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OPTIMAL CONTROL PROBLEM WITH COEFFICIENTS FOR

THE EQUATION OF VIBRATIONS OF A THIN PLATE WITH

DISCONTINUOUS SOLUTION

HAMLET F. GULIYEV AND KHAYALA I. SEYFULLAYEVA

Abstract. Optimal control problem with coefficients for the equation
of vibrations of a thin plate with discontinuous solution is considered in
this work. Existence theorem for optimal pair is proved and necessary
condition for optimality in the form of integral inequality is derived.

1. Introduction

Fourth order partial differential equations make an important part of mathe-
matical physics. In practice, some real processes are described by fourth order
partial differential equations. For example, equations of vibrations of a tuning
fork [11], equations of elastic plate [1], equations of thin plate [5], circular plate
equations [2], etc belong to this kind of equations. Therefore, the study of op-
timal control problems in the processes described by these equations is of great
theoretical and practical significance.

Note that different optimal control problems for the vibrations of a thin plate
have been considered in [3, 4, 10].

In case where the control function appears in the right-hand side of the equa-
tion, optimal control problem for second order hyperbolic equation and Petrovski-
type correct system with discontinuous solution has been treated in [8].

Of particular interest are the optimal control problems where the control is
included in the coefficients of the equation. Such type problems arising some
essential difficulties related to their nonlinearity and incorrectness are under in-
vestigation [6].

In this work, we consider an optimal control problem using the coefficients of
the equation of vibrations of a thin plate with discontinuous solution.

2. Problem statement

Let the controlled process be described by the equation

∂2u

∂t2
+∆2u− u3 + υ1(x1, x2)

∂u

∂x1
+ υ2(x1, x2)

∂u

∂x2
= 0, (x1, x2, t) ∈ Q, (2.1)
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with the initial conditions

u(x1, x2, 0) = u0(x1, x2),
∂u(x1, x2, 0)

∂t
= u1(x1, x2), (x1, x2) ∈ Ω (2.2)

and the boundary conditions

u(0, x2, t) = 0, ∂u(0,x2,t)∂x1
= 0, u(x1, 0, t) = 0,

∂u(x1,0,t)
∂x2

= 0, 0 ≤ x1 ≤ a, 0 ≤ t ≤ T,

u(a, x2, t) = 0, ∂u(a,x2,t)∂x1
= 0, u(x1, b, t) = 0,

∂u(x1,b,t)
∂x2

= 0, 0 ≤ x2 ≤ b, 0 ≤ t ≤ T,

(2.3)

where Q = Ω× (0, T ), Ω = (0, a)× (0, b), T , a, b are the given positive numbers,
u0(x1, x2), u1(x1, x2) are the given initial functions, υi(x1, x2) (i = 1, 2) are the
control functions, and ∆ is a Laplace operator with respect to x = (x1, x2).

Denote

V =
{
υ(x1, x2) : υ = (υ1, υ2) ∈ (L2(Ω))

2 ,

|υi(x1, x2)| ≤Mi, a.e. in Ω, i = 1, 2} ,
where Mi given positive number.

Define an admissible pair {υ, u} which satisfies the conditions (2.1)-(2.3) and

υ(x1, x2) ∈ V, u(x1, x2, t) ∈ L6(Q).

Assume that the set of admissible pairs is nonempty. (2.4)

Let

u0(x1, x2) ∈
0

W 2
2 (Ω), u1(x1, x2) ∈ L2(Ω), (2.5)

here
0

W 2
2 (Ω) is subspace W

2
2 (Ω), whose elements on the boundary of Ω are equal

to zero together with their first derivatives, and W 2
2 (Ω) Hilbert space consisting

of all elements of L2(Ω), having generalized derivatives of the first and second
orders from L2(Ω) with the norm

∥u∥ =


∫
Ω

(u)2 + 2∑
i=1

(
∂u

∂xi

)2

+

2∑
i,j=1

(
∂2u

∂xi∂xj

)2
 dx


1/2

.

Let’s denote

U =

{
u(x1, x2, t) : u ∈ u(x1, x2, t) ∈ C

(
[0;T ] ;

0

W 2
2 (Ω)

)
,

∂u(x1, x2, t)

∂t
∈ C ([0;T ] ;L2(Ω))

}
.

For every admissible pair {υ, u}, the satisfaction of conditions (2.1)-(2.3) is
understood in the sense that u(x1, x2, t) ∈ U and for every function η(x1, x2, t) ∈
C2(Q̄), η(x1, x2, T ) = 0 the integral identity∫

Q

[
−∂u
∂t

∂η

∂t
+∆u∆η − u3η + υ1

∂u

∂x1
η + υ2

∂u

∂x2
η

]
dx1dx2dt−
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−
∫
Ω
u1(x1, x2)η(x1, x2, 0)dx1dx2 = 0

and the condition u(x1, x2, 0) = u0(x1, x2) hold.
Define the functional

J(υ, u) =
1

6
∥u− ud∥6

L6(Q)
+
N

2

(
∥υ1∥2

L2(Ω)
+ ∥υ2∥2

L2(Ω)

)
, (2.6)

where ud(x1, x2, t) ∈ L6(Q), and N > 0 is a given number.
Consider the following optimal control problem: find the minimum value of

the functional (2.6), where {υ, u} is varying in the class of admissible pairs.

3. Existence of optimal pair

Theorem 3.1. Let the conditions (2.4), (2.5) hold. Then there exists an optimal
pair

{
υ0, u0

}
in the problem (2.1)-(2.4), (2.6), i.e.

J(υ0, u0) = inf
{υ,u}

J(υ, u).

Proof. Let
{
υ(n), u(n)

}
∈ V × U be a minimizing sequence, i.e.

lim
n→∞

J(υ(n), u(n)) = inf
{υ,u}

J(υ, u). (3.1)

Hence it follows ∥∥∥υ(n)i

∥∥∥
L2(Ω)

≤ const, i = 1, 2, (3.2)∥∥∥u(n)∥∥∥
L6(Q)

≤ const (3.3)

and then by the relation (3.2) and definition of the class V we can derive from{
υ(n)

}
a subsequence, denoted again by

{
υ(n)

}
, such that

υ
(n)
i → υ0i in L2(Ω) weakly as n→ ∞, i = 1, 2. (3.4)

From (3.3), υ(n) ∈ V and from the equation

∂2u(n)

∂t2
+∆2u(n) + υ

(n)
1

∂u(n)

∂x1
+ υ

(n)
2

∂u(n)

∂x2
= u(n)

3

we obtain ∥∥∥u(n)∥∥∥
U
≤ const,

∥∥∥u(n)∥∥∥
W 2,1

2 (Q)
≤ const. (3.5)

Hence it follows that the sequence
{
u(n)

}
belongs to a bounded set in the class

U .
Then from embedding theorem of [8, p. 70], we obtain

u(n) → u0 in L6(Q) strongly, (3.6)

∂u(n)

∂x1
→ ∂u0

∂x1
,
∂u(n)

∂x2
→ ∂u0

∂x2
in L2(Q) strongly; (3.7)

besides,
∂u(n)

∂t
→ ∂u0

∂t
,
∂2u(n)

∂x21
→ ∂2u0

∂x21
,
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∂2u(n)

∂x22
→ ∂2u0

∂x22
,
∂2u(n)

∂x1∂x2
→ ∂2u0

∂x1∂x2
in L2(Q) weakly. (3.8)

Let υ = υ(n), u = u(n) in the definition of the solution of the problem (2.1)-
(2.3):∫

Q

[
−∂u

(n)

∂t

∂η

∂t
+∆u(n)∆η − u(n)

3
η + υ

(n)
1

∂u(n)

∂x1
η + υ

(n)
2

∂u(n)

∂x2
η

]
dx1dx2dt−

−
∫
Ω
u1(x1, x2)η(x1, x2, 0)dx1dx2 = 0. (3.9)

Clearly, ∫
Q
υ
(n)
i

∂u(n)

∂xi
ηdx1dx2dt =

∫
Q
υ
(n)
i

∂u0

∂xi
ηdx1dx2dt+

+

∫
Q
υ
(n)
i

(
∂u(n)

∂xi
− ∂u0

∂xi

)
ηdx1dx2dt.

As η ∈ C2(Q̄), it follows that the function is bounded in Q. Therefore,∣∣∣∣∣
∫
Q
υ
(n)
i

(
∂u(n)

∂xi
− ∂u0

∂xi

)
ηdx1dx2dt

∣∣∣∣∣ ≤
≤ C

(∫
Q

∣∣∣υ(n)i

∣∣∣2 dx1dx2dt) 1
2

∫
Q

(
∂u(n)

∂xi
− ∂u0

∂xi

)2

dx1dx2dt

 1
2

, i = 1, 2.

Hereinafter C will denote different constants independent of estimated quan-
tities and admissible pairs.

By (3.4) and (3.7), we obtain

lim
n→∞

∫
Q
υ
(n)
i

∂u(n)

∂xi
ηdx1dx2dt = lim

n→∞

∫
Q
υ0i
∂u0

∂xi
ηdx1dx2dt, i = 1, 2. (3.10)

Then, taking into account the relations (3.6), (3.8) and (3.10) and passing to
the limit in (3.8) as n→ ∞, we get∫

Q

[
−∂u

0

∂t

∂η

∂t
+∆u0∆η − u0

3
η + υ01

∂u0

∂x1
η + υ02

∂u0

∂x2
η

]
dx1dx2dt−

−
∫
Ω
u1(x1, x2)η(x1, x2, 0)dx1dx2 = 0.

Therefore,
{
υ0, u0

}
is an admissible pair. As the functional J(υ, u) is contin-

uous in (L2(Ω))
2 × L6(Q), we have

lim
n→∞

J(υ(n), u(n)) = J(υ0, u0). (3.11)

Then it follows from (3.1) and (3.11) that

inf
{υ,u}

J(υ, u) = J(υ0, u0).

Consequently, the pair
{
υ0, u0

}
gives the minimum value of the functional

J(υ, u), i.e.
{
υ0, u0

}
is an optimal pair. □
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Theorem 3.1 is proved.

4. Adaptive penalty method

Introduce adapted functional for the optimal pair
{
υ0, u0

}
:

Jaε (υ, u) =
1

6
∥u− ud∥6

L6(Q)
+
N

2

(
∥υ1∥2

L2(Ω)
+ ∥υ2∥2

L2(Ω)

)
+

+
1

2ε

∥∥∥∥∂2u∂t2 +∆2u− u3 + υ1
∂u

∂x1
+ υ2

∂u

∂x2

∥∥∥∥2
L2(Q)

+ (4.1)

+
1

2

∥∥u− u0
∥∥2

L2(Q)
+

1

2

(∥∥υ1 − υ01
∥∥2

L2(Ω)
+
∥∥υ2 − υ02

∥∥2
L2(Ω)

)
where

{
υ0, u0

}
is a chosen optimal pair. Let’s minimize this functional for

υ(x1, x2) ∈ V, u(x1, x2, t) ∈ L6(Q),
∂2u

∂t2
+∆2u ∈ L2(Q)

under the conditions

u(x1, x2, 0) = u0(x1, x2),
∂u(x1, x2, 0)

∂t
= u1(x1, x2),

u(0, x2, t) = 0,
∂u(0, x2, t)

∂x1
= 0, u(x1, 0, t) = 0,

∂u(x1, 0, t)

∂x2
= 0,

u(a, x2, t) = 0,
∂u(a, x2, t)

∂x1
= 0, u(x1, b, t) = 0,

∂u(x1, b, t)

∂x2
= 0.

Theorem 4.1. For every fixed ε > 0, there exists a pair {υε, uε} that gives the
minimum value of the functional Jaε (υ, u), i.e.

Jaε (υε, uε) = inf Jaε (υ, u). (4.2)

The proof of Theorem 4.1 is similar to the proof of Theorem 3.1.

5. Convergence of adaptive penalty method

Theorem 5.1. Let {υε, uε} be some solution of the problem (4.2). Then for
ε→ 0 we have

υiε → υ0i in L2(Ω) strongly, i = 1, 2, (5.1)

uε → u0 in L6(Q) strongly, (5.2)

where
{
υ0, u0

}
is a chosen optimal pair.

Proof. We have

Jaε (υε, uε) = inf Jaε (υ, u) ≤ Jaε (υ
0, u0) = J(υ0, u0). (5.3)

By definition of functional, we obtain

∥υiε∥L2(Ω) + ∥uε∥L6(Q) ≤ C, i = 1, 2, (5.4)

and also
∂2uε
∂t2

+∆2uε − u3ε + υ1ε
∂uε
∂x1

+ υ2ε
∂uε
∂x2

=
√
εfε, (5.5)
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where fε(x1, x2, t) is a function such that ∥fε∥L2(Q) ≤ C,

uε(x1, x2, 0) = u0(x1, x2),
∂uε(x1, x2, 0)

∂t
= u1(x1, x2), (5.6)

uε(0, x2, t) = 0, ∂uε(0,x2,t)∂x1
= 0, uε(x1, 0, t) = 0, ∂uε(x1,0,t)

∂x2
= 0,

uε(a, x2, t) = 0, ∂uε(a,x2,t)∂x1
= 0, uε(x1, b, t) = 0, ∂uε(x1,b,t)∂x2

= 0.

(5.7)

From (5.4), (5.5)-(5.7) and the relation υε ∈ V it follows

∥uε∥U ≤ C, ∥uε∥W 2,1
2 (Q)

≤ C.

Consequently, we can derive from {υε, uε} a subsequence, denoted again by
{υε, uε}, such that

υiε → υ̂i in L2(Ω) weakly as ε→ 0 and υ̂ ∈ V, i = 1, 2,

uε → û inW 2,1
2 (Q)weakly as ε→ 0,

here W 2,1
2 (Q) is Hilbert space consisting of all elements of L2(Q) having general-

ized derivatives ∂u
∂t ,

∂u
∂xi

, ∂2u
∂xi∂xj

from L2(Q) with the norm

∥u∥ =


∫
Q

(u)2 + 2∑
i=1

(
∂u

∂xi

)2

+

2∑
i,j=1

(
∂2u

∂xi∂xj

)2

+

(
∂u

∂t

)2
 dxdt


1/2

.

Besides, by result from [8, p. 70]

uε → û in L6(Q) strongly.

Then, in the sense of generalized solution of the problem (2.1)-(2.3), the fol-
lowing relations hold:

∂2û

∂t2
+∆2û− û3 + υ̂1

∂û

∂x1
+ υ̂2

∂û

∂x2
= 0,

û(x1, x2, 0) = u0(x1, x2),
∂û(x1, x2, 0)

∂t
= u1(x1, x2),

û(0, x2, t) = 0, ∂û(0,x2,t)∂x1
= 0, û(x1, 0, t) = 0, ∂û(x1,0,t)

∂x2
= 0,

û(a, x2, t) = 0, ∂û(a,x2,t)∂x1
= 0, û(x1, b, t) = 0, ∂û(x1,b,t)∂x2

= 0.

So, the inequality

Jaε (υε, uε) ≥ J(υε, uε) +
1

2

∥∥û− u0
∥∥2

L2(Q)
+

1

2

(∥∥υ̂1 − υ01
∥∥2

L2(Ω)
+
∥∥υ̂2 − υ02

∥∥2
L2(Ω)

)
leads to

lim
ε→0

Jaε (υε, uε) ≥ J(υ̂, û)+
1

2

∥∥û− u0
∥∥2

L2(Q)
+
1

2

(∥∥υ̂1 − υ01
∥∥2

L2(Ω)
+
∥∥υ̂2 − υ02

∥∥2
L2(Ω)

)
.

And, as by (5.3) we have

lim
ε→0

Jaε (υε, uε) ≤ J(υ0, u0),
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it follows that

J(υ̂, û) ≤ J(υ0, u0).

Therefore,

J(υ̂, û) = J(υ0, u0).

Then

1

2

∥∥û− u0
∥∥2

L2(Q)
+

1

2

(∥∥υ̂1 − υ01
∥∥2

L2(Ω)
+
∥∥υ̂2 − υ02

∥∥2
L2(Ω)

)
= 0,

so υ̂ = υ0, û = u0, and consequently, we obtain a convergence without extracting
a subsequence (because the limit is unique). So we get the validity of the relation
(5.2).

By (5.3),

J(υ0, u0) ≥ Jaε (υε, uε) ≥ J(υε, uε)

and

lim
ε→0

J(υε, uε) ≥ J(υ0, u0).

Then

J(υ0, u0) ≥ lim
ε→0

Jaε (υε, uε) ≥ lim
ε→0

J(υε, uε) ≥ J(υ0, u0).

Therefore,

J(υε, uε) → J(υ0, u0).

Hence, by definitions of the functional J(υ, u) we obtain the relation (5.1). □

Theorem 5.1 is proved.

6. Optimality system for penalty problem

As a class of admissible controls we consider

V =
{
υ(x1, x2) : υ = (υ1, υ2) ∈

(
W 1

2 (Ω)
)2
, |υi(x1, x2)| ≤

≤Mi,

∣∣∣∣∂υi(x1, x2)∂xj

∣∣∣∣ ≤Mij a.e. in Ω, i, j = 1, 2

}
,

where Mi, Mj are the given positive numbers.
Now let’s find the necessary conditions for {υε, uε} to be the solution of the

problem (4.2):
d

dλ
Jaε (υε, uε + λξ)

∣∣∣∣
λ=0

= 0 ∀ξ ∈ C2(Q̄),

ξ(x1, x2, 0) = 0,
∂ξ(x1, x2, 0)

∂t
= 0,

ξ(0, x2, t) = 0,
∂ξ(0, x2, t)

∂x1
= 0, ξ(x1, 0, t) = 0,

∂ξ(x1, 0, t)

∂x2
= 0,

ξ(a, x2, t) = 0,
∂ξ(a, x2, t)

∂x1
= 0, ξ(x1, b, t) = 0,

∂ξ(x1, b, t)

∂x2
= 0

and
d

dλ
Jaε (υε + λ(υ − υε), uε)

∣∣∣∣
λ=0

≥ 0 ∀υ ∈ V, υε ∈ V. (6.1)
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For this aim, let’s calculate the derivative of the functional

Jaε (υε, uε + λξ) =
1

6
∥uε + λξ − ud∥6L6(Q) +

N

2

(
∥υ1ε∥2

L2(Ω)
+ ∥υ2ε∥2

L2(Ω)

)
+

+
1

2ε

∥∥∥∥∂2(uε + λξ)

∂t2
+∆2(uε + λξ)− (uε + λξ)3+

+υ1ε
∂(uε + λξ)

∂x1
+ υ2ε

∂(uε + λξ)

∂x2

∥∥∥∥2
L2(Q)

+

+
1

2

∥∥uε + λξ − u0
∥∥2

L2(Q)
+

1

2

(∥∥υ1ε − υ01
∥∥2

L2(Ω)
+
∥∥υ2ε − υ02

∥∥2
L2(Ω)

)
with respect to λ and substitute λ = 0:

d

dλ
Jaε (υε, uε + λξ)

∣∣∣∣
λ=0

=

∫
Q
(uε − ud)

5 ξdx1dx2dt+

+
1

ε

∫
Q

(
∂2uε
∂t2

+∆2uε − u3ε + υ1ε
∂uε
∂x1

+ υ2ε
∂uε
∂x2

)
×

×
(
∂2ξ

∂t2
+∆2ξ − 3u2εξ + υ1ε

∂ξ

∂x1
+ υ2ε

∂ξ

∂x2

)
dx1dx2dt+

+

∫
Q

(
uε − u0

)
ξdx1dx2dt. (6.2)

Denote

ψε = −1

ε

(
∂2uε
∂t2

+∆2uε − u3ε + υ1ε
∂uε
∂x1

+ υ2ε
∂uε
∂x2

)
. (6.3)

Then from (6.2) we obtain

−
∫
Q
ψε

(
∂2ξ

∂t2
+∆2ξ − 3u2εξ + υ1ε

∂ξ

∂x1
+ υ2ε

∂ξ

∂x2

)
dx1dx2dt+

+

∫
Q
(uε − ud)

5ξdx1dx2dt+

∫
Q
(uε − u0)ξdx1dx2dt = 0. (6.4)

The equation (6.4) means that ψε(x1, x2, t) is a weak solution of the following
problem:

∂2ψε
∂t2

+∆2ψε−3u2εψε−
∂

∂x1
(υ1εψε)−

∂

∂x2
(υ2εψε) = (uε−ud)5+(uε−u0), (6.5)

ψε(x1, x2, T ) = 0,
∂ψε(x1, x2, T )

∂t
= 0, (6.6)

ψε(0, x2, t) = 0, ∂ψε(0,x2,t)
∂x1

= 0, ψε(x1, 0, t) = 0, ∂ψε(x1,0,t)
∂x2

= 0,

ψε(a, x2, t) = 0, ∂ψε(a,x2,t)
∂x1

= 0, ψε(x1, b, t) = 0, ∂ψε(x1,b,t)
∂x2

= 0

(6.7)

By the definition of the class V , it follows that the solution ψε(x1, x2, t) of the
boundary value problem (6.5)-(6.7) belongs to the class [6, p. 214]

Y =

{
ψ : ψ ∈ C

(
[0;T ] ;W

4
3
2 (Ω)

)
,
∂ψε
∂t

∈ C

(
[0;T ] ;W

− 2
3

2 (Ω)

)}
,
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here
◦
W

4/3

2 (Ω) = V
2
3 , where V θ = D(Aθ/2), 0 ≤ θ ≤ 1, D(A) = W 4

2 (Ω) ∩
◦
W

2

2(Ω),
A = ∆2, hereW 4

2 (Ω) is the Hilbert space consisting of all elements of L2(Ω), hav-
ing generalized derivatives up to order 4 inclusive from L2(Ω), (see [9], pp. 167,

214) andW
− 2

3
2 (Ω) dual space to the space

◦
W

2/3

2 (Ω), i.e. W
− 2

3
2 (Ω) =

(
◦
W

2/3

2 (Ω)

)′

.

The right-hand side (uε − ud)
5 + (uε − u0) of the equation (6.5) belongs to

C
(
[0, T ] ;L6/5(Q)

)
and υ ∈ V . Then, by Theorem 2.2 of [6, p. 163-164], for

ψε(x1, x2, t) we have
∥ψε∥Y ≤ C.

We can pass to the limit in the problem (6.5)-(6.7) as ε → 0, and the limit
function ψ(x1, x2, t) will be a weak solution of the following adjoint problem:

∂2ψ

∂t2
+∆2ψ − 3u2ψ − ∂

∂x1
(υ1ψ)−

∂

∂x2
(υ2ψ) = (u− ud)

5,

ψ(x1, x2, T ) = 0,
∂ψ(x1, x2, T )

∂t
= 0,

ψ(0, x2, t) = 0, ∂ψ(0,x2,t)∂x1
= 0, ψ(x1, 0, t) = 0, ∂ψ(x1,0,t)∂x2

= 0,

ψ(a, x2, t) = 0, ∂ψ(a,x2,t)∂x1
= 0, ψ(x1, b, t) = 0, ∂ψ(x1,b,t)∂x2

= 0.

Now let’s simplify the condition (6.1). For this, let’s calculate the derivative
of the functional

Jaε (υε + λ(υ − υε), uε) =
1

6
∥uε − ud∥6

L6(Q)
+

+
N

2

(
∥υ1ε + λ(υ1 − υ1ε)∥2

L2(Ω)
+ ∥υ2ε + λ(υ2 − υ2ε)∥2

L2(Ω)

)
+

+
1

2ε

∥∥∥∥∂2uε∂t2
+∆2uε − u3ε + (υ1ε + λ(υ1 − υ1ε))

∂uε
∂x1

+

+(υ2ε + λ(υ2 − υ2ε))
∂uε
∂x2

∥∥∥∥2
L2(Q)

+
1

2

∥∥uε − u0
∥∥2
L2(Q)

+
1

2
(∥υ1ε + λ(υ1 − υ1ε)−

−υ01
∥∥2
L2(Q)

+
∥∥υ2ε + λ(υ2 − υ2ε)− υ02

∥∥2
L2(Q)

)

with respect to λ and substitute λ = 0:

d

dλ
Jaε (υε + λ(υ − υε), uε)

∣∣∣∣
λ=0

= N

∫
Ω
(υ1ε · (υ1 − υ1ε) + υ2ε · (υ2 − υ2ε)) dx1dx2+

+
1

ε

∫
Q

(
∂2uε
∂t2

+∆2uε − uε
3 + υ1ε

∂uε
∂x1

+ υ2ε
∂uε
∂x2

)
×

×
(
(υ1 − υ1ε)

∂uε
∂x1

+ (υ2 − υ2ε)
∂uε
∂x2

)
dx1dx2dt+

+

∫
Ω

(
(υ1ε − υ01)(υ1 − υ1ε) + (υ2ε − υ02)(υ2 − υ2ε)

)
dx1dx2.

Given the designation (6.3), we obtain the inequality∫
Q

[(
Nυ1ε − ψε

∂uε
∂x1

+ (υ1ε − υ01)

)
(υ1 − υ1ε) +

(
Nυ2ε − ψε

∂uε
∂x2

+
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+(υ2ε − υ02)
)
(υ2 − υ2ε)

]
dx1dx2dt ≥ 0 ∀υ ∈ V. (6.8)

Here we pass to the limit as ε → 0. In view of ψε(x1, x2, t) ∈ Y , by the
embedding theorem of [8, p. 70] we have

ψε → ψ in L2(Q) strongly, ψ ∈ Y, (6.9)

∂uε
∂xi

→ ∂u0

∂xi
in L2(Q) strongly, u0 ∈ U, i = 1, 2 (6.10)

and by definition of the class V we obtain

υiε → υ0i in L2(Ω) strongly, υ
0 ∈ V, i = 1, 2. (6.11)

Taking into account the relations (6.9), (6.10) and (6.11), we pass to the limit
in (6.8) and obtain∫
Q

[(
Nυ01 − ψ

∂u0

∂x1

)
(υ1 − υ01) +

(
Nυ02 − ψ

∂u0

∂x2

)
(υ2 − υ02)

]
dx1dx2dt ≥ 0 ∀υ ∈ V.

(6.12)
Thus, the following theorem is proved.

Theorem 6.1. Under the given conditions on the data of the problem (2.1)-(2.6),
for the optimal pair

{
υ0, u0

}
there exists a triple

{
υ0, u0, ψ

}
such that

∂2u0

∂t2
+∆2u0 − u0

3
+ υ01

∂u0

∂x1
+ υ02

∂u0

∂x2
= 0,

∂2ψ

∂t2
+∆2ψ − 3u0

2
ψ − ∂

∂x1

(
υ01ψ

)
− ∂

∂x2

(
υ02ψ

)
= (u0 − ud)

5,

u0(x1, x2, 0) = u0(x1, x2),
∂u0(x1, x2, 0)

∂t
= u1(x1, x2),

ψ(x1, x2, T ) = 0,
∂ψ(x1, x2, T )

∂t
= 0,

ψ(0, x2, t) = 0, ∂ψ(0,x2,t)∂x1
= 0, ψ(x1, 0, t) = 0, ∂ψ(x1,0,t)∂x2

= 0,

ψ(a, x2, t) = 0, ∂ψ(a,x2,t)∂x1
= 0, ψ(x1, b, t) = 0, ∂ψ(x1,b,t)∂x2

= 0,

u0 ∈ U , ψ ∈ Y and the inequality (6.12) holds.
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