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OPTIMAL CONTROL PROBLEM WITH COEFFICIENTS FOR
THE EQUATION OF VIBRATIONS OF A THIN PLATE WITH
DISCONTINUOUS SOLUTION

HAMLET F. GULIYEV AND KHAYALA I. SEYFULLAYEVA

Abstract. Optimal control problem with coefficients for the equation
of vibrations of a thin plate with discontinuous solution is considered in
this work. Existence theorem for optimal pair is proved and necessary
condition for optimality in the form of integral inequality is derived.

1. Introduction

Fourth order partial differential equations make an important part of mathe-
matical physics. In practice, some real processes are described by fourth order
partial differential equations. For example, equations of vibrations of a tuning
fork [11], equations of elastic plate [1], equations of thin plate [5], circular plate
equations [2], etc belong to this kind of equations. Therefore, the study of op-
timal control problems in the processes described by these equations is of great
theoretical and practical significance.

Note that different optimal control problems for the vibrations of a thin plate
have been considered in [3, 4, 10].

In case where the control function appears in the right-hand side of the equa-
tion, optimal control problem for second order hyperbolic equation and Petrovski-
type correct system with discontinuous solution has been treated in [8].

Of particular interest are the optimal control problems where the control is
included in the coefficients of the equation. Such type problems arising some
essential difficulties related to their nonlinearity and incorrectness are under in-
vestigation [6].

In this work, we consider an optimal control problem using the coefficients of
the equation of vibrations of a thin plate with discontinuous solution.

2. Problem statement
Let the controlled process be described by the equation
ou
ot?

ou ou
+ A%u — v’ + Ul(l'l’l?)a:nl + vz(m,wz)axz 0,(z1,72,t) € Q, (2.1)
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with the initial conditions
ou(xy,xe,0)

9 = ui(z1, 22), (21, 72) € Q (2.2)

U(IL‘la €2, 0) = UO(IEl, x2)7
and the boundary conditions

u(0,22,t) = 0, 240221 — 0, y(x1,0,t) = 0,

%1;01'5):0, 0<z1<a, 0<t<T,

(2.3)
u(a, r2,t) =0, %ﬂi%t) =0,u(x1,b,t) =0,
Q) —0, 0<mp<b, 0<t<T,

where Q@ = Q x (0,7), 2= (0,a) x (0,b), T, a, b are the given positive numbers,

uo(x1,x2), ui(x1,z2) are the given initial functions, v;(x1,x2) (i = 1,2) are the

control functions, and A is a Laplace operator with respect to z = (x1, x2).
Denote

V= {v(xl,@) L v = (v1,00) € (L2(Q))?,
’Ui(I1,£E2)| < Mi, a.e. in Q, 1= 1,2},
where M; given positive number.
Define an admissible pair {v,u} which satisfies the conditions (2.1)-(2.3) and

U(:Clva) € V,U(I’l,l’g,t) € Lﬁ(Q)

Assume that the set of admissible pairs is nonempty. (2.4)
Let o
ug(w1, v2) € W3 (Q), ur(z1,22) € La(€), (2.5)

0
here W2(Q) is subspace W2(12), whose elements on the boundary of § are equal
to zero together with their first derivatives, and W2 () Hilbert space consisting
of all elements of Ly(2), having generalized derivatives of the first and second
orders from Ly (€2) with the norm

N im1 8%2‘ i 8a:i8xj

(9] 7.7:1

1/2

Let’s denote
0
U= {u(acl,xg,t) : u€u(xy,ze,t) € C ([O;T];Wg(ﬂ)) ,

ou(xy, xo,t) e
thGC([QT],Lm))}.

For every admissible pair {v,u}, the satisfaction of conditions (2.1)-(2.3) is
understood in the sense that u(x1,z2,t) € U and for every function n(z1,z2,t) €
C%(Q), n(x1,72,T) = 0 the integral identity

Ou dn

/ [— + Auln — u3n+U1%n + U2 0
Q 8561

u
I dary daodt—
ot ot axgn] a2
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—/ ui(z1, x2)n(x1, x2,0)dr1drs =0
Q

and the condition u(z1, z2,0) = ug(z1, z2) hold.
Define the functional

1 6 N 2 2
J(v,u) = 6 [|lu — udHLG(Q) iy <||U1||L2(Q) + ||U2||L2(Q)) ; (2.6)

where ug(z1,22,t) € Ls(Q), and N > 0 is a given number.
Consider the following optimal control problem: find the minimum value of
the functional (2.6), where {v,u} is varying in the class of admissible pairs.

3. Existence of optimal pair

Theorem 3.1. Let the conditions (2.4), (2.5) hold. Then there exists an optimal
pair {v°,u’} in the problem (2.1)-(2.4), (2.6), i.e.

J@%u®) = inf J(v,u).

{v,u}

Proof. Let {U("), u(”)} € V x U be a minimizing sequence, i.e.

lim J(v™, «™) = inf J(v,u). 3.1
Tim J( )= inf J(v.0 (3.1)
Hence it follows
van) < const,i1=1,2, (3.2)
L2 ()
Hu(”) < const (3.3)
Le(Q)

and then by the relation (3.2) and definition of the class V' we can derive from
{v(”)} a subsequence, denoted again by {U(”)}, such that

o™ v in Ly(Q) weakly as n — oo, i = 1,2. (3.4)

7

From (3.3), v € V and from the equation

52 Au™ A 3
A2y™ (n) (n) — )
2 S o R e
we obtain
Hu(") < const, u(”)me(Q) < const. (3.5)
2

Hence it follows that the sequence {u(”)} belongs to a bounded set in the class
U.
Then from embedding theorem of [8, p. 70], we obtain

u™ — 4 in Lg(Q) strongly, (3.6)
™ ol ou™  Hud
— > —,— > —inlL Iy _
8-7;1 - 851317 8x2 - 81-2 mn Q(Q) StI'OHg Y (3 7)

besides,
ou™  Gud 92 520

= = s
ot ot 0z} Ox?
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92y (™) 920 92y 0?0
ox3 - 0x3 " 0x10xo - 0x10x2

Let v = v 4 = (™ in the definition of the solution of the problem (2.1)-
(2.3):

(n) (n) (n)
/ [_ Qu™ On + Au™ Ap — u™y 4 o 8ux n+ v Ou 77] daydzodt—
Q 1

in Ly(Q) weakly. (3.8)

8x2

—/ ui(xy, x2)n(x1, x2,0)dr1drs = 0. (3.9)
Q

(n) 0
/ vgn) Ou ndx1dxodt = / UZ(") Ou

(n) 0
+/ vz(n) (8;; — ?;3) ndx1dxadt.
Q i i

As n € C%(Q), it follows that the function is bounded in Q. Therefore,

(n) 0
/ vl(n) (3;; _ 32) ndzridzadt| <
Q 7 A

2 3 o™ oud\’ :
<C / )u(")‘ daydaodt / UM drdaedt | L i=1,2.

Hereinafter C' will denote different constants independent of estimated quan-
tities and admissible pairs.

By (3.4) and (3.7), we obtain
(n )au(n)

nh_)r{)lo Qvi oz, ndx1dxadt = nh_}rrolo Z oz,

ndxldargdt i=1,2. (3.10)

Then, taking into account the relations (3.6), (3.8) and (3.10) and passing to
the limit in (3.8) as n — oo, we get

0

ou On 3 oul ou
—— L AuCAp —u° 0 — 9——n| dridaodt—
/Q[ It 8t+ U An—u n+vlax1n+v28x2n Tr1dxo

—/ ui(x1, x2)n(x1, x2,0)dr1drs = 0.
0

Therefore, {UO, uo} is an admissible pair. As the functional J(v,u) is contin-
uous in (La(€2))? x Lg(Q), we have

lim J (0™, ™) = J(° u°). (3.11)

n—oo

Then it follows from (3.1) and (3.11) that
inf J(v,u) = J(0°u°).

{vu}

Consequently, the pair {U ,uo} gives the minimum value of the functional
J(v,u), ie. {UO, uo} is an optimal pair. O
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Theorem 3.1 is proved.

4. Adaptive penalty method

Introduce adapted functional for the optimal pair {UO, uo} :

JEa(U,U) - HU - d”L ©) +5 <” l”L 2(Q) + H 2HL (9)) +
1 2 Ou 0u
H o + A% u? g - +U28a:2 ", + (4.1)
0112 1 02 L0
g =l g (o =8l + =81 )

where {UO, uo} is a chosen optimal pair. Let’s minimize this functional for

2

v(x1,x2) € Viu(xy, xe,t) € Le(Q), Ou + A%y € Ly(Q)

ot

under the conditions

ou(x1, 9,0
u(x1, x2,0) :U0(331,332)77( gt 2,0) = uy (@, x2),
ou(0, z9,t) ou(x1,0,t)
0,29,t) =0, =27 _ 0.4) = 0. 2M*LYY
U( y L2, ) y axl ,U(.’El, ; ) ) 81‘2 )
ou(a, xa,t) Ou(x1,b,t)
U((I,ZL‘Q, ) 07 833’1 O?U(xlaba ) 07 8.%'2 0

Theorem 4.1. For every fized € > 0, there exists a pair {ve,u.} that gives the
minimum value of the functional J(v,u), i.e.

JE(Ve, ue) = inf JZ (v, u). (4.2)
The proof of Theorem 4.1 is similar to the proof of Theorem 3.1.

5. Convergence of adaptive penalty method

Theorem 5.1. Let {v.,u:} be some solution of the problem (4.2). Then for
e — 0 we have
vie — VY in Lo (Q) strongly, i = 1,2, (5.1)
ue — u® in Lg(Q) strongly, (5.2)
where {UO, uo} 18 a chosen optimal pair.

Proof. We have

J (e, ue) = inf J(v,u) < J4(0°,ul) = J(@°,u). (5.3)
By definition of functional, we obtain
||Ui€HL2(Q) + HU€HL6(Q) <C,i=12, (5'4)
and also )
a 2 3 8Ug 8U5
o2 =+ A%y — Uz + Uleaixl + U2aaix2 =efs, (5.5)
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where f.(x1,x9,t) is a function such that Hf5||L @ <C
Ous(x , 29,0
U5($1,CU270) :uo(ml,x2)7($t2) :ZL1($1,.772), (5.6)
ue(0,2,1) = 0, 20820 — 0, (21,0,1) = 0, 20 — g,
(5.7)
us(a, z2,t) =0, Oue(a,xa,t)

(r2l) — 0, ug(wy,b,t) = 0, et — g,
From (5.4), (5.5)-(5.7) and the relation v, € V' it follows

||ua||U <C, ||U5HW22,1(Q) <C.

Consequently, we can derive from {v.,uc} a subsequence, denoted again by
{Ve, ue }, such that

Vie — U; in Lo(2) weakly ase - 0and 0 € V,i=1,2

Us — U in W22’1(Q)Weak1y ase — 0,
here W5 (Q) is Hilbert space consisting of all elements of Ly(Q) having general-

. . K] K] 02 .
ized derivatives 37, a—;”i, e 5 - from Lo(Q) with the norm

2 u \? ou\?
lull = / 2 Z (ax) Zl (8%8%) + () drdt
Q iri=

1/2

ot
Besides, by result from [8, p. 70]

ue — U in Lg(Q) strongly.

Then, in the sense of generalized solution of the problem (2.1)-(2.3), the fol-
lowing relations hold:

2/\
th A% — 0P +01@+v2 oi

o, dry =0,

o1 0
(1, 2, 0) = ug (a1, T2), du(x1, 2,0)

5 = w1 (1, 72),
@(0,562,75) = O, %ﬂ?i) = O,ﬂ(xl,O,t) =0, %;;OJ)

0,
ia, a,t) = 0, 223228 — ¢

U Ot (x1,b,t
dx1 ,u(x1,b,t) =0, %2) 0.
So, the inequality

TR (T

Lo (Q) 5

0112
U1HL2<Q>

1
T (e, ue) > J(ve, ue) + 3
leads to

_l’_

7}2 — U8H2

L2(9)>

1
@JS(U57 ua) > J(’f), ﬁ)"i_*
e—0 2

" UOHQ 1 <
LQ(Q)

LQ(Q)) ’
And, as by (5.3) we have

lim J2 (ve, ue) < J (0%, u?),

e—0
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it follows that

Therefore,
J(0, 1) = J(°,u°)
Then
1 ~ 0112 1 ~ 0112 ~ 0112
g = HLQ(Q) *3 ( v U1HL2(Q) v U2HL2(9)> =90,
so 0 = v, 4 = 1, and consequently, we obtain a convergence without extracting
a subsequence (because the limit is unique). So we get the validity of the relation
(5.2).
By (5.3),
J(@%u%) > J%(ve, ue) > J(ve, ue)
and
Lim J (ve, ue) > J(Uov UO)-
e—0
Then
J(@%, %) > limJ%(v., ue) > limJ (ve, ue) > J(0°, u®).
=0 e—0
Therefore,

J(ve,ue) = J(0°,u0).
Hence, by definitions of the functional J(v,u) we obtain the relation (5.1). O

Theorem 5.1 is proved.

6. Optimality system for penalty problem
As a class of admissible controls we consider

V= {v(xl,xg) :v=(v1,09) € (ng(Q))Q, |vi(x1, 22)] <

0v;i(x1, x2)

SMZ', SM” a.e. in Q, i,j:1,2},

Lj
where M;, M; are the given positive numbers.

Now let’s find the necessary conditions for {ve,uc} to be the solution of the
problem (4.2):

d _
—J%ve,us + AE)| =0 VE € C*Q),
dA \—0
0 , 22,0
(21, 22,0) =0, g(xlﬁtx2) =0,
§(O,x2,t) =0, M — O,f(xl,(),t) =0, M =0,
Oy 0xo
t
Ela, e t) =0, 200720 _ g gy gy =0, 2D g
0z 0z
and
d
—J¢ (e + AV — v2), ue) >0 YveV,u. eV (6.1)

dA A=0
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For this aim, let’s calculate the derivative of the functional

1 N
T ey tte +0) = e + 06 = wall o + 5 (el ) + ol ) +

9% (ue + XE) 2 3
% T—i_A (u5+/\§)—(u5+)\f) +
Oue + M -+ ) |IP
Lo et X)L O+ AT
8131 BIQ L2(Q)

1 2 1 2
*3 lu + ¢ - UOHLQ@ *t3 (HUl& h UgHLg(Q)  [loze — UQHL <n>)

with respect to A and substitute A = 0:

d
— J& (e, ue + XE) :/ (ue —ud)5§dx1dx2dt+
Q

dA

A=0

1 82U5 811, ou

_ A2 .3 5
+€/Q ( 8t2 + Ue UE+U1€8 - 8x2> X

¢ 2 2 af 85

+/ (Ue — UO) Edxidzadt. (6.2)
Q
Denote
1 82u au 8“

we = _g ( 8t25 —+ A2U5 - ’U,g + U1€8 ™ + U266(1}Z) . (63)

Then from (6.2) we obtain

0 0
—/Q¢g <8t§ + A2£ 3U2£ + ’U156€ + Uzsaf ) dridxodt+
+/ (ue — ug)®Edaydrodt + / (e — u®)édxydaodt = 0. (6.4)
Q Q

The equation (6.4) means that ¢z(x1, z2,t) is a weak solution of the following
problem:

0%pe
ot?

+A2¢€_3 2% 0 (Ulsws) 0 (U26¢6) = (Us_ud)5+(u€_u0)a (6-5)
a;l (9 X9

0 € ) aT
¢e(x173327T) - Ovdj(xgtaa)

e (0, @,t) = 0, 220220 — 0 (21,0, 1) = 0, 20D —

=0, (6.6)

(6.7)
Ve, a2, 0) = 0, 200520 — g (3, b, 1) = 0, 25200 — g

By the definition of the class V, it follows that the solution . (x1,x2,t) of the
boundary value problem (6.5)-(6.7) belongs to the class [6, p. 214]
4
3

:{¢: wECO T]; Wy (Q)), ‘?ﬂ;eC([O;T];WQ_g(Q))},
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o 4/3 o 2
here W, (Q) = V'3, where V¥ = D(A%2),0 < 6 < 1, D(A) = WA(Q) N W,(Q),
A = AZ here W(9) is the Hilbert space consisting of all elements of Lo (€2), hav-
ing generalized derivatives up to order 4 inclusive from Ly(2), (see [9], pp. 167,
_2 0 2/3 2 0 2/3 !
214) and W, * () dual space to the space W, (2),i.e. W, *(Q) = <W2 (Q)>

The right-hand side (u: — ug)® + (us — u®) of the equation (6.5) belongs to
C ([0,T] ;L6/5(Q)) and v € V. Then, by Theorem 2.2 of [6, p. 163-164], for
e (1, o, t) we have

[Pelly < C.

We can pass to the limit in the problem (6.5)-(6.7) as ¢ — 0, and the limit
function ¥ (x1, x2,t) will be a weak solution of the following adjoint problem:

2
C{;t;b + A% — 3u?ep — i (1) — 8?52 (v29) = (u — ug)?,
Y(w1,22,T) =0, W =0,

¥(0,2,1) = 0, 2220 — 0,4)(21,0,) = 0, 245120 —

1/1((1,.%2, ) =0, 8'9&(;;;1:2 4 = =0, ¢($1,b, t) =0, %ﬁi) =0.

Now let’s simplify the condition (6.1). For this, let’s calculate the derivative
of the functional

1
Jg(vg + )\(U — ’UE),UE) = 6 ||uE - udHfLsfg(Q) +

+ oz + Alwz = v |2 ) +

Oue
8.21?1

Lo(Q)

N
+5 (HUIS + A(vr —vie) |
‘ 9%u,

ot?
+ (U25 + )\(Ug — Ugg))

+ A?u, — u + (vie + AMvg —v1e))

DI
81'2

1 1
+ 5 e = )7, ) + 5 Ilvne + Awr —vie)-

L2(Q)
2 2
W) F [lvae + A(va = vac) =087, )
with respect to A and substitute A = 0:

d
aJ“(U6 + Ao —ve),ue)

= N/ (Vie - (V1 — V1e) + V2 - (V2 — v2)) dxrdaa+
A= Q

1 0? 0 0
/ ( 138 + A%u, —u v te + Uge u€> X
€ Jo \ Ot O0xy 2

ou ou,
X ((’Ul — V1e) axi + (vg — UQE)axg) dridxodt+

+/ ((v1e = V) (1 — v1e) + (vae — V9) (Vg — vac)) daydaws.
Q

Given the designation (6.3), we obtain the inequality

Ju o,
/Q [(NULE B %87;61 +(vie - v?)) (v1 —vie) + (NU25 - 1/188%—#
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+(v2e — US)) (v2 — v2¢)]| dardaadt > 0 Vv € V. (6.8)
Here we pass to the limit as ¢ — 0. In view of ¥ (z1,z2,t) € Y, by the
embedding theorem of [8, p. 70] we have

e — 1 in Lo(Q) strongly, ¢ € Y, (6.9)
0 ou’
81:2 — 31;3,; in Ly(Q) strongly, u° € U, i = 1,2 (6.10)
and by definition of the class V' we obtain
vie — v in Ly(Q) strongly, v € V, i =1,2. (6.11)

Taking into account the relations (6.9), (6.10) and (6.11), we pass to the limit
n (6.8) and obtain

ou

0 0
/ [(NU? — ¢gu> (v; — ) + (Nvg - 1/18> (vg — UQ):| dxidzodt > 0V € V.
Q 1 €2
(6.12)
Thus, the following theorem is proved.

Theorem 6.1. Under the given conditions on the data of the problem (2.1)-(2.6),
for the optimal pair {UO, uo} there exists a triple {UO uo,w} such that

8211/0 8'& au
AQ 0 _ 03 0 0 o
o A +U18 U28x2 0,
0% 2 02 0 0 a
02 + A% —3u” ) — Ere (’Uﬂ/}) (U2¢) (w0 — ug)?,
0 , 9,0
u® (w1, 72,0) = ug(z1, 2), U(xaltx?) = w1 (21, 22),
Y(xy, w2, T) ZO’W =0,

¢(G,ZL‘2, ) =0, 8w%lx31:27t) =0, w(l‘lab)t) =0, %gb’t) =0,
u’ € U, Y €Y and the inequality (6.12) holds.
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