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UNCERTAINTY INEQUALITIES FOR A FAMILY OF
WEIGHTED DIRICHLET SPACES

FETHI SOLTANI

Abstract. In this paper, we introduce a family of weighted Dirich-
let spaces {Dq,n}tnen. This family satisfies the continuous inclusions
Don C ... C Dy2 C Dyy1 C Doo = Da, where D, is the clas-
sical weighted Dirichlet space. Next, we define and study operator
Xf(z) == f'(2) — f/(0) and its adjoint operator Y, f(z) := 22f'(z) +
azf(z) —a f[O,z] f(s)ds on the weighted Dirichlet space D,, and we es-
tablish an uncertainty inequality of Heisenberg type for this space. A
more general uncertainty inequality for the space Dy, is also given when
we considered the operators X,, = X" and Y, ,, =Y.

1. Introduction

Heisenberg’s uncertainty principle in quantum physics states that the position
and momentum of a particle cannot be measured exactly at the same time [13].
More specifically, the product of the “uncertainty” for the position and the ”un-
certainty” for the momentum of a particle is always greater than or equal to a
tiny positive constant, namely, h/4m, where h is Planck’s constant. There exist
many similar uncertainty principles, in physics [2, 6, 14, 19], and mathematics
[5, 15], that are based on position, momentum, energy, time, and so on. In this
paper we are going to prove a version of the uncertainty principle in the context
of weighted Dirichlet space. The weighted Dirichlet space is one of the complex
analysis tools used in harmonic analysis [3, 7].

Let C be the complex plane and D = {z € C : |z| < 1} the open unit disk,
and let & > 0. The weighted Dirichlet space D, (see [1, 8, 18]) is the set of all
analytic functions f in the unit disk I with the finite Dirichlet integral

[ 1) Pdua),
D

where

dxd
dvg(2) = (a+ D)1= |22, z=z+iy,
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be the weighted Lebesgue measure on D. It is a Hilbert space when equipped
with the inner product

(f,9)pn == / (2)dva(2).

If f,g € Dy with f(2) = > 07 janz™ and g(z) = > oo, byz™, then

n!
+1)

nbnu

(f,9)p. = agho + (o + 1) Z

_ T(n+a+l) (atD)n >
where (a+1), = = Tt and the set ¢ 1,4/ 22" forms an orthonor-
mal basis for the space D,. The function K, , given for zne D, by

Kon(w) =11 3 @ Dnznyep (L.1)
= a+1s=  nnl ’ ’ '
is the reproducing kernel for the weighted Dirichlet space D,, meaning that
K. o € Dy, and for all f € D,, we have (f, K. o)p, = f(2).
In the case a = 0, the Dirichlet space Dy (see [1]) is the set of all analytic
functions f in the unit disk D equipped with the inner product

<f7 g>'Do — a/()% + Z nana:

n=1

for all f,g € Dy with f(z) = >.;2 janz™ and g(z) = > 202" And, the
reproducing kernel of Dy is given by

K. o(w) =1+ log (1 —

> , z,w € D.

Over the years, the applications of weighted Dirichlet space D, play an im-
portant role in various fields of mathematics [3, 10, 11, 16]. And this space
is the background of some applications to our contribution, especially, we in-
troduce on D, the operator Xf(z) := f'(2) — f(0) and its adjoint Y, f(z) :=
2f1(2) + azf(z) — a f 0,7] s)ds; and therefore, we establish an uncertainty in-
equality of Helsenberg type on the space D,. This version is given by

1(X + Yo — a)flou | (X = Yo+ 0 fllp, = [Yadllh, — IXflb,, abeR.

Next, we deduce an uncertainty inequality of Heisenberg type on D, for the
operators X;, = X" and Y, , = Y".

The analogous uncertainty inequalities are also proved, for the Fock space [4]
in 2015, for the Bessel-Struve operator [20] in 2017, for the Fock space associated
to Dunkl operators [21, 22] in 2017, and for the Fock space associated to higher-
order Bessel operator [17, 23] in 2018.

The contents of the paper are as follows. In Section 2 we define and study the
operators X and Y, on the space D,. And in Section 3, we establish uncertainty
inequalities on D,,.
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2. Operators on D,

For z € Dy, the function u(z) = Kz o(w) given by (1.1) is the unique analytic
solution on D of the initial problem
a

u'(z) — ' (0) = w [zu’(z) + au(z) — - /[0 ]u(s)ds] , weD, u(0)=1,

where [0, z] = {tz,t € [0, 1]} is the line segment joining 0 and z.
According to this equation we define on D, the two operators

Xf(z) = f'(2) - f(0), (2.1)
and

Yof(z) := 22f'(2) + azf(z) — f(s)ds. (2.2)
[0,]
We define the domain of X denoted by Dom(X) as
Dom(X):={f €Dy : XfeD,}.

And as in the same we define Dom(Y,). The operators X and Y, defined by (2.1)
and (2.2) satisfy the commutation relation

(X, Y,] := XY, - Y, X =2Z,, (2.3)
where
Zaf(2) = 2f'(2) + 5 (£(2) = £(0)).
Let n € N. We define the Hilbert space D, , as the space of all analytic
functions f in the unit disk D such that

£k, = £ (0)] +/ |25 f(2)Plel dval(z) < oo,
D

where Zyf(2) = zf'(2).
If f € Doy with f(2) = 3322, ar2z” then

o0
k2n+1k!
2 2 2
=lag|" +(a+1 E —ag|”.
HfHDam ’ 0‘ ( ) (Oé 1)k| k|

k=1
Thus, the spaces D, n, n € N satisfy the following continuous inclusions
Dop C ... CDa2 CDy1 CDap = Da.
In particular, if f € Do with f(2) =2 a,2" then

115, = |f(0)|2+/f’(2)+Zf”(Z)|2dva(Z)

o0
= lao)> + (a+1) Z |n|2
n:l

If f € Dqp with f(2) =372 a,2z" then

1£15., = [FO)P+ / ' (2) + 32f"(2) + 2% " (2)|*dva(2)
= Jao|* + Z |an|2

n:l
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Theorem 2.1. (i) Dom(X) = Dom(Y,) = Dom(Zy) = Dq. 1.
(i1) For f,q € Dy,1 we have
<Xf> g>Da = <f7 YOég>Da
(i1i) For f € Dy1 we have
Yo flp, = 1X D, +2(Zaf. f)Do-
Proof. (i) Let f € D, with f(2) =3 .2 a,2". Then

o0 oo

-1
Xf(z) =3 (4 Dansiz", Yaf(z) =3 Wan_lz”,
n=1 n=2
and
Zof(2) = ;(n + %)anz". (2.4)
Thus
9 > nn' n+a) 9
1Xfllp, = (a+1) Z |an |, (2.5)
n=2
> m+a+1)
Yoflg, = (a+1)S " o2 2.
1Yaflp, = (a+ ); (ot D [ (2.6)
and
nnl(n —|—
1ZafII5, = Z ! anl*.
Therefore,
£ 5., = [FO)P =[O0 <2 X fl3, <2(a+1)flD,,
1£1B,, = [FO)? < IYafllp, < (a+2)f]5,,,
and

11D, , = £ O)* < 1 ZafllD, < (1+ ) 1£115, -

Consequently, Dom(X) = Dom(Y,) = Dom(Z,) = Da,l-
(ii) For f,g € Do, with f(z) = > 07 janz™ and g(z) = > o2, by2™, one has

2 n(n+1)! —
(Xf,9)pa = (a+1) ant1bp
9p ; (a+1),
= (n—1)nl(n+ a)
;2 (a+1), !
= <f7 Yag>Da
(iii) follows from (2.4), (2.5) and (2.6). O

In the following we consider the operators

Xuf(2) o= XM () = S F(2) = (0, Yauf(2) = YEF(2)
Theorem 2.2. Dom(X,,) = Dom(Yy ) = Dan.
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Proof. Let f € D, with f(z) = Y3, arz". Then
-~ (k+n)!

! S k(k+a+1)
_ k _ n k+n
an(z) - Ll Ak4nZ Ya,nf(z) —Zk_'_—nakz .
k=1 k=1
Thus
= k((k+n)))
2 _ 2
1XnflB, = (a+1) ; S
2 k(e + ) Ty (B +a+5)(k + j)
= 1 |a‘]€+n|
k:l Oé—f— )kJrn
(k+ )2”+1(k+n)!
< (a+1D)"! aoin|?
( kzl (@ +1Dkin [@nl
k2n+1k|
< Oé+ n+12 ‘ k‘27
and
> k—i—n Wk+a+1),
Xamn 2 = 2
[ Xanf I, Z e S
°°/-c2k! P (k+ta+g)(k+j
_ (Oé+1) H]_l( J)( j)]ak\Q
Pt (k+n)(a+1)
o K2k (K "k +n) 1
< (a+1) (b tatn)(krn)™,
k=1 CRR
oo k2n+1k!
< (a+Dn+D" T n+a+D"Y ——apl
< (et 1)+ 1) Y
Therefore,

115, ., = ana(f) < (0 + D" XuflB, < 0+ D" Ha+ )" flD,

where
2n+1 IC'

tn,a(f) = |aol* + Z il sl
k:l
and
11D, = FOP < Yanflp, < (n+1)"n+a+1)"f]5,..-
Consequently, Dom(X,,) = Dom(Y,,n) = Da,n- O

3. Uncertainty inequalities on D,

In this section, we establish some uncertainty inequalities of Heisenberg type
for the weighted Dirichlet space D,.

Lemma 3.1. Dom(XY,) = Dom(YoX) = Dq 2.
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Proof. Let f € D, with f(z) =3 7", a,z". Then

oo [o.¢]
XY, f(2) = Zn(n +a+1)ayz", Yo Xf(2)= Z(n —1)(n+ a)a,z".
n=1 n=1
Thus
oo 3 '
n°nl(n + « + 1
IAXafl, = (@+ 1Y Pl
n=1
and
nnl(n —1)%(n + a)?
IXaflfh, = (@ 1) E_j o
Therefore,
1£ 1D, = [FO)P < IXYaflD, < (a+2)°flD, .,
and
11D, = £ O = [£(0) < 4|YaX flIp, <4la+12f3, .,
Consequently, Dom(XY,) = Dom(Y,X) = D, 2. O

We will use the following result of functional analysis.
Lemma 3.2. (See [9, 12]). Let A and B be self-adjoint operators on a Hilbert
space H (A* = A, B* = B). Then
(A = a)fllall(B =0)flla = %\([Av Blf, f)ul,
for all f € Dom(AB) N Dom(BA), and all a,b € R.
Theorem 3.1. Let f € D,o. For all a,b € R, we have
(X + Yo = a)fllp (X = Yo +ib) fllpa > 2(Zaf; [)Da- (3.1)
Proof. Let us consider the lowering and raising type operators
A=X+4Y,, B:=iX-Y,).

By Theorem 2.1 (ii) and Lemma 3.1, the operators A and B possess the following
properties.

(i) A* = A and B* = B.

(ii) Dom(AB) = Dom(BA) = D, 2.

(iii) [A, B] = —2i[X,Y,].
Thus the inequality (3.1) follows from (2.3) and Lemma 3.2. O

Remark 3.1. Let f € Dy 2, and let a,b € R. By Theorem 2.1 (iii) we obtain
1(X + Y — a) fllp (X = Ya +ib) fllpa > |Yaflb, — IXfl5, -

And by Theorem 2.1 (i), this uncertainty inequality can be extended to the space
Dol

Lemma 3.3. Dom(X,Y, ) = Dom(YenXpn) = Da2n-
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Proof. Let f € D, with f(z) = Y3, arz". Then

X Youf(z) =Y Rk + Zi'ikrglj *Dn gk, (3.2)

k=n

and
o

YouXaf(z) =

k=n+1

Thus

o (k4 m)(k + a + 1))’
(O‘H); Mt nPar

X Ry (k4 a4 5)% (k + )

= (a+1)]§ (k+n)2(a+ 1)y ‘ak‘Q

”XnYoc,an%a =

o0

E3K!(k + o+ n)* (k + n)?n—2
(a+1)>] P jax?

k=n
o9 ) o0 k4n+1k!
k=n k

|ay|?

)

and

0 kRN ((E =D ((k—n4+ a4 1),)?
(a+1)k§rl 0T Dr(k—n=1))2
- = RRT(k—ntat§)*(k - )’
= (a+1) k:;H CES
2 kE!k+ ) (k— 1)
< (a+1) Z ( (al—l()k )

HYaanfH%a =

|ag|?

k=n+1
& k4n+1k!

< (a+1)2n+1 Z v e
k=n+1 (a T 1)k

|ag|>.

Therefore,
1F1B, o, = bralf) < [ XnYaufllh, < (n+1)*2n+a+1)"|f|3, ,,.

where
1

) n— k4n+1]€! )
b = lag|” + (a+1 —|ak|”,
) = loof + @+ ) 3
and
11D 0n = Cnia(f) < YanXnflp, < (041" (a+ 1> flD, .,
where
) n k4n+1k! 5
c =lag|“ + (a+1 —ar|”.
) = ol + (o 1) 3

Consequently, Dom(X,, Y, »,) = Dom (Y, nXy) = Do 2n- O
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We define the operator A, by
Agn = [Xn,Yan] = X0Yon — YonXn.
This operator satisfies the following property.

Lemma 3.4. If f € Dy oy, with f(2) =Y e arz”®, we have

oo

Aanf(z Zrk (a,n akz where  ri(a,mn) >0, for k>n.
k=n

Proof. If f € Dy, with f(z) = > 72, a2, by (3.2) and (3.3) we have

Aanf(z g rkanakz

where

k(k+n)lk+a+1), (k—n)kl(k—n+a+1),
(k + n)k! k(k — n)!

re(a,n) =

Then for £ > n we have

E2(k+n)(k—n)l(k+a+1), — (B2 =n®)(k)2(k-n+a+1),
k(k + n)kl(k — n)! '

re(a,n) =

Since (k 4+ n)!(k —n)! > (k)2 and k!(k — n)! < (k!)? we obtain

re(a,n) > (k4 )"

~ k(k+n) 20

O
By using Lemma 3.3, Lemma 3.4 and as in the same way of Theorem 3.1 we
deduce the following result.

Theorem 3.2. Let f € Dy 2,. For all a,b € R, we have
I(Xn + Yan — a)fllpa[[(Xn = Yau +ib) fllpa = (Banf; f)pa
Remark 3.2. For f € Dy 2, we have
Yonflp, = 1XaflD, + (Ranf, fip.
Then, for all a,b € R, we obtain
(X0 + You — @) fllDal(Xn = Yau + ) fllp, = [Yan B, — [ XaflD,.

And by Theorem 2.2, this uncertainty inequality can be extended to the space
Dan-
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