representing features of sample objects X C O [12].

Sample objects X C O are near to each other iff the object descriptions are
similar. Notice that each ¢; defines a description of an object and let A, =
lpi (') — @i (x)| where z,2" € O.

Let z,2' € O, B C F.

~p={(z,2") € Ox O | A,, =0 for all p; € B}
is called the indiscernibility relation on O where description length ¢ < |®| [12].

Definition 2.1. [7] Let O be a set of perceptual objects, ® be an object descrip-
tion and A C O. Then the set description of A is defined as

Q(A) ={®(a) | a € A}.
Definition 2.2. [7, 14] Let O be a set of perceptual objects and A, B C O.
Then the descriptive (set) intersection of A and B is defined as
AQB: {re AUB|®(z) € Q(A) and @ (x) € Q(B)}.

If Q(A)NQ(B) # 0, then A is called descriptively near B and denoted by
AdpB. Also, €6 (A) = {B € P(0) | AdpB} is a descriptive nearness collection
[13].

Definition 2.3. [12] Let X C O and z € X.
(2], ={2' € O]z ~p, '}
is called nearness class of x € X.

Definition 2.4. [12] Let X C O.

Ny (B)*X = U [‘r]BT
[z] 5, NX#2

is called upper approximation of X.

A nearness approximation space is (O, F,~p,, N, (B),vy,) where O is a set
of perceptual objects, F is a set of probe functions, “~p " is an indiscernibility
relation relative to B, C B C F, N, (B) is a collection of partitions and vy, :
0 (0) x p(0O) — [0,1] is an overlap function that maps a pair of sets to [0, 1]
representing the degree of nearness between sets. The subscript r denotes the

cardinality of the restricted subset B,..

Definition 2.5. [2] Let (O,F,~p,, N, (B),vn,) be a nearness approximation
space and “.” be a binary operation defined on O. G C O is called a nearness
group if the following properties are satisfied:

(NG;) For all z,y € G, z -y € N, (B)* G,

(NGs) For all z,y,2 € G, (x-y) -z =x - (y - 2) is satisfied in N, (B)" G,
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(NG3) There exists eg € N, (B)* G such that x-eq =eg-z=x forallz € G
(e is called the near identity element of G),

(NG4) There exists y € G such that -y =y-x = eg for all x € G (y is called
the near inverse of z in G and denoted as z7!).

Additionally, if the property z-y = y-x is satisfied in N, (B)* G for all 2,y € G,
then G is said to be a commutative nearness group.

Also, S C O is called a nearness semigroup if x -y € N,. (B)* S for all z,y € S
and (z-y)-z=x-(y-z) is satisfied in N, (B)* (9) for all z,y,z € S.

Theorem 2.1. [3] Let G be a nearness group, H be a nonempty subset of G and
N, (B)* H be a groupoid. Then H C G is a subnearness group of G if and only
ife=' € H for allx € H.

Theorem 2.2. [10] Let G be a nearness group, H be a subnearness group of
G and G/~, be a set of all near left weak cosets of G determined by H. If
(N, (B)"G) /~, € N, (B)" (G/~,), then G/~, is a nearness group with the oper-
ation given by xH © yH = (x-y) H for all x,y € G.

Definition 2.6. [9] Let (O,F,~p,, N, (B),vn,) be a nearness approximation
space and “+” and “” be binary operations defined on O. R C O is called a
nearness ring if the following properties are satisfied:

(NR1) R is an abelian nearness group with “+4”,

(NR32) R is a nearness semigroup with “.”,

(NR3) For all z,y,z € R,

z-(y+2)=(@-y)+(r-2) and (z+y)-z2=(z-2)+(y-2)

is satisfied in N, (B)" R.

Additionally,

(NR4) R issaid to be a commutative nearness ring if x-y = y-x for all z,y € R,

(NRs5) R is said to be a nearness ring with identity if 1z belongs to N, (B)* R
such that 1 -x =x-1g =z for all z € R.

Definition 2.7. [1] A T-ring (in the sense of Barnes) is a pair (M,T") where M
and I' are (additive) abelian groups for which exists a .M x ' x M — M, the
image of (a, «,b) being denoted by aab for a,b € M and « € T, satisfying for all
a,b,c € M and all o, 8 € I':

e (a+ b)ac = aac + bac, e a(a+ B)b = aab + afb,
e aa(b+c) = aab+aac, o (aab)fc = aa(bfc).

Definition 2.8. [1] Let M be a I'-ring. A left (right) ideal of M is an additive
subgroup I of M such that MT'I C I (I'M C I). If I is both a left and a right
ideal, then I is called ideal of M.

Definition 2.9. [1] A mapping 6 : M — N of I'-rings is called a I'-homomorphism
if O(a+b) = 6(a) + 6(b) and O(aad) = 6(a)ab(b) for all a,b € M and all « € T.

Definition 2.10. [16] Let (O, F,~p,, N, (B),vy,) be a nearness approximation
space and M, I" C O be additive abelian nearness groups in O. M C O is called an
I'-ring in nearness approximation space or shortly, nearness I'-ring if the following
properties are satisfied:

(NT4) aab € N, (B)* M,
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(NT3) (aab) Bc = aa (bBc) property holds on N, (B)* M,

(NT'3) (a+ b)ac = aac + bac, a(a + )b = aab + afb, aa(b+ ¢) = aab + aac
properties hold on N, (B)* M

for all a,b,c € M and all o, 8 €T.

In addition, M is called a commutative nearness I'-ring if aab = baa for all
a,be M and all « € T.

M is called a nearness I'-ring with identity if N, (B)* M contains 1,7 such that
lyaa = aaly =a for alla € M and all a € T'.

Lemma 2.1. [16] Let M C O be a nearness I'-ring and Opy € M. If Opraa, acOpr €
M foralla € M and all o« € T', then aa0pr = aOrb = Opraa = 0y for all a,b € M
and all « € T'.

Definition 2.11. [16] Let M,T' C O, M be a nearness I'-ring and K C M. If K
additive abelian nearness group and satisfy the conditions (NT'1) — (NT'3), K is
called a subnearness I'-ring of M.

Theorem 2.3. [16] Let M,I" C O, M be a nearness I'-ring, K C M and
(N, (B)" K,+) be a groupoid and N, (B)* K be a T'-groupoid. Then K is a sub-
nearness I'-ring of M iff —k € K for all k € K.

Definition 2.12. [16] Let M be a nearness I'-ring and I C M. I is called a left
(right) nearness I'-ideal of M if the following properties are satisfied:

(1) z+y € N, (B)"I,

(2) —z €1,

(3) maz € N, (B)*I (xam € N, (B)*I)

forallz,y € I, all« € I'and all m € M. If I is both a left and a right nearness
I'-ideal, then I is called a nearness I'-ideal of M.

3. An Example of Nearness [-Ring

In [16], Example 3.3 is not a nearness I'-ring due to some typos. Therefore
another example of nearness I'-ring is given in Example 3.1.

Example 3.1. O = {a;; | 0 <i,5 <4} be a set of perceptual objects and B =
{¢} C F be a subset of probe functions. Probe function
©: 0 —V = {x1, 22,73, 24, 5, T6, T7, T8 }
is given in Table 1.
Table 1 Probe function

app ap1r Go2 ap3 ao4 G10 A1 a12 a13 AdAl4
Y| r1 X2 X3 Tz Tz T4 T4 Tz T 7

azp G21 Q22 G23 Q24 G30 A31 432 Aa33 a34
Y| xr T T X Ty T T X7 T8 T8

| as0 as1 asp sz au
90\908 Ts X7 Xy T3

Thus
lacol, ={a €O lp(a)=¢(aw) =21}
= {CLOO}a
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lan], ={a€O|p(a)=¢(an) =22}
= {an},
lag2], ={a €O |p(a) = ¢ (an)=1zs}
= {ao2, asa} = [aad],
laos], ={a € O |p(a) = ¢ (ao3) = 25}
= {ao3, aos, a12, as }
= laod], = |ar2], = [an],,
[ai0], ={a €O |p(a) = (aw0) =24}
= {a10, a1} = [an1],,
lais], ={a €O |p(a) = (a13) =z}
= {a13, a21, a22,a31}
= laz1], = [a2a], = [az1],, ,
[a14], ={a€Olp(a)=¢(a14) =27}
= {a14, a0, a24, a3z, a2}
= [ago], = [a2d], = [as2], = [as2],,,
[ass], ={a € O|p(a)=¢(as)=zs}
= {az23, aso, ass, asa, a0, a3}
= [aso], = lass], = [as], = [aa0], = [ass],, .
Therefore

§p = {[aoo]@ s[aot],, » [ao2]y, , laos], » [ar0],, » [a1s],, , [ara], , [a23]¢,} :

Hence a set of partitions of O is Ny (B) = {{,} for r = 1. Thus
* _ Uld
N (B)'M = [a]wﬁﬂ/}ayéz
= {aoo} U{ao1} U{ao, a11}
= {aoo, a1, a10, a11}
and

* _ Ul
N (B)"T *[a}¢nr§@

= {ago, ap2, as4}
where M = {ago, ao1,a10}, I' = {ago, ap2} C O.

Let
Ox0O — O

(az’j; amn) — Q5 +1 Qmn
be a binary operation on M such that

—+1

aij +1 Amn = pr , 1+ m =p (mod 2) and j+n =r (mod 2).

Then (M, +1) is an abelian nearness group.
Furthermore, let

Ox0O — O

+2
(aij7 amn) > Qij +2 Qmnp

be a binary operation on I' such that

aij +2 Gmp = agt ,i+m=s (mod 4) and j+n =t (mod 4) .

331
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Then (T, +2) is an abelian nearness group.
Since ag1 + a19 = a11 ¢ M, M C O is not a group with binary operation “+1”
and so M is not a ['-ring.
Let
OxI'xO — O
(@ij, Akl Qmn) > QijQRIGMn

be an operation such that
AijQkIAmn = Guy , W =min{i,k,m} and v =min {j,l,n} .

From Definition 2.10, it is easily shown that

(NT1) aab € N, (B)" M,

(NT3) (aad) Bec = aa (bBc) property holds on N, (B)" M,

(NT'3) (a+ b)ac = acc + bac, a(a + )b = aab + afb, ac(b+ ¢) = aad + aac
properties hold on N, (B)* M

for all a,b,c € M and all o, 8 € T.

Consequently, M is a nearness ['-ring.

4. Nearness ['-Rings of Weak Cosets

Let M be a nearness I'-ring and K be a subnearness ['-ring of M. The relation
~,” defined as

[43

oy e+ (—y) € KU{O0ym}
where x,y € M.

Theorem 4.1. Let M be a nearness I'-ring. “~,” is a right weak equivalence

relation on M.

Proof. Since M is a nearness I'-ring, —x € M for all x € M. Due to z + (—x) =
Op € KU{Op}, x ~p z. Let & ~p y for all x,y € M. Then z+(—y) € KU{0x},
that is, z + (—y) € K or z + (—y) € {Op}. If 2 + (—y) € K, since K is a
subnearness I'-ring, then — (z + (—y)) = y + (—z) € K. Hence y ~, x. Also if
z + (—y) € {Or}, then z + (—y) = Ops. Therefore y + (—z) = — (z+ (—y)) =
—0ps = Op7 and so y ~, x. Consequently, “~,” is a right weak equivalence
relation on M. g

113 kY

A class that contains the element x € M, determined by relation “~,” is
Ty ={k+zlke K,z e Mk+xec M} U{x}.

Definition 4.1. Let M be a nearness I'-ring. A class determined by right weak

“ 9

equivalence relation “~,” is called near right weak coset.

[43

Similarly, the relation “~;” defined as

z gy e (—o) +y e KU{Om}
where x,y € M.

Theorem 4.2. Let M be a nearness I'-ring. “~;” is a left weak equivalence

relation on M.
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Proof. Since M is a nearness I'-ring, —z € M for all x € M. Due to (—z) +x =
Op € KU{Op}, & ~px. Let x ~py forall z,y € M. Then (—z)+y € KU{0},
that is, (—z) +y € K or (—z) +y € {Op}. If (—2) +y € K, since K is a
subnearness I'-ring, then — ((—z) +y) = (—y) + « € K. Hence y ~y x. Also if
(—x) +y € {0p}, then (—z) +y = 0pr. Therefore (—y) +z = — ((—z) +y) =
—0ps = 07 and so y ~p x. Consequently, “~,” is a left weak equivalence relation
on M. U

A class that contains the element x € M, determined by relation “~;,” is

fy={r+klke K,xe Mx+ke M}U{x}.

Definition 4.2. Let M be a nearness I'-ring. A class determined by left weak

equivalence relation “~;” is called near left weak coset.

We can easily show that Z, = K + = and ¥y = x + K. Since (M,+) is an
abelian nearness group, &, = Zy.
Let M be a nearness I'-ring and K be a subnearness I'-ring of M. Then

M/ ={z+ K|z € M}

is a set of all near weak cosets of M determined by K.
If we consider N, (B)* M instead of nearness I'-ring M

(N, (B)* M)/~ = {z + K|z € N, (B)" M}.
Hence
r+K={z+klke K,xe N, (B)"M,z+ke M}U{z}.
Definition 4.3. Let M be a nearness I'-ring and K be a subnearness I'-ring of
M. For x,y € M, let x + K and y + K be two near weak cosets that determined

the elements =z and y, respectively. Then sum of two near weak cosets that
determined by z +y € N, (B)* M can be defined as

{(x+y)+klke K,z +ye N, (B)"M,(x+y)+ke M}U{x+y}
and denoted by
(x+K)®e(y+K)=(r+y)+K.

Definition 4.4. Let M be a nearness I'-ring and K be a subnearness I'-ring of
M. For x,y € M, let x + K and y + K be two near weak cosets that determined
the elements x and y, respectively. Then product of two near weak cosets that
determined by zay € N, (B)" M, a € T can be defined as

{(zay) + k|lk € K,zay € N, (B)* M, (zay) + k € M} U {zay}

and denoted by
4+ K)a(y+K) = (zay) + K.

Definition 4.5. Let M/ be a set of all near weak cosets of M determined by
K and &g (A) a descriptive nearness collection of A € P (O). Then

N, (B)" (M/~) = U &@®

§a(A) 0 M/ #0D

is called upper approximation of M/..
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Theorem 4.3. Let M be a nearness I'-ring, K be a subnearness I'-ring of M
and M/ be a set of all near weak cosets of M determined by K. If

(Ny(B)*M) /~ € N (B)" (M/~),
then M/~ is a nearness I'-ring with the operations given by
(+K)®e(y+K)=(z+y) + K

and
(r+K)a(y+ K) = (zay) + K
forallxz,y € M and oll « € T.

Proof. Let (N, (B)*M) /. C N,(B)*(M/.). Since M is a nearness [-ring,
(M/~,@®) is an abelian nearness group of all near weak cosets of M determined
by K from Theorem 2.2.

(NT4) Since M is a nearness ['-ring, zay € N, (B)* M for all z,y € M, all
a€land (z+ K)a(y+ K) = (zray)+K € (N, (B)"M) /. forall 2+ K,y+ K €
M/. and all « € T. From the hypothesis, (z+ K)a(y+ K) = (zay) + K
EN,.(B)*(M/.) forallz + K,y+ K € M/ and all « € T.

(NT3) Since M is a nearness I'-ring, associative property is satisfied in N, (B)* M.
Hence

(
(zay) + K) B (2 + K)

EHK) a(y+K))B(z+K)
((zay) Bz) + K
E

za(yBz)) + K
r+ K)a((ybz) + K)
= (@+K)a((y+K)B(z+K))

is satisfied in (N, (B)* M) /. forallz+ K,y+ K,z+ K € M/ and all o, 8 € T.
From the hypothesis, associative property is satisfied in N, (B)* (M/.).

(NT'3) Since M is a nearness I'-ring, left distributive property za (y + z) =
(xay) + (zaz) is satisfied in N,. (B)* M for all z,y,2 € M and all « € I'. Then

(z+K)a((y+K)® (z+ K))

=@+ K)a(ly+2) +K)

= (za(y +2)) + K = ((zay) + (zaz)) + K
= ((zay) + K) & ((zaz) + K)
=(@z+K)a(y+K)) & (z+ K)a(z+ K))

for all x + K,y + K,z + K € M/ and all @« € I'. Hence left distributive
property is satisfied in (N, (B)* M) /~. Also, right distributive property

(z+K)eoy+K)az+K)=(z+K)a(z+K))® (y+ K)a(z+ K))
is satisfied in (N, (B)" M) /~, that is, from the hypothesis, it is satisfied in
N, (B)" (M/.) forall z + K,y + K,z + K € M/~ and all « € T. Similarly,

(o4 ) (a4 8) g+ K) = (o + K)aly+K) @ (+K) 6y + K)

is satisfied for + K,y+ K,z+ K € M/ and all a, 8 € I'. From the hypothesis,
distributive properties are satisfied in N, (B)* (M/.). As a result, M/. is a
nearness I'-ring. O
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Definition 4.6. Let M be a nearness I'-ring and K be a subnearness I'-ring of
M. The nearness I'-ring M/, is called a nearness I'-ring of all near weak cosets
of M determined by K and denoted by M/, K.

Definition 4.7. Let My, M> C O be two nearness ['-rings and
Y : N.(B)* My — N, (B)" M

be a mapping. If
(z+y) = (@) +¢ )
and
¥ (zay) = ¢ (x) ay (y)

for all z,y € My and all @ € T', then v is called a nearness I'-homomorphism.

A nearness I'-homomorphism v : N, (B)* M; — N, (B)" Ms is called

(1) a nearness I'-monomorphism if ¢ is one-one,

(2) a nearness I'-epimorphism if 1) is onto,

(3) a nearness I'-isomorphism if ¢ is one-one and onto.

Set of all nearness I-homomorphisms from N, (B)* M; into N, (B)" M3 is de-
noted by Hom (N, (B)* My, N, (B)* M>).

Also, if 9 is onto, M; is called near homomorphic to M> and denoted by
Ml ~r MQ.

Theorem 4.4. Let Mi,M> be two nearness I'-rings and 1 be a nearness
[-homomorphism from N, (B)* My into N, (B)* My. Then

(1) ¥ (Opr,) = O, where Opg, € N, (B)* My is the near zero of Ms.

(ii) ¥ (—x) = = (x) for all x € M.

Proof. (i) Since 05z, = Opz, +0p7, and ¢ is a nearness I'-homomorphism, ¢ (0pz, ) =
¥ (0pr, +0nr,) = ¥ (0ar,) + ¥ (0pr,). Hence 9 (0pr,) = Opz, by the near identity
element is unique.

(ii) z + (—x) = Opy, for all z € My. Then Op, = ¢ (Oary) = ¥ (x4 (—2))
Y (x)+1 (—x) by (i). Similarly, Oy, = ¢ (—2) + (z) for all z € M;. Since ¢ (z
has a unique near inverse, ¢ (—x) = —1 (x) for all = € M;.

os

Definition 4.8. Let My,My C O be two mnearness ['-rings and
1 € Hom (N, (B)* My, N, (B)* M3). The set

Kerip={x € M; | ¢ (x) =0}
is called kernel of nearness I'-homomorphism .

Theorem  4.5. Let M, M - O be two nearness I'-rings,
v € Hom (N, (B)" My,N,(B)* M), (N,(B)"Kert,+) be a groupoid and
N, (B)* Ker be a T'-groupoid. Then Keri is a subnearness I'-ring of Mj.

Proof. Let © € Kert. Then v (x) = 0pz,. Since My, My C O are two nearness I'-
rings, Oy, € N, (B)" My and Oy, € N, (B)* Ma, ¢ (0pr,) = Opz, by Theorem 4.4
(i). Hence Opr, = ¥ (0ary) = ¢ (2 + (—2)) = ¢ () + ¢ (—x) and so ¢ (—x) = Oy,
from v (z) = Opz,. Thus from Definition 4.8, —x € Ker1). Therefore Keriy is a
subnearness I'-ring of M; from Theorem 2.3. g
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Theorem  4.6. Let My, M, - O be two nearness I'-rings,
v € Hom (N, (B)* My, N, (B)" M), (N,(B)"Kert,+) be a groupoid and
N, (B)" Ker be a T-groupoid. Then Kery is a nearness I'-ideal of M.

Proof. Let © € Kerty. Since ¢ (—z) = —¢ (x) = —0p, = Opry, —2 € Kery by
Theorem 4.4 (ii). Hence Kery is an additive subnearness group of Mj.

Let z € MiI'(Keriy). Then z = max where m € My, o € ', x € Keri.
Y (z) = ¢ (max) = ¢ (m)ay (x) = 1 (m)aly, = Op, by Lemma 2.1. Hence
z € Kery and since Keryy C N, (B)* (Ker), z € N, (B)* (Keriy). Therefore
MiT (Kery) C N, (B)" (Kery) and so Kert is a left nearness I'-ideal of M.
Similarly, Kery is also a right nearness I'-ideal of Mj. O

Theorem  4.7. Let My, M, - O be two nearness I'-rings,
v € Hom (N, (B)" My,N, (B)* M), (N, (B)*¢(K),+) be a groupoid and
N, (B)" ¢ (K) be a T-groupoid. If K is a subnearness I'-ring of My and
w(Nr (B)* K) = N, (B)*w(K),

then ¢ (K) = {¢ (z) |z € K} is a subnearness I'-ring of M.

Proof. Since K is a subnearness I'-ring of My, Ox € N, (B)" K. By Theo-
rem 4.4 (i), ¥ (0x) = Opz, where Opr, € N, (B)* M. Thus 0y, = ¢ (0g) €
Y (N, (B)"K) = N, (B)*¢ (K). Hence N, (B)" ¢ (K) # 0, that is, ¢ (K) # 0.
Since K is a subnearness I'-ring of M, —z € K for all x € K from Theorem 2.3.
Therefore —1 (z) = ¥ (—z) € ¢ (K) for all ¥ (z) € 1 (K) by Theorem 4.4 (ii).
Consequently, 1 (K) is a subnearness I'-ring of Ms from Theorem 2.3. O

Theorem 4.8. Let My,Mys C O be two nearness I'-rings, L C Mo,
Y € Hom (N, (B)* My, N, (B)* M), (N, (B)* L,+) be a groupoid and N, (B)* L
be a I'-groupoid. If L is a subnearness I'-ring of Mo, then

(L) = {z € M|y (x) € L}
is a subnearness I'-ring of M;.

Proof. Let z € ¢p~1(L). Then ¢ (z) € L. Since L is a subnearness I'-ring of
My, —1 (x) € L from Theorem 2.3. Hence ¢ (—z) € L and so —z € %! (L)
by Theorem 4.4 (ii). Consequently, 1»~! (L) is a subnearness I'-ring of M; from
Theorem 2.3. O

Theorem 4.9. Let M be a nearness I'-ring and K be a subnearness I'-ring of M.
Then the mapping 11 : N,. (B)* M — N, (B)* (M/K) defined by Il (z) = v + K
for all x € M is a nearness I'-homomorphism.

Proof. From the definition of II, Definitions 4.3 and 4.4,
Dz4+y)=+y)+ K=+ K)o y+K)=1(z)dU(y),
I(zay) = (zay) + K = (z+ K)a(y+ K) =11 (z) oIl (y)

for all x,y € M and all @ € I'. Thus II is a nearness ['-homomorphism from
Definition 4.7. 0

Definition 4.9. The nearness I'-homomorphism II is called a natural nearness
I'-homomorphism from N, (B)* M into N, (B)" (M/K).



I-RINGS OF WEAK COSETS IN NEARNESS APPROXIMATION SPACES 337

Definition 4.10. Let My, Ms C O be two nearness ['-rings and K C M. Let
7: N, (B)" My — N, (B)" M,

be a mapping and
Te = | : K — Ny (B)* M

a restricted mapping. If

T@+y) =71 (@+y) =7 (¥) + 7 (y) =7(2) +7(y)
and
T (zay) = 7, (vay) = 7, (2) aT (y) = 7 (2) a7 (y)

forall z,y € K and all « € T, then 7 is called a restricted nearness I'-homomorphism
and also, M is called restricted near homomorphic to My, denoted by M; ~,.,
M.

Theorem 4.10. Let M;,M, C O be two mnearness I'-rings and
7 € Hom (N, (B)" My,N,(B)*My). Let (N, (B)*Kert,+) be a groupoid,
N, (B)* Kert be a I'-groupoid, (1(Mi),4+) be a groupoid, (M) be a I'-groupoid
and (N, (B)* My) /~, be a set of all near weak cosets of N, (B)* My determined
by Kert. If

(Ny (B)" My) /~ © Ny (B)" (M/~)
and

Ny (B)" 7 (My) =7 (N; (B)" My),
then

]\41/N >rn T(Ml) .

Proof. Since (N, (B)* Kert,+) is a groupoid and N, (B)* Kert is a I-groupoid,
Kert is a subnearness I'-ring of M; from Theorem 4.5. Since Kerrt is a sub-
nearness [-ring of My and (N, (B)* My)/~ C N, (B)" (My/~), then M/ is a
nearness ['-ring of all near weak cosets of M7 determined by Kerr, from Theorem
4.3. Since N, (B)* 7 (My) = 7 (N, (B)" My), 7 (M) is a subnearness I'-ring of My
from Theorem 4.7. Let

o:N,.(B)"(Mi/~) — N.(B)"7 (M)

D YN
A — o(A) = 0 Ad(

be a mapping where

_ o

wye = Tlany Mo — N (B)' 7 (M)
r+ Kerr — JMI/N (.’L’ + KBTT) =T (x)

o

for all x + Kerr € M;/~.
Since

r+Kerr={x+k|keKerr,x+ke M}U{x},
y+ Kerr ={y+k |k € Kerr,y+k € M1} U{y}
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and T is a nearness I'-homomorphism, for x,y € M;

x4+ Kertr =y+ Kert

x€y+ Kerr
re{y+k' |k € Kerr,y+k € M} or x € {y}
r=y+k (K eKerr,y+k e My)orxz=y
—y+xz=(—y+y)+k (K eKerr)or7(z)=1(y)
—y+x=Fk (kK € Kerr)

—y+x € Kert

T(—y+$) :OT(Ml)

7(~y) +7(2) = 0r(ary)

—7(y) +7(x) = 0 (any)

T(z) =7 (y)

YN (r+ Kert) = Tty (y + Kerr).

L R O

Therefore IV is well defined.

For A,B € Ny (B)* (Mi/~), let A= B. Since 0,

{0y, (A) AN (B) M) /o

o (4) ‘{ Ornmy . A¢ (N, (B) M) /e
M,
M

/

/
_ { Oy (B) B € (Ny (B)" M)/~
OT(Ml) , B §é (NT‘ (B)* )/N

= o (B).
Hence o is well defined.
For all z + Kerr, y + Kert € M/~ C N, (B)" (M;/~) and all a € T,

o((z+ Kert) ® (y + Kerr))
= o((x+y)+ Kerr)
= 0y, (x+y)+ Kerr)
T(z+y)
T (x) +7(y)
Oy, @+ Kert)+o0,,  (y+ Kerr)
(m+KerT)+a(y+Ker7')

is well defined,

and
o((z+ Kert)a(y+ Kert))
= o ((zay) + Kerr)
0y, (ray) + Kerr)

My/
T (zay)
7 (z) ot (y)
Tty (x + Kerr) o, (y + Kerr)

o(z+ Kert)ao (y+ Kerr).

Therefore o is a restricted nearness I'-homomorphism by Definition 4.10. As
a result, M/ 2y 7 (M). O

References

[1] W.E. Barnes, On the I'-rings of Nobusawa, Pacific J. Math. 18 (1966), 411-422.



I-RINGS OF WEAK COSETS IN NEARNESS APPROXIMATION SPACES 339

[2] E. Inan, M.A. Oztiirk, Near groups in nearness approximation spaces, Hacet. J.
Math. Stat. 41 (2012), no. 4, 545-558.
[3] E. Inan, M.A. Oztiirk, Erratum and notes for near groups on nearness approximation
spaces, Hacet. J. Math. Stat. 43 (2014), no. 2, 279-281.
[4] E. Inan, M.A. Oztiirk, Near semigroups on nearness approximation spaces, Annals
Fuzzy Math. Inform. 10 (2015), no. 2, 287-297.
[5] S. Kyuno, On prime gamma rings, Pacific J. Math. 75 (1978), no. 1, 185-190.
[6] J. Luh, On the theory of simple I'-rings, Michigan Math. J. (1969), no. 16, 65-75.
[7] S.A. Naimpally, J.F. Peters, Topology with Applications, Topological Spaces via
Near and Far, World Scientific, 2013.
[8] N. Nobusawa, On a generalization of the ring theory, Osaka J. Math. 1 (1964),
81-89.
[9] M.A. Oztiirk, E. Inan, Nearness rings, Annals Fuzzy Math. Inform. 17 (2019), no.
2, 115-131.
[10] M.A. Oztiirk, M. Uckun, E. Inan, Near group of weak cosets on nearness approxi-
mation spaces, Fund. Inform. 133 (2014), 433-448.
[11] G. Pilz, Near-Rings: The Theory and Its Applications, 2nd Ed., North-Holland
Publishing Company, 1983.
[12] J.F. Peters, Near sets: General theory about nearness of objects, Applied Math. Sci.
1 (2007), no. 53, 2609-2629.
[13] J.F. Peters, Near sets: An introduction, Math. Comput. Sci. 7 (2013), no. 1, 3-9.
[14] J.F. Peters, S.A. Naimpally, Applications of near sets, Notices Amer. Math. Soc. 59
(2012), no. 4, 536-542.
[15] A. Skowron, J. Stepaniuk, Tolerance approximation spaces, Fund. Inform. 27 (1996),
no. 2-3, 245-253.
[16] M. Ugkun, E. Inan, R. Erol, Nearness I-rings, Fundamentals of Contemporary Math-
ematical Sciences 1 (2020), no. 1, 37-48.
[17] M. Wolski, Perception and classification: A note on near sets and rough sets, Fund.
Inform. 101 (2010), no. 1-2, 143-155.

Ebubekir INAN
Adwyaman University, Faculty of Arts and Sciences, Department of Mathemat-
ics, 02040, Adwaman, Turkey

E-mail address: einan@adiyaman.edu.tr

Mustafa UCKUN
Adwaman University, Faculty of Arts and Sciences, Department of Mathemat-
ics, 02040, Adwaman, Turkey

E-mail address: muckun@adiyaman.edu.tr

Received: June 28, 2021; Revised: September 4, 2021; Accepted: October 15, 2021



