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T-FLATNESS AND BOCHNER FLATNESS OF THE TANGENT
BUNDLES OF LIE GROUPS

MURAT ALTUNBAS

Abstract. Let (G, g) be a bi-invariant Lie group and (T'G,g) be its
tangent bundle. In this paper, we compute the T—curvature tensor and
a Bochner tensor B on (T'G, §) and show that their flatnesses are related
with flatness of the base manifold (G, g).

1. Introduction

In [2], Asgari and Moghaddam introduced a left invariant metric § on the
tangent bundle T'G of a Lie group (G, g) by using complete and vertical lifts of
left invariant vector fields from G. They also presented the Levi-Civita connection,
sectional curvature and Ricci tensor formulas of (T'G, §). In [10], Seifipour and
Peyghan studied Cotton, Schouten, Weyl and Bach tensors, and they computed
projective, concircular and M —projective curvatures on T'G when the Lie group
G is bi-invariant.

In this paper, we obtain two theorems. In the first theorem, we investigate
T—flatness of the tangent Lie group TG. T—curvature tensor was introduced
in [11] by Tripati and Gupta. A lot of well-known curvature tensors including
projective, concircular and M —projective curvature tensors are special cases of
this tensor. In the second theorem, we construct an almost Hermitian structure
J on (TG, g), compute a Bochner tensor with respect to this structure and study
its flatness. More precisely, we will prove the following theorems:

Theorem 1.1. Let (G,g) be an m—dimensional bi-invariant Lie group (m >
3). (TG, g) is T—flat if and only if (G,g) is flat.

Theorem 1.2. Let (G,g) be an m—dimensional bi-invariant Lie group (m >
3). The almost Hermitian manifold (T'G, g,J) is Bochner flat if and only if (G, g)
1s flat.

2. Preliminaries

2.1. Tangent bundle of a Lie group. Let (M, g) be an m—dimensional Rie-
mannian manifold and T'M be its tangent bundle. If (z*) and (z*,y") are local
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charts on M and T'M, respectively, then the complete lift and vertical lift of a
vector field X = X*0; on M are expressed as

X = X0 + ¢4 (0, X)), XV = X',

where 0; = %, 0; = 8%1" Moreover, the complete lift f¢ of a smooth function f
: c_ ,idf
on M is defined by f~ = y'55.

Let T'G be the tangent bundle of a Lie group G. A Lie group structure on TG
obtained by the Lie group structure of G is constructed as follows:

(,v2).(y, wy) = (zy, (dlz)(wy) + (dry)(v2)),

for every z,y € G, v, € TG and wy, € T,,G, where [, and r, are the left and right
translations of G by x and y, respectively. Notice that (T'G,.) is a Lie group.
For the Lie brackets, we have

xXV,vV]=o0, X9 Y% =X,V [XV,Y9] = [X,Y]".

Remark that the complete and vertical lifts of any left invariant vector fields of G
are left invariant vector fields on the Lie group T'G. Moreover, one can decompose
a left invariant vector field X into two left invariant vector fields X& and XJ as
X = X¢ + XY, Also, if {Xi,..., X;n} is a basis for the Lie algebra g of G then
(XY, .., XY, XC ..., XC} is a basis for the Lie algebra g of T'G.

A metric g on a Lie group G is said to be left invariant (right invariant) if

(Li.) gp(u,v) = gap((dla)pu, (dlg)pv),

(l".i.) gb(u’ U) = gba((dra)bua (dra)bv)a
for every a,b € G and all u,v € TpG. For shortness, (G, g) is called a left invariant
(right invariant) Lie group. A Riemannian metric that is both left and right
invariant is called a bi-invariant metric. In this case, (G, g) is called a bi-invariant
Lie group.
If g is a left invariant Riemannian metric on a Lie group G, then a left invariant
Riemannian metric g on T'G is defined by

g(XC’YC) = g(X, Y)v g(XV7YV) = g(X,Y), g(XC’YV) =0, (2'1)

where X and Y are two left invariant vector fields on G [2].
In the following propositions, we give the Levi-Civita connection and the Rie-
mannian curvature tensor of the metric g which is defined in (2.1).

Proposition 2.1. [2] Let (G, g) be a left invariant Lie group with the Levi-Civita
connection V and (T'G, g) be its tangent bundle with the Levi-Civita connection
V. Then the following relations are satisfied:

VycYC = (VxY)C,

VxeYV = (VxY + tadi X)V,
VxvYC = (VxY + Sadi V)V,
VxvYV = (VxY - 1[X,Y])C,

where ady Y s the transpose of adx with respect to the inner product induced by
g on g.
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Proposition 2.2. [10] Let (G, g) be a left invariant Lie group with the Riemann-
ian curvature tensor R and (T'G,§) be its tangent bundle with the Riemannian
curvature tensor R. Then the following relations are satisfied:

. 1 ; L
R(XC,Y9zV = (R(X,Y)Z)V+{§Vx(adZY)+iadvyz%ad*ZYX
1

—§Vy(adZX) = 5005 7 taax Y~ 5adz[x, Y]},

R(X% Y9Zz% = (R(X,Y)Z)°,

R(X¢ YV\2ZV = (R(X,Y)Z2) + {—%VX([Y, 7)) — %Vy(ad*z) + é[Y, VxZ]

11V, adyX] - [, Y], 2},

i 1 1
R(XV, Y9 z¢ = (R(X,Y)Z)V+{§ad}(VyZ)—§Vy(ad*ZX)

1 * 1 * 1%
~5909, 74 taayxY T 5912}

N 1 1 1

RXV,YV)Z¢ = {Vx(VyZ)+ 5 Vx(ady 2) = S[X, Vy Z] = (X, ady 7]

1 i 1 1 .
~Vy(VxZ) = 5Vy(adx2) + [V, VxZ] + 1Y, ad Z]}°,

RXV.YV)ZV = {Vx(VyZ)- %VX([Y, Z]) + %(ad}(VyZ — %[Y, A

1 1, 1

VY (VxZ) + 5V (X, Z)) ~ 5 (ady (V7 — 5[, 2])}".
Now, we can give the following corollary from [10].

Corollary 2.1. If (G,g) is a bi-invariant Lie group and § is the left invariant

Riemannian metric on TG given in (2.1), then for all left invariant vector fields
X, Y, Z on G, we have

- 1 - - -
(i) VycY? = 51X Y19, VYV =X, Y]V, Vi YO =V YV =0,

(i) R(XC.y)2¢ = X, 2°,
R(XC v9zV = RX° Y2V =RXV,v9)z°=RX",YV)2¢

RXV,YV)ZV =0,
(iii) S(XC, YY) = 5(X,Y), §(x°,vV)=5x", YY) =0,

(iv) 7 =r,

where S, 7 and S,r denote the Ricci tensor and the scalar curvature of the metrics
g and g, respectively.
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2.2. T-Curvature and Bochner Curvature. To prove the theorems in the
first section, we shall recall the following definitions.

Definition 2.1. [11] Let (M, g) be an m—dimensional (semi-) Riemannian man-
ifold. A (0,4) — type curvature tensor 7' on M is defined by

T(X,Y,Z,W) = aR(X,Y,Z,W)
+a1S(Y, Z)g(X, W) + a2S(X, Z)g(Y, W) + a3S(X,Y)g(Z, W)
+asg(Y, Z2)S(X, W) + asg(X, Z)S(Y, W) + agg(X,Y)S(Z, W)
+arr(g(Y, 2)X — g(X, 2)Y),

where ag, ..., a7 are some smooth functions on M, and R, .S and r are the curvature
tensor, the Ricci tensor and the scalar curvature, respectively.

Particular cases of the T'—curvature tensor are
(1) the quasi-conformal curvature tensor [14] if

ao

a; = —az = a4 = —as, a3 =ag =0, ay = ——( +2a1),

m- m—1
(2) the conformal curvature tensor [4] if
1 1

a=1, a1=—ar=a4=—a5=—"—,a3=ag =0, ay =
0 , U1 2 4 5 _27 3 6 s A7 (m—l)(m—?)’
(3) the conharmonic curvature tensor [5] if
1
ap=1, a1 =—-arz=a4=—-a5=———, az3=as =0, ag =0,
m — 2

(4) the concircular curvature tensor ([12],[13]) if

1
ap=1, a1 =ay=a3=as=a5=a=0, a7 = ———,
m(m — 1)
(5) the pseudo-projective curvature tensor [9] if
ag
(10:1, a; = —ao, a3:a4:a5:a6:0, a7:——( —|—a1),
m-m—1

(6) the projective curvature tensor [13] if

ap =1, alz—aQZ—(ml_l), a3 =a4 =as =ag = ay =0,
(7) the M —projective curvature tensor [7] if
1

ap =1, a1:—a2:a4:—a5:—m, a3 =ae = a7 = 0,
(8) the Wy—curvature tensor [7] if

ag =1, alz—ag,:—(ml_l), as =a3 = a4 =ag =ay =0,
(9) the W —curvature tensor [7] if

1

ap =1, a1 = —as =
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(10) the W;—curvature tensor [7] if
1
(m—1)’
(11) the W{ —curvature tensor [7] if

aozl,alz—azz a3:a4:a5:a6:a7:0,

1
ap =1, a1 =—-a2=————, a3 = a4 =as = ag = ar =0,
(m—1)
(12) the Wy—curvature tensor [6] if
1
a=1, a4=—-a5s=————, a1 =a2= a3 =as = a7y =0,
1)
(13) the W3—curvature tensor [7] if
1
ap =1, ag = —ag = — , a1 =a3 =as =as =ay =0,
(m —1)
(14) the Wy—curvature tensor [7] if
1
a():l, a5 = —ag = 77—, a1:a2:a3:a4:a7:0,
(m—1)
(15) the Ws—curvature tensor [8] if
1
ap=1, ag = —as = — ; a1 =a3 = a4 = ag = ay = 0,
m—1)
(16) the Ws—curvature tensor [8] if
1
ap =1, ay = —as = — ; a2 =ag = ag = as = a7 =0,
(m—1)
(17) the Wy—curvature tensor [8] if
1
a():l,al:—a4:— ,aQ:a3:a5:a6:a7:0,
(m—1)
(18) the Wg— curvature tensor [8] if
1
ap =1, a1 = —az = — ; ag = a4 = a5 = ag = ay = 0,
m—1)
(19) the Wy—curvature tensor [8] if
1
ap=1, a3=—-a4 = —, a1 =az =a5 = as = a7 =0,
(m—1)

(20) the generalized P—curvature tensor [3] if
ap, ..., ag are arbitrary constants and a7y = 0.

A (semi-)Riemannian manifold is called T—flat if T'= 0 [11].

Definition 2.2. [1] Let (M,,,J,g) be an even dimensional almost Hermitian
manifold (i.e., ¢ is a Riemannian metric and J is a (1,1)— tensor field which
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satisfies J2 = —1I, g(JX,Y) = —g(X,JY), where X,Y € x(M)). Then a Bocher
tensor B of (0,4)—type on M is defined by
+L(Y> Z)g(X> W) - L(Y¢ W)g(X> Z)
+L(JX W)g(JY,Z) — L(JX, Z)g(JY,W)
+L(JY, 2)g(JX, W) — L(JY,W)g(JX, Z)
—2L(JX,Y)g(JZ,W) —2L(JZ,W)g(JX,Y),
where
LX,Y) = Eg(SX,Y)+Fg(X,Y),
NN r
m+4" " 2m+2)(m+4)’

and, S and r denote the Ricci tensor and the scalar curvature of g, respectively.

E =

A (semi-)Riemannian manifold is called Bochner flat if B = 0.

3. Proof of Theorems

3.1. Proof of Theorem 1.1. From Corollary 2.1, Definition 2.1 and using
(2.1), we obtain the following relations by direct calculations:

T(xV, Y'Y, 2¥, WY) = arr((g(Y, 2)g(X, W) — g(X, Z)g(Y,W)), (3.1)
T(XV, Y9, 29 W) = aiS(Y, 2)g(X. W) + arrg(Y, Z2)g(X, W)),  (3.2)

T(XC,v°, z° W° = aR(X,Y,Z,W)
+a1S(Y, Z)g(X, W) +a2S(X, Z)g(Y, W)  (3.3)

+a3S(X,Y)g(Z, W) + asg(Y, Z)S(X, W)
+as59(X, 2)S(Y, W) +ag + g(X,Y)S(Z, W)

+arr(g(Y, Z)X — g(X, 2)Y),

T(XC, YV, Z2V WO = asg(Y, Z)S(X, W) + arrg(Y, Z)g(X, W), (3.4
T(XC,ye, 2V, wo =1(xV,YyV,z" w% =o, (3.5
T(XV, YV, 2 WY = agg(X,Y)S(Z, W), (3.6
T(xV,vye z¢ we =17(xV,vV,z¢ w") =0, (3.7
T(xXC v, z¢wV)y=T7(x°, YV, 2V, wV) =0, (3.8
T(XC, v, zV . WY = a3S(X,Y)g(Z, W), (3.9
where 7, S and R denote the scalar curvature, Ricci tensor and curvature tensor
of (G,g), respectively. It is obvious that if R = 0, then 7" = 0. Conversely, if

T = 0, then from (3.1) we see that r = 0. From (3.2), we occur that S = 0. And
finally, using (3.3), we get R = 0.

Corollary 3.1. Let (G, g) be an m—dimensional bi-invariant Lie group (m > 3)
and (TG, g) be its tangent bundle. Then we have
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(TG, g) is quasi-conformally flat < (G, g) is flat.
(TG, g) is conformally flat < (G, g) is flat.

(TG, g) is conharmonically flat < (G, g) is flat.
(TG, g) is concircularly flat < (G, g) is flat.
(TG, g) is pseudo-projectively flat < (G, g) is flat.
(TG, g) is projectively flat < (G, g) is flat.
(TG, g) is M —projectively flat < (G, g) is flat.
(TG,g) is W7 (i=0,1) flat & (G, g) is flat.
(TG, g)is W; (i =0,...,9) flat & (G, g) is flat.
(TG, g) is generalized P flat < (G, g) is flat.

3.2. Proof of Theorem 1.2. Define a (1,1)—tensor field J on (TG, §) as
J(X9 =-xV Jx")=xC.

One can easily show that J? = —I and §(J:5(,17) = —g(X,JY) for all X =
XV, XCandY =YV, Y% Therefore, (TG, §,.J) is an almost Hermitian manifold.
Using this structure, Corollary 2.1 and Definition 2.2, we get

B(XV,YV’ ZV? WV) = F(g(X, W)Q(K Z) - g(X, Z)g(Y, W))’ (310)
Y,

B(xV,Y9,zC, W) = Fg(X,W)g(Y,Z)+ [ES(Y,Z) + Fg(Y, Z)|g(X, W)
+ES(X,Z2) + Fg(X, 2)|g(Y, W) (3.11)
+ES(Y, W)+ Fg(Y,W)]g(X, Z)
2[ES(X,Y) + Fg(X,Y)]|g(Z, W)
+2Fg(Z,W)g(X,Y),

B(X%, v z¢ WY = R(X,Y,Z,W)+[ES(X,W)+ Fg(X,W)g(Y, Z)
—[ES(X,Z) + Fg(X, Z)]g(Y,W) (3.12)
+[ES(Y,Z) + Fg(Y, Z)]g(X, W)
—[ES(Y, W)+ Fg(Y,W)|g(X, Z),

B(XC, YV, zV. WY = [ES(X,W)+ Fg(X,W)]g(Y,Z)+ Fg(Y,Z)g(X,W)
+Fg(X,Z)g(Y,W) (3.13)
+[ES(Y,W) + Fg(Y,W)]|g(X, Z)
+2Fg(X,Y)g(Z, W)
+2[ES(Z, W) + Fg(Z,W)]g(X,Y),
W)

B(XC,y¢ zV . w% =BXx"V, vV, z"V, W), (3.14)

B(xXV,YV,z° w®) = —[ES(X,W)+ Fg(X,W)]g(Y,Z) (3.15)
—[ES(X,Z) + Fg(X, Z)|g(Y,W)

+HES(Y,Z)+ Fg(Y, Z)]g(X, W)

[ES(

—[ES(Y, W)+ Fg(Y,W)]g(X, Z),
B(xV, v z¢ w =o, (3.16)



T-FLATNESS AND BOCHNER FLATNESS ... 213

BxV,yV,z¢ wV)y=Bx% v z¢wV)=BX° YV, ZzV WV) =0,
(3.17)
B(XC, Y9, 2V W) = 2Fg(X,W)g(Y, Z) - 2Fg(X, Z)g(Y, W),  (3.18)

_ 1 _ r _
where E' = —5-—— and F' = 2(2m+23(2m+4) = 2(2m+27)'(2m+4), and r, S, R denote

the scalar curvature, Ricci tensor and curvature tensor of (G, g), respectively.
Clearly, if R = 0, then B = 0. Conversely, if B = 0, then from (3.10) we occur
that 7 = 0. From (3.11), we conclude S = 0. Using (3.12), we obtain R = 0.
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