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ON THE TRANSFORMATION OPERATOR FOR THE
SCHRODINGER EQUATION WITH AN ADDITIONAL
INCREASING POTENTIAL

DAVUD H. ORUJOV

Abstract. This paper considers the Schrodinger equation with an addi-
tional increasing potential on the entire axis. A transformation operator
with a condition at infinity is constructed. Estimates are found for the
kernels of the transformation operator.

1. Introduction and the main result

It is known that for many problems of the spectral theory of one-dimensional
linear differential equations of the second order, the apparatus of transformation
operators is the most natural and powerful research tool. For various Sturm-
Liouville equations, transformation operators were constructed in the works [3],[4],
[6]-[8],[11],[12]. In the papers [3],[8],[10], transformation operators with condi-
tions at infinity were constructed for equations of the form —y” + 27y +q (z)y =
Ay, j = 1,2. However, after a thorough analysis of the integral equations used
in the papers [3], [8], [10] for the kernels of the transformation operators, it be-
came obvious that additional restrictions should be imposed on the growth of the
function ¢’ (z). So, for example, from the integral equation

K (¢0,1m0) = i/V(ﬁomo,f,O)q <§> dé—

o

_//vgo,no,gm <5 ”)K@,n)dsdn

used in [10] (see formula (1 8)), it follows that in order to establish the asymptotes

92K (€0.10)
€3

oo are required. Therefore, the proofs given in the works [3],[8],[10] cannot be

considered satisfactory.

Let us consider the differential equation

—y" + 6 (2) 2%y + q(z)y = \y, —00 < x < 00, (1.1)

of the function , additional restrictions on the function ¢’ (§y) for & —
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where 6 (x) is the Heaviside function, i.e. 6 (x) = { E’zi%’ , and the real
potential ¢ (x) satisfies the condition ’
0 +00
/ (14 |z|)|q (x)] dx + / (14 2%)|q(2)|dz < 0. (1.2)
—0o 0

It was proved in the paper [9] that for ¢ (z) = 0 the equation (1.1) has solutions
Wy (x, ) for each complex value of A, which can be represented as

D1 (\/23:) ,x >0,
2
1 - 2 iV Az
U (,0) = 2&%4mﬂ¢ﬁkdﬁe * (1.3)
+3 [DAQI (0) + z'\/gD’%l (0)} e~V g <,

-1
s (0)> ] Dy (V2z) +
Y- (z, ) =

‘
N[ —
NVl=
-
L] =
—
—
(@n)]
S~—
|
~.
=
N
!
||
-

-1
DY (0) + z\@ <D;_1 (0)> ] Dy (=v2z) ,2 >0,
e_iﬁm, x <0,

\
(1.4)
where D, (z) is Weber function (see [1], [8]. In this paper, with the help of
transformation operators, triangular representations of special solutions fi (z, \)
of equation (1.1) with asymptotes fi (z,\) = ¢4 (z,A) + 0o(1),2 — *oo are
found. At the same time, in contrast to the works [3], [8], [10], no restrictions
are imposed on the smoothness of the potential ¢ (x). Moreover, the method we
proposed justifies the results of the works [3], [8], [10].
We shall use the following notation

/ ‘ t2 11L11t2+q(zt)‘dt.

The main result of the present paper is as follows.

Theorem 1.1. If the potential q (z)satisfies conditions (1.2), then for all values
A, the equation (1.1) has solutions fi (x,\) representable as

+oo
ﬁ@ﬂz%@&i/&@ﬁwwwﬁ, (1.5)

where the kernels Ky (z,t) are continuous functions and satisfy the following
conditions

Ki(:v,t):O<ai <m;t>>,x+t—>ioo, (1.6)
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+o0
Ky (z,x) = += / [0 (t) 12 — %ﬂ +q ()| dt. (1.7)

xT

2. Proof of the theorem

First of all, note that the “” case is obtained from the representation of the
Jost solution of the Schrodinger equation with rapidly decreasing potential and
the known properties of the transformation operators (see [6], Lemma 1.1.2).
Consider now the case “+”. Let fo(z,\) = D% (V2z), where D, (z) is the

Weber function. It is known from [1], [2] that the function fy(z,A) and its
derivative for all A satisfy the asymptotic equalities
A—1 5

fo(z,A) = (\@x)T e T (1+0 (m_Q)) , T — 400,

9 b

—fo(z,\) = NG (\/ifc); T (14+0(z72)),  — +oc. (2.1)

ox

Let us first prove that equation (1.1) has a solution f (x,\), which can be
represented in the triangular form

fx,A) = fo(z,\)+ /K (x,t) fo(t, \)dt. (2.2)
The following relations hold for the kernel K (x,t):
K (2,)] < 2o(EEh)ent@), (2.3)
2 2
1 o0
K (2,7) = 2/ [0()¢ 12 14 ()] dt. (2.4)

T

Without loss of generality, we will assume that © > 0. Let us consider the function

R(&,m,80,m0) = Jo <2\/(773 —n?) (€2 - 53))

in the domain 0 < n < 17y < & < £ < oo, where Jy (2) is the Bessel function
of the first kind. The following properties of the function R (§,n,&p,n0) were
established in the work [8]:

OR

_, OR

e =26 (n5 —n°) J1(2) 2 oy 2 (& - &) Ji(2) 27,
2
?%Jj =2 (i =) Ji (2) =~ + 48 (1 —n?)" T2 (2) 272,
2
R G R G GEEI AP

0’R
&dn
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RI< 1, |82] <26 (), || <2m (€2 - &),
8| <2 — 1) + O (i — 7). (25)
R

2 2 2 (¢2 2\2 %R
28| <2 (€2 - &) + O3 (€ - )° | 52kl | < 4600

Further, as shown in [8], if the function ¢ (z) satisfies condition (1.2), then the
integral equation

U (60rm) = 5 [ (& 0.60.m) () dé-
&o
oo o
- / de [ U €n) R(€m,E0,m0) q (€ +n)dn (2.6)
&o 0

has a unique solution in the region 0 < 1y < &. In addition, U (§y,no) satisfies
the estimate

U (€0,m0)] < 50 (60) 7). (2.7)

Let us now assume that the function ¢ (x) is continuously differentiable on the
whole axis and satisfies the condition
+o0o

/ (2% |q (2)| + |¢ (z)|] dz < c. (2.8)
0

Differentiating equation (2.6) and taking into account (2.5), (2.9), we find that
the function U (&g, no) is twice differentiable in the domain &y > ng the following

relations are true
ou (507”0) _ _} 1/ OR (5’0)505770)

o0

q (&) d&+
&o
10

+/q<so+n>U<go,n> dn—

0

0 OO

Y
- [ [ PN ¢y ) dean. (29
0 &

o0 oo

o 2 o
&o o

70 oo

OR (607 7o, ga n )
* 0/£/ o q(§+n) U (& n)d&dn. (2.10)
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Using (2.5), (2.7), we find from the last equations that

‘3U§£0”’0) 1(&) <2§0n0/q ) ds + 5o (€) e fo>/|q )| ds+
+ [208 = 1)+ €& (1 = )"] o (60 e @) / €)d <
< 26150 (&) + ;U(éo) &) [0 (¢0) + 15 [2+ CEEN3] o1 (%0)] 4 (2.11)
) < /(52—58)\q<>ds+ so @ e @ [ g(o)ldst
&o+no
70 00
+2nge” (¢0) // &) la (§ +n)| dédn =
0 %
= 2m02 (60) + ;a (€0) e o (6o + ) +
o oo o0
+2noe"1(§°)//(€2—53)/!q(8)dS\q(£+n)\d€dn§
0 &
< 2no02 (o) + %U({o) 7180)g (& +1m0) +
70 o0 o0
+2noe”1(5°)///(52—€3) lq (s)] ds|q (& +n)| dédn <
0 & ¢

1
< 21002 (§0) + 50 (o) 7! o (&0 +mo) + 2m0e” oz (S0) o1 (). (2.12)
Further, dlﬁerentlatlng equations (2.9), (2.10), we obtain

aQU , 1 , 10R 707 ’
™ = (e0) -y T ) ¢

o€}
oo 70
0’R
w5 [ FEE @ i [ 4 @U@ mar
&o 0
70 10
oU OR
+/q(£o+77) éé?)’n)dwr/ <£0;922’€0’n)Q(§o+n)U(§o,n)dn
0
2
//aR $0:10:8:1) 0 (¢ 1) U (€, ) dedn. (2.13)
350
0 &
aQU (505770) o 1 oo@QR(é-vagO)nU) ¥ /
o =5 [ SR e [ o (o m) U m) det

o o
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+7Q(£+

o

q(§+m0) U (&,m0) dé+

d§ /33 507770,5 70 )

//82R 50’770’5 ) q(&+n)U (& n)dsdn. (2.14)
0 &
In addition, we have
9%U (&0, m0) _
ko 280moU (&0, m0) =
+oo
_1 &R (€0, M0, &,0) _
=5 / [ Do - 250770R(§0,7707570)} q(§)d¢
/ ¢ / Ha o) —2507703(507770,5,77)” U (¢m) (€ +m) di+
+q (&0 + 10) U (§0,m0) = ¢ (&0 + m0) U (€0, m0) - (2.15)
From the last equations we get
o*U
S+ 54 (6) < onla (e +

2 1 o0
) 24 08 o () + 5o (60) ) / ¢ (5)] ds+
o

+ {3 @)l + 2601k (60) + 50 (60) 2 o (60) +38 [2+ CEhR] o (0] x

/ g ()] ds + oo (€0) 1@ / a(s)|ds + 0 0 24 O] o (60) e €0 x

/q )| ds = &omg |q (é0)|+ [2+C€o770] (€o)+;(f(§0)€”1(€°)/\q’ (s)| ds+
o &o

+ {; g (&0)] + 2¢om3o (&o) + %U (&) ™) [0 (&) +n [2 + CEnE] o1 (€0)] } o (&) +

3
+omgo? (€o) e (0) +%0 2+ C&ng] o (L) e 71(60)

< {770/52 \d£+0"0/\£4q(£)\d§ +

&o o

82 U (£07 770)
ong
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[e.o]

Lo (&)@ / ¢/ (5)] ds+

§o+mo
+ [277002 (o) + %0' (&0) €™ &g (€5 4 o) + 2m0e7 ) g () a1 (€0) | o (€0 + 10) +

100 (€0 +10) €72y (&9 + o) +

1m0 oo

1
i3 [ [ w4 Ome o (€4 m e g e+ mldean <

o0

770/\52 £)| de + 770/\54 O)|de| + a(fo) 71(%0) / |d' (s)| ds+
&o &o+no
+ [277002 (o) + %U2 (&0) €71 0) 4 20571 &0) gy (£0) 0y (50)] o (&o) +

+100 (&) €7y (€0) + mio (&) €7 &)y (€0) + 077002 (&) ey (&),

2
ag&()%o;];m) < 2&omoo (&) et (o) 4= |q (&0 + no)| o (&) € (o)

Since the function ¢ (z) is continuously differentlable and satisfies condition (2.8),
lim ¢ (x) = 0 holds. In addition, since &y > 79, the condition 1y — +oc implies

T—>+00
the relation £y — 4o00. From this and the last three inequalities it follows that,

the following relations are true under the condition 7y — +00 :

U (&o, 1 U (&o,
Sy () = o (i) ™ —o(m), (210
82
U@(g};mo) + =4 (&) = o (éomp) »
82U (507770) _ 3 82U (607770) o
o U Tagay o 210
Next, assuming 19 = 0 in (2.6), we obtain
+o0o
Uto,0) =5 [ ate)de. (218)
€o

It follows from the last relations and (2.7), (2.14), (2.18) that the function
K (xz,t) =U (H—Tx, t_T’“") is twice continuously differentiable in the domain ¢ > x
and satisfies the relations

K (z,t) OK (x,t) (
2 ot?

2? —t? +q(z)) K(z,t)=0, (2.19)

+oo

K (z,z) = = / q (t) dt, (2.20)



318 DAVUD H. ORUJOV

K (2,)] < %a (t ! ”“”) (@), (2.21)

In addition, due to (2.16), we find that if x is fixed, then for ¢ — +o00 we have
the relations

0K (z,t) 3y 0K (z,1) 3
5y — o), == =0(t"),
K (z,t) 1, [x+t o OPK(v,t) 1, (x4t 5
Bl St LY —o (), g () =0 (18) (2.22
oz 29 (72 o), =G 3l (3 o() (222)
Since the function fy (x,\) = Da (\/§$) and its derivative satisfy the asymp-
2
totic equalities (2.1) for all A, it follows from (2.18), (2.22) that the function

+o0o
f(x,A>:fo<x,A>+/K<x,t>fo (t,\) dt

is a solution of equation (1.1). Moreover, the kernel K (x,t) satisfies conditions
(2.3),(2.4).

Let now only condition (1.3) be satisfied, so that the functions U (&¢,7n) and
K (x,t) may not have second order derivatives. In this case the kernel K (z,t)
satisfies the estimate (2.13). Moreover, it follows from (2.9)-(2.12) that the func-
tion U (£,n) and thus K (x,t) almost everywhere have first order partial deriva-
tives with respect to both variables, and if x is fixed, then for ¢ — 400, we have
the relations

OK (z,t) 1 (xz+t\ 3 x4+t

B +2q( 5 >—0((t—:c) 02| —5 ,

OK (z,t) 1 (x+t\ 3 x4+t

T +2q< 5 >—0<(t—x) o2 | — .
Let us construct a sequence of continuously differentiable functions ¢, (x) so that
the following relations would be satisfied:

+oo
. 2 o o
Jim (14 2%) g (2) — g (2)|dz =0,
0
+00 400
/ 2? |gn (2)] dz < oo, / |, ()] dz < <.
0 0

Without loss of generality, we can assume that the sequence of functions ¢, ()
also converges to the function ¢ (z) almost everywhere (otherwise we would be
choosing some subsequence of this sequence). Then, as shown above, the equation

+oo
U™ (&9,m0) = % / R (£,0,£0,m0) qn (§) dé+
&o
+oo 70
+ [ de [ (€m REn€0.m0) 00 €+ n)dn (2.23)

o 0
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has a unique solution satisfying relations similar to (2.7), (2.10). Using equations

(2.6), (2.23), we find that
“+oo

VO (oom) = 5 [ R(E0.60.m)pa () de+
o
“+o0o 70
+ [ d¢ | R(&m,80,m0) pn (§+ 1)U (&,n) dnyx
S«
—+o0
/ at / R (€. €0,110) po (€ + 1) V) (€,17) i, (2.24)
&o 0
Vi (gm) = UM (&) — U (&n). To analyze

where pp (§) = an (§) — q(8),
equation (2.24), let us use the method of successive approximation. Let

/rpn ) ds, prn (€) = /pnud

13
+oo
Vo(n) (§0,m0) = % / R (£,0,&,m0) pn (§) dé+
o
+oo
/d&/ (6,1, 0, 10) P (€ + 1) U (€,1)
&o 0
+oo 70
U o) = [ de [ RE€n.&m) €+ V) (€ b =12,
éo 0

In the same way as it was done above, it is established that
1
‘ (5077}0)) pn (§0) + U (€0) p1n (€0) 5

2
o (&0) o1 () + 20 (60) LSO

[p1,n (€0)]"
k+1)!

N

"/1(”) (foﬂ?o)) <

k
‘Vk(n) (50,770)‘ < %Pn (€o0) [pm]s!fo)] + %U (6o0)

Therefore, for the sum V™ (&,nm9) = 3 Vk(n) (&o,m0) we get
k=0

1
(&) ePrn(€o) 4 30 (&) {em,n(fo) _ 1} _

U™ (¢y,m0) uniformly
. It is obvious

—_

‘V(n) (50,770)‘ < =pn

The last estimate shows that the sequence of functions
converges in the domain &y > 19 > 0 to the function U (&, no)
that the last statement remains valid for the sequence of functions K (z,t)

\V]
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U™ (HT‘”, t_TI) in the domain ¢ > z, whose limit function is K (x,t). From this

it follows that the sequence
fn (@A) = fo(z,A) + ?K(n) (@,1) fo (t, A) dt
uniformly converges to the function )
[, A) = fol(z,A) + 7K (1) fo (£, A) dt

with respect to z taken from the domain x > 0, and with respect to A taken from
any finite region.
Similarly, by differentiating equation (2.24) we find that the sequences of func-

. (n) (n)
tions U a(goﬂ?o) and Y a(fomo)

converge almost everywhere to the functions

%ﬁ’m) nd %;0’"0), respectively. This implies that sequences of functions
(n) (n)
oK 5 (=, t) 9K 5 (@) converge almost everywhere to functions BI%(;E t), 8Ka(f t), re-

spectlvely Due to (2.1) and Lebesgue’s theorem on passage to the limit under
the integral [5], , the sequence

T oK™
FawX) = 1y ) = K () fo o) + [ 250 g 1,3y

for every = and A converges to the function
OO@K x,t
f(x,\) = fi(x,\) = K (x,2) fo(z,\) + / 8(:c)f0 (t,\)dt.

x

On the other hand, as shown above, the functions f, (z, A) will satisfy the equa-
tions

—y" 4+ qn () y = My.

Passing to the limit as n — oo in these formulas, we come to the conclusion

that the function f (z, A) must satisfy equation (1.1). Thus, we have proved that

representation (2.2) holds true only if the potential ¢ (z) satisfies condition (1.2).
Next, we rewrite the unperturbed equation

—y" +0(x)2’y =Ny, —co <z <00, NeC
as
—y" + 22y + [0 (z) — 1] 2%y = Ay, —co <z < o0, \eC.
Then, from the above reasoning it follows that the solution vy (z,\) of the last
equation also admits the representation
va @) = fola )+ [ AGed) folt ) de

xT
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On other hand, from the well-known properties of the transformation operators
it follows that (see [6], Lemma 1.1.2) the function fo (x,\) also admits the rep-
resentation

fo (@A) = vy (2, 0) + / Ko(o,1) s (t,N)dt, (2.25)

while kernels A (z,t), Ko (x,t) satisfy relations
t
A(x,t) + Ko (z,t) + /Ko (x,u) A(u,t)du=0. (2.26)
€T

In addition, the kernels A (z,t), Ko (x,t) satisfy the similar estimate (2.21). Sub-
stituting (2.25) in (2.2) we get

Frle ) = )+ [ K (@00) |00 0+ [ Kot v () du| di =

=4 (x,\) + /K (x,t) Y4 (E, ) dt + / K (z,t) / Ko (t,u) Yy (u, A) dudt

o0

=1 (x,)\)+/K(m,t)w+ (t,A)dt+/ /K(m,u)Ko(u,t)du by (8, N) dt.

x

Now, putting
¢
Ky (x,t) = K (x,t) + /K(z,u) Ko (u,t)du (2.27)
we finally get
FrlaX) = s (@) + [ Ki (@) v (0 dr
T

From (2.3), (2.26), (2.27) the validity of (1.6) follows for the “+” case. Moreover,
taking t = « from (2.27) we find that K (z,z) = K (z,z), which implies (1.7).
Thus, the proof of the theorem is completed.
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