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UNCERTAINTY INEQUALITIES FOR A FAMILY OF

WEIGHTED DIRICHLET SPACES

FETHI SOLTANI

Abstract. In this paper, we introduce a family of weighted Dirich-
let spaces {Dα,n}n∈N. This family satisfies the continuous inclusions
Dα,n ⊂ . . . ⊂ Dα,2 ⊂ Dα,1 ⊂ Dα,0 = Dα, where Dα is the clas-
sical weighted Dirichlet space. Next, we define and study operator
Xf(z) := f ′(z) − f ′(0) and its adjoint operator Yαf(z) := z2f ′(z) +
αzf(z)− α

∫
[0,z]

f(s)ds on the weighted Dirichlet space Dα, and we es-

tablish an uncertainty inequality of Heisenberg type for this space. A
more general uncertainty inequality for the space Dα,n is also given when
we considered the operators Xn = Xn and Yα,n = Y n

α .

1. Introduction

Heisenberg’s uncertainty principle in quantum physics states that the position
and momentum of a particle cannot be measured exactly at the same time [13].
More specifically, the product of the “uncertainty” for the position and the ”un-
certainty” for the momentum of a particle is always greater than or equal to a
tiny positive constant, namely, h/4π, where h is Planck’s constant. There exist
many similar uncertainty principles, in physics [2, 6, 14, 19], and mathematics
[5, 15], that are based on position, momentum, energy, time, and so on. In this
paper we are going to prove a version of the uncertainty principle in the context
of weighted Dirichlet space. The weighted Dirichlet space is one of the complex
analysis tools used in harmonic analysis [3, 7].

Let C be the complex plane and D = {z ∈ C : |z| < 1} the open unit disk,
and let α ≥ 0. The weighted Dirichlet space Dα (see [1, 8, 18]) is the set of all
analytic functions f in the unit disk D with the finite Dirichlet integral∫

D
|f ′(z)|2dvα(z),

where

dvα(z) = (α+ 1)(1− |z|2)αdxdy
π

, z = x+ iy,
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be the weighted Lebesgue measure on D. It is a Hilbert space when equipped
with the inner product

⟨f, g⟩Dα := f(0)g(0) +

∫
D
f ′(z)g′(z)dvα(z).

If f, g ∈ Dα with f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n, then

⟨f, g⟩Dα = a0b0 + (α+ 1)

∞∑
n=1

nn!

(α+ 1)n
anbn,

where (α+1)n = Γ(n+α+1)
Γ(α+1) , and the set

{
1,
√

(α+1)n
(α+1)nn!z

n
}∞

n=1
forms an orthonor-

mal basis for the space Dα. The function Kz,α given for z ∈ D, by

Kz,α(w) = 1 +
1

α+ 1

∞∑
n=1

(α+ 1)n
nn!

(zw)n, w ∈ D, (1.1)

is the reproducing kernel for the weighted Dirichlet space Dα, meaning that
Kz,α ∈ Dα, and for all f ∈ Dα, we have ⟨f,Kz,α⟩Dα = f(z).

In the case α = 0, the Dirichlet space D0 (see [1]) is the set of all analytic
functions f in the unit disk D equipped with the inner product

⟨f, g⟩D0 = a0b0 +
∞∑
n=1

nanbn,

for all f, g ∈ D0 with f(z) =
∑∞

n=0 anz
n and g(z) =

∑∞
n=0 bnz

n. And, the
reproducing kernel of D0 is given by

Kz,0(w) = 1 + log

(
1

1− zw

)
, z, w ∈ D.

Over the years, the applications of weighted Dirichlet space Dα play an im-
portant role in various fields of mathematics [3, 10, 11, 16]. And this space
is the background of some applications to our contribution, especially, we in-
troduce on Dα the operator Xf(z) := f ′(z) − f ′(0) and its adjoint Yαf(z) :=
z2f ′(z) + αzf(z) − α

∫
[0,z] f(s)ds; and therefore, we establish an uncertainty in-

equality of Heisenberg type on the space Dα. This version is given by

∥(X + Yα − a)f∥Dα∥(X − Yα + ib)f∥Dα ≥ ∥Yαf∥2Dα
− ∥Xf∥2Dα

, a, b ∈ R.

Next, we deduce an uncertainty inequality of Heisenberg type on Dα for the
operators Xn = Xn and Yα,n = Y n

α .
The analogous uncertainty inequalities are also proved, for the Fock space [4]

in 2015, for the Bessel-Struve operator [20] in 2017, for the Fock space associated
to Dunkl operators [21, 22] in 2017, and for the Fock space associated to higher-
order Bessel operator [17, 23] in 2018.

The contents of the paper are as follows. In Section 2 we define and study the
operators X and Yα on the space Dα. And in Section 3, we establish uncertainty
inequalities on Dα.
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2. Operators on Dα

For z ∈ Dα, the function u(z) = Kz,α(w) given by (1.1) is the unique analytic
solution on D of the initial problem

u′(z)− u′(0) = w

[
zu′(z) + αu(z)− α

z

∫
[0,z]

u(s)ds

]
, w ∈ D, u(0) = 1,

where [0, z] = {tz, t ∈ [0, 1]} is the line segment joining 0 and z.
According to this equation we define on Dα the two operators

Xf(z) := f ′(z)− f ′(0), (2.1)

and

Yαf(z) := z2f ′(z) + αzf(z)− α

∫
[0,z]

f(s)ds. (2.2)

We define the domain of X denoted by Dom(X) as

Dom(X) := {f ∈ Dα : Xf ∈ Dα} .
And as in the same we define Dom(Yα). The operators X and Yα defined by (2.1)
and (2.2) satisfy the commutation relation

[X,Yα] := XYα − YαX = 2Zα, (2.3)

where
Zαf(z) := zf ′(z) +

α

2
(f(z)− f(0)).

Let n ∈ N. We define the Hilbert space Dα,n as the space of all analytic
functions f in the unit disk D such that

∥f∥2Uα,n
:= |f(0)|2 +

∫
D
|Zn+1

0 f(z)|2|z|−2dvα(z) < ∞,

where Z0f(z) = zf ′(z).
If f ∈ Dα,n with f(z) =

∑∞
k=0 akz

k then

∥f∥2Dα,n
= |a0|2 + (α+ 1)

∞∑
k=1

k2n+1k!

(α+ 1)k
|ak|2.

Thus, the spaces Dα,n, n ∈ N satisfy the following continuous inclusions

Dα,n ⊂ . . . ⊂ Dα,2 ⊂ Dα,1 ⊂ Dα,0 = Dα.

In particular, if f ∈ Dα,1 with f(z) =
∑∞

n=0 anz
n then

∥f∥2Dα,1
= |f(0)|2 +

∫
D
|f ′(z) + zf ′′(z)|2dvα(z)

= |a0|2 + (α+ 1)
∞∑
n=1

n3n!

(α+ 1)n
|an|2.

If f ∈ Dα,2 with f(z) =
∑∞

n=0 anz
n then

∥f∥2Dα,2
= |f(0)|2 +

∫
D
|f ′(z) + 3zf ′′(z) + z2f ′′′(z)|2dvα(z)

= |a0|2 + (α+ 1)

∞∑
n=1

n5n!

(α+ 1)n
|an|2.
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Theorem 2.1. (i) Dom(X) = Dom(Yα) = Dom(Zα) = Dα,1.
(ii) For f, g ∈ Dα,1 we have

⟨Xf, g⟩Dα = ⟨f, Yαg⟩Dα .

(iii) For f ∈ Dα,1 we have

∥Yαf∥2Dα
= ∥Xf∥2Dα

+ 2⟨Zαf, f⟩Dα .

Proof. (i) Let f ∈ Dα with f(z) =
∑∞

n=0 anz
n. Then

Xf(z) =

∞∑
n=1

(n+ 1)an+1z
n, Yαf(z) =

∞∑
n=2

(n− 1)(n+ α)

n
an−1z

n,

and

Zαf(z) =
∞∑
n=1

(n+
α

2
)anz

n. (2.4)

Thus

∥Xf∥2Dα
= (α+ 1)

∞∑
n=2

(n− 1)nn!(n+ α)

(α+ 1)n
|an|2, (2.5)

∥Yαf∥2Dα
= (α+ 1)

∞∑
n=1

n2n!(n+ α+ 1)

(α+ 1)n
|an|2, (2.6)

and

∥Zαf∥2Dα
= (α+ 1)

∞∑
n=1

nn!(n+ α
2 )

2

(α+ 1)n
|an|2.

Therefore,

∥f∥2Dα,1
− |f(0)|2 − |f ′(0)|2 ≤ 2∥Xf∥2Dα

≤ 2(α+ 1)∥f∥2Dα,1
,

∥f∥2Dα,1
− |f(0)|2 ≤ ∥Yαf∥2Dα

≤ (α+ 2)∥f∥2Dα,1
,

and

∥f∥2Dα,1
− |f(0)|2 ≤ ∥Zαf∥2Dα

≤ (1 +
α

2
)2∥f∥2Dα,1

.

Consequently, Dom(X) = Dom(Yα) = Dom(Zα) = Dα,1.
(ii) For f, g ∈ Dα,1 with f(z) =

∑∞
n=0 anz

n and g(z) =
∑∞

n=0 bnz
n, one has

⟨Xf, g⟩Dα = (α+ 1)

∞∑
n=1

n(n+ 1)!

(α+ 1)n
an+1bn

= (α+ 1)
∞∑
n=2

(n− 1)n!(n+ α)

(α+ 1)n
anbn−1

= ⟨f, Yαg⟩Dα .

(iii) follows from (2.4), (2.5) and (2.6). □

In the following we consider the operators

Xnf(z) := Xnf(z) =
dn

dzn
f(z)− dn

dzn
f(0), Yα,nf(z) := Y n

α f(z).

Theorem 2.2. Dom(Xn) = Dom(Yα,n) = Dα,n.
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Proof. Let f ∈ Dα with f(z) =
∑∞

k=0 akz
k. Then

Xnf(z) =
∞∑
k=1

(k + n)!

k!
ak+nz

k, Yα,nf(z) =
∞∑
k=1

k(k + α+ 1)n
k + n

akz
k+n.

Thus

∥Xnf∥2Dα
= (α+ 1)

∞∑
k=1

k((k + n)!)2

k!(α+ 1)k
|ak+n|2

= (α+ 1)
∞∑
k=1

k(k + n)!
∏n

j=1(k + α+ j)(k + j)

(α+ 1)k+n
|ak+n|2

≤ (α+ 1)n+1
∞∑
k=1

(k + n)2n+1(k + n)!

(α+ 1)k+n
|ak+n|2

≤ (α+ 1)n+1
∞∑
k=1

k2n+1k!

(α+ 1)k
|ak|2,

and

∥Xα,nf∥2Dα
= (α+ 1)

∞∑
k=1

k2(k + n)!(k + α+ 1)n
(k + n)(α+ 1)k

|ak|2

= (α+ 1)

∞∑
k=1

k2k!
∏n

j=1(k + α+ j)(k + j)

(k + n)(α+ 1)k
|ak|2

≤ (α+ 1)

∞∑
k=1

k2k!(k + α+ n)n(k + n)n−1

(α+ 1)k
|ak|2

≤ (α+ 1)(n+ 1)n−1(n+ α+ 1)n
∞∑
k=1

k2n+1k!

(α+ 1)k
|ak|2.

Therefore,

∥f∥2Dα,n
− an,α(f) ≤ (n+ 1)2n+1∥Xnf∥2Dα

≤ (n+ 1)2n+1(α+ 1)n∥f∥2Dα,n
,

where

an,α(f) = |a0|2 + (α+ 1)
n∑

k=1

k2n+1k!

(α+ 1)k
|ak|2.

and

∥f∥2Dα,n
− |f(0)|2 ≤ ∥Yα,nf∥2Dα

≤ (n+ 1)n−1(n+ α+ 1)n∥f∥2Dα,n
.

Consequently, Dom(Xn) = Dom(Yα,n) = Dα,n. □

3. Uncertainty inequalities on Dα

In this section, we establish some uncertainty inequalities of Heisenberg type
for the weighted Dirichlet space Dα.

Lemma 3.1. Dom(XYα) = Dom(YαX) = Dα,2.



UNCERTAINTY INEQUALITIES FOR A FAMILY . . . 219

Proof. Let f ∈ Dα with f(z) =
∑∞

n=0 anz
n. Then

XYαf(z) =

∞∑
n=1

n(n+ α+ 1)anz
n, YαXf(z) =

∞∑
n=1

(n− 1)(n+ α)anz
n.

Thus

∥ΛXαf∥2Dα
= (α+ 1)

∞∑
n=1

n3n!(n+ α+ 1)2

(α+ 1)n
|an|2,

and

∥XαΛf∥2Dα
= (α+ 1)

∞∑
n=2

nn!(n− 1)2(n+ α)2

(α+ 1)n
|an|2.

Therefore,

∥f∥2Dα,2
− |f(0)|2 ≤ ∥XYαf∥2Dα

≤ (α+ 2)2∥f∥2Dα,2
,

and

∥f∥2Dα,2
− |f(0)|2 − |f ′(0)|2 ≤ 4∥YαXf∥2Dα

≤ 4(α+ 1)2∥f∥2Dα,2
.

Consequently, Dom(XYα) = Dom(YαX) = Dα,2. □

We will use the following result of functional analysis.

Lemma 3.2. (See [9, 12]). Let A and B be self-adjoint operators on a Hilbert
space H (A∗ = A, B∗ = B). Then

∥(A− a)f∥H∥(B − b)f∥H ≥ 1

2
|⟨[A,B]f, f⟩H |,

for all f ∈ Dom(AB) ∩Dom(BA), and all a, b ∈ R.

Theorem 3.1. Let f ∈ Dα,2. For all a, b ∈ R, we have

∥(X + Yα − a)f∥Dα∥(X − Yα + ib)f∥Dα ≥ 2⟨Zαf, f⟩Dα . (3.1)

Proof. Let us consider the lowering and raising type operators

A := X + Yα, B := i(X − Yα).

By Theorem 2.1 (ii) and Lemma 3.1, the operators A and B possess the following
properties.

(i) A∗ = A and B∗ = B.
(ii) Dom(AB) = Dom(BA) = Dα,2.
(iii) [A,B] = −2i[X,Yα].

Thus the inequality (3.1) follows from (2.3) and Lemma 3.2. □

Remark 3.1. Let f ∈ Dα,2, and let a, b ∈ R. By Theorem 2.1 (iii) we obtain

∥(X + Yα − a)f∥Dα∥(X − Yα + ib)f∥Dα ≥ ∥Yαf∥2Dα
− ∥Xf∥2Dα

.

And by Theorem 2.1 (i), this uncertainty inequality can be extended to the space
Dα,1.

Lemma 3.3. Dom(XnYα,n) = Dom(Yα,nXn) = Dα,2n.
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Proof. Let f ∈ Dα with f(z) =
∑∞

k=0 akz
k. Then

XnYα,nf(z) =
∞∑
k=n

k(k + n)!(k + α+ 1)n
(k + n)k!

akz
k, (3.2)

and

Yα,nXnf(z) =
∞∑

k=n+1

(k − 1)!(k − n+ α+ 1)n
(k − n− 1)!

akz
k. (3.3)

Thus

∥XnYα,nf∥2Dα
= (α+ 1)

∞∑
k=n

k3((k + n)!)2((k + α+ 1)n)
2

k!(k + n)2(α+ 1)k
|ak|2

= (α+ 1)

∞∑
k=n

k3k!
∏n

j=1(k + α+ j)2(k + j)2

(k + n)2(α+ 1)k
|ak|2

≤ (α+ 1)

∞∑
k=n

k3k!(k + α+ n)2n(k + n)2n−2

(α+ 1)k
|ak|2

≤ (α+ 1)(n+ 1)2n−2(n+ α+ 1)2n
∞∑
k=n

k4n+1k!

(α+ 1)k
|ak|2,

and

∥Yα,nXnf∥2Dα
= (α+ 1)

∞∑
k=n+1

kk!((k − 1)!)2((k − n+ α+ 1)n)
2

(α+ 1)k((k − n− 1)!)2
|ak|2

= (α+ 1)

∞∑
k=n+1

kk!
∏n

j=1(k − n+ α+ j)2(k − j)2

(α+ 1)k
|ak|2

≤ (α+ 1)
∞∑

k=n+1

kk!(k + α)2n(k − 1)2n

(α+ 1)k
|ak|2

≤ (α+ 1)2n+1
∞∑

k=n+1

k4n+1k!

(α+ 1)k
|ak|2.

Therefore,

∥f∥2Dα,2n
− bn,α(f) ≤ ∥XnYα,nf∥2Dα

≤ (n+ 1)2n−2(n+ α+ 1)2n∥f∥2Dα,2n
,

where

bn,α(f) = |a0|2 + (α+ 1)

n−1∑
k=1

k4n+1k!

(α+ 1)k
|ak|2,

and

∥f∥2Dα,2n
− cn,α(f) ≤ ∥Yα,nXnf∥2Dα

≤ (n+ 1)4n(α+ 1)2n∥f∥2Dα,2n
,

where

cn,α(f) = |a0|2 + (α+ 1)
n∑

k=1

k4n+1k!

(α+ 1)k
|ak|2.

Consequently, Dom(XnYα,n) = Dom(Yα,nXn) = Dα,2n. □
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We define the operator ∆α,n by

∆α,n := [Xn, Yα,n] = XnYα,n − Yα,nXn.

This operator satisfies the following property.

Lemma 3.4. If f ∈ Dα,2n, with f(z) =
∑∞

k=0 akz
k, we have

∆α,nf(z) =

∞∑
k=n

rk(α, n)akz
k, where rk(α, n) ≥ 0, for k ≥ n.

Proof. If f ∈ D2n, with f(z) =
∑∞

k=0 akz
k, by (3.2) and (3.3) we have

∆α,nf(z) =
∞∑
k=n

rk(α, n)akz
k,

where

rk(α, n) =
k(k + n)!(k + α+ 1)n

(k + n)k!
− (k − n)k!(k − n+ α+ 1)n

k(k − n)!
.

Then for k ≥ n we have

rk(α, n) =
k2(k + n)!(k − n)!(k + α+ 1)n − (k2 − n2)(k!)2(k − n+ α+ 1)n

k(k + n)k!(k − n)!
.

Since (k + n)!(k − n)! ≥ (k!)2 and k!(k − n)! ≤ (k!)2 we obtain

rk(α, n) ≥
n2(k + α)n

k(k + n)
≥ 0.

□
By using Lemma 3.3, Lemma 3.4 and as in the same way of Theorem 3.1 we

deduce the following result.

Theorem 3.2. Let f ∈ Dα,2n. For all a, b ∈ R, we have

∥(Xn + Yα,n − a)f∥Dα∥(Xn − Yα,n + ib)f∥Dα ≥ ⟨∆α,nf, f⟩Dα .

Remark 3.2. For f ∈ Dα,2n we have

∥Yα,nf∥2Dα
= ∥Xnf∥2Dα

+ ⟨∆α,nf, f⟩Dα .

Then, for all a, b ∈ R, we obtain

∥(Xn + Yα,n − a)f∥Dα∥(Xn − Yα,n + ib)f∥Dα ≥ ∥Yα,nf∥2Dα
− ∥Xnf∥2Dα

.

And by Theorem 2.2, this uncertainty inequality can be extended to the space
Dα,n.

Acknowledgements. I thank the referee for his careful reading and editing
of the paper.
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