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ON THE TRANSFORMATION OPERATOR FOR THE

SCHRÖDINGER EQUATION WITH AN ADDITIONAL

INCREASING POTENTIAL

DAVUD H. ORUJOV

Abstract. This paper considers the Schrödinger equation with an addi-
tional increasing potential on the entire axis. A transformation operator
with a condition at infinity is constructed. Estimates are found for the
kernels of the transformation operator.

1. Introduction and the main result

It is known that for many problems of the spectral theory of one-dimensional
linear differential equations of the second order, the apparatus of transformation
operators is the most natural and powerful research tool. For various Sturm-
Liouville equations, transformation operators were constructed in the works [3],[4],
[6]-[8],[11],[12]. In the papers [3],[8],[10], transformation operators with condi-
tions at infinity were constructed for equations of the form −y′′ ± xjy+ q (x) y =
λy, j = 1, 2. However, after a thorough analysis of the integral equations used
in the papers [3], [8], [10] for the kernels of the transformation operators, it be-
came obvious that additional restrictions should be imposed on the growth of the
function q′ (x). So, for example, from the integral equation

K̃ (ξ0, η0) =
1

4

∞∫
ξ0

V (ξ0, η0, ξ, 0 ) q

(
ξ

2

)
dξ−

−1

4

η0∫
0

∞∫
ξ0

V (ξ0, η0, ξ, η ) q

(
ξ − η

2

)
K̃ (ξ, η) dξdη

used in [10] (see formula (1.8)), it follows that in order to establish the asymptotes

of the function ∂2K̃(ξ0,η0)
∂ξ20

, additional restrictions on the function q′ (ξ0) for ξ0 →
∞ are required. Therefore, the proofs given in the works [3],[8],[10] cannot be
considered satisfactory.

Let us consider the differential equation

−y′′ + θ (x)x2y + q(x)y = λy, −∞ < x < +∞, (1.1)
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where θ (x) is the Heaviside function, i.e. θ (x) =

{
1, x ≥ 0,
0, x < 0

, and the real

potential q (x) satisfies the condition

0∫
−∞

(1 + |x|) |q (x)| dx +

+∞∫
0

(
1 + x2

)
|q (x)| dx <∞ . (1.2)

It was proved in the paper [9] that for q (x) = 0 the equation (1.1) has solutions
ψ± (x, λ) for each complex value of λ, which can be represented as

ψ+ (x, λ) =


Dλ−1

2

(√
2x

)
, x ≥ 0,

1
2

[
Dλ−1

2
(0)− i

√
2
λD

′
λ−1
2

(0)

]
ei
√
λx+

+1
2

[
Dλ−1

2
(0) + i

√
2
λD

′
λ−1
2

(0)

]
e−i

√
λx, x < 0,

(1.3)

ψ− (x, λ) =



1
2

[
D−1

λ−1
2

(0)− i
√

λ
2

(
D′

λ−1
2

(0)

)−1
]
Dλ−1

2

(√
2x

)
+

+1
2

[
D−1

λ−1
2

(0) + i
√

λ
2

(
D′

λ−1
2

(0)

)−1
]
Dλ−1

2

(
−
√
2x

)
, x ≥ 0,

e−i
√
λx, x < 0,

(1.4)
where Dν (x) is Weber function (see [1], [8]. In this paper, with the help of
transformation operators, triangular representations of special solutions f± (x, λ)
of equation (1.1) with asymptotes f± (x, λ) = ψ± (x, λ) + o (1) , x → ±∞ are
found. At the same time, in contrast to the works [3], [8], [10], no restrictions
are imposed on the smoothness of the potential q (x). Moreover, the method we
proposed justifies the results of the works [3], [8], [10].

We shall use the following notation

σ± (x) = ±
±∞∫
x

∣∣∣∣θ (t) t2 − 1± 1

2
t2 + q (t)

∣∣∣∣ dt.
The main result of the present paper is as follows.

Theorem 1.1. If the potential q (x)satisfies conditions (1.2), then for all values
λ, the equation (1.1) has solutions f± (x, λ) representable as

f± (x, λ) = ψ± (x, λ)±
±∞∫
x

K± (x, t) ψ± (t, λ) dt, (1.5)

where the kernels K± (x, t) are continuous functions and satisfy the following
conditions

K± (x, t) = O

(
σ±

(
x+ t

2

))
, x+ t→ ±∞, (1.6)
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K± (x, x) = ±1

2

±∞∫
x

[
θ (t) t2 − 1± 1

2
t2 + q (t)

]
dt. (1.7)

2. Proof of the theorem

First of all, note that the “-” case is obtained from the representation of the
Jost solution of the Schrödinger equation with rapidly decreasing potential and
the known properties of the transformation operators (see [6], Lemma 1.1.2).
Consider now the case “+”. Let f0 (x, λ) = Dλ−1

2

(√
2x

)
, where Dν (x) is the

Weber function. It is known from [1], [2] that the function f0 (x, λ) and its
derivative for all λ satisfy the asymptotic equalities

f0 (x, λ) =
(√

2x
)λ−1

2
e−

x2

2
(
1 +O

(
x−2

))
, x→ +∞,

∂

∂x
f0 (x, λ) = − 1√

2

(√
2x

)λ+1
2
e−

x2

2
(
1 +O

(
x−2

))
, x→ +∞. (2.1)

Let us first prove that equation (1.1) has a solution f (x, λ), which can be
represented in the triangular form

f (x, λ) = f0 (x, λ) +

∞∫
x

K (x, t) f0 (t, λ) dt. (2.2)

The following relations hold for the kernel K (x, t):

|K (x, t)| ≤ 1

2
σ(
x+ t

2
)eσ1(x), (2.3)

K (x, x) =
1

2

∞∫
x

[
θ (t) t2 − t2 + q (t)

]
dt. (2.4)

Without loss of generality, we will assume that x ≥ 0. Let us consider the function

R (ξ, η, ξ0, η0) = J0

(
2
√(

η20 − η2
) (
ξ2 − ξ20

))
in the domain 0 ≤ η ≤ η0 ≤ ξ0 ≤ ξ < ∞, where J0 (z) is the Bessel function
of the first kind. The following properties of the function R (ξ, η, ξ0, η0) were
established in the work [8]:

∂R

∂ξ
= −2ξ

(
η20 − η2

)
J1 (z) z

−1,
∂R

∂η
= 2η

(
ξ2 − ξ20

)
J1 (z) z

−1,

∂2R

∂ξ2
= 2

(
η2 − η20

)
J1 (z) z

−1 + 4ξ2
(
η20 − η2

)2
J2 (z) z

−2,

∂2R

∂η2
= −2

(
ξ2 − ξ20

)
J1 (z) z

−1 + 4η2
(
ξ2 − ξ20

)2
J2 (z) z

−2,

∂2R

∂ξ∂η
= 4ξηJ0 (z) .
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|R| ≤ 1,
∣∣∣ ∂R∂ξ0 ∣∣∣ ≤ 2ξ0

(
η20 − η2

)
,
∣∣∣ ∂R∂η0 ∣∣∣ ≤ 2η0

(
ξ2 − ξ20

)
,∣∣∣∂2R

∂ξ20

∣∣∣ ≤ 2
(
η20 − η2

)
+ Cξ20

(
η20 − η2

)2
,∣∣∣∂2R

∂η20

∣∣∣ ≤ 2η
(
ξ2 − ξ20

)
+ Cη20

(
ξ2 − ξ20

)2
,
∣∣∣ ∂2R
∂ξ0∂η0

∣∣∣ ≤ 4ξ0η0 .

(2.5)

Further, as shown in [8], if the function q (x) satisfies condition (1.2), then the
integral equation

U (ξ0, η0) =
1

2

∞∫
ξ0

R (ξ, 0, ξ0, η0) q (ξ) dξ−

−
∞∫

ξ0

dξ

η0∫
0

U (ξ, η) R (ξ, η, ξ0, η0) q (ξ + η) dη (2.6)

has a unique solution in the region 0 ≤ η0 ≤ ξ0. In addition, U (ξ0, η0) satisfies
the estimate

|U (ξ0, η0)| ≤
1

2
σ (ξ0) e

σ1(ξ0). (2.7)

Let us now assume that the function q (x) is continuously differentiable on the
whole axis and satisfies the condition

+∞∫
0

[
x2 |q (x)|+

∣∣q′ (x)∣∣] dx <∞. (2.8)

Differentiating equation (2.6) and taking into account (2.5), (2.9), we find that
the function U (ξ0, η0) is twice differentiable in the domain ξ0 ≥ η0 the following
relations are true

∂U (ξ0, η0)

∂ξ0
= −1

2
q (ξ0) +

1

2

∞∫
ξ0

∂R (ξ, 0, ξ0, η0)

∂ξ0
q (ξ) dξ+

+

η0∫
0

q (ξ0 + η)U (ξ0, η) dη−

−
η0∫
0

∞∫
ξ0

∂R (ξ0, η0, ξ, η )

∂ξ0
q (ξ + η)U (ξ, η) dξdη. (2.9)

∂U (ξ0, η0)

∂η0
=

1

2

∞∫
ξ0

∂R (ξ, 0, ξ0, η0)

∂η0
q (ξ) dξ −

∞∫
ξ0

q (ξ + η0)U (ξ, η0) dξ+

+

η0∫
0

∞∫
ξ0

∂R (ξ0, η0, ξ, η )

∂η0
q (ξ + η)U (ξ, η) dξdη. (2.10)
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Using (2.5), (2.7), we find from the last equations that∣∣∣∣∂U (ξ0, η0)

∂ξ0
+

1

2
q (ξ0)

∣∣∣∣ ≤ 2ξ0η
2
0

∞∫
ξ0

|q (s)| ds+ 1

2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0

|q (s)| ds+

+
[
2
(
η20 − η2

)
+ Cξ20

(
η20 − η2

)2] 1
2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0

σ (ξ) dξ ≤

≤ 2ξ0η
2
0σ (ξ0) +

1

2
σ (ξ0) e

σ1(ξ0)
[
σ (ξ0) + η20

[
2 + Cξ20η

2
0

]
σ1 (ξ0)

]
, (2.11)∣∣∣∣∂U (ξ0, η0)

∂η0

∣∣∣∣ ≤ 2η0

∞∫
ξ0

(
ξ2 − ξ20

)
|q (ξ)| dξ + 1

2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0+η0

|q (s)| ds+

+2η0e
σ1(ξ0)

η0∫
0

∞∫
ξ0

(
ξ2 − ξ20

)
σ (ξ) |q (ξ + η)| dξdη =

= 2η0σ2 (ξ0) +
1

2
σ (ξ0) e

σ1(ξ0)σ (ξ0 + η0)+

+2η0e
σ1(ξ0)

η0∫
0

∞∫
ξ0

(
ξ2 − ξ20

) ∞∫
ξ

|q (s)| ds |q (ξ + η)| dξdη ≤

≤ 2η0σ2 (ξ0) +
1

2
σ (ξ0) e

σ1(ξ0)σ (ξ0 + η0)+

+2η0e
σ1(ξ0)

η0∫
0

∞∫
ξ0

∞∫
ξ

(
s2 − ξ20

)
|q (s)| ds |q (ξ + η)| dξdη ≤

≤ 2η0σ2 (ξ0) +
1

2
σ (ξ0) e

σ1(ξ0)σ (ξ0 + η0) + 2η0e
σ1(ξ0)σ2 (ξ0)σ1 (ξ0) . (2.12)

Further, differentiating equations (2.9), (2.10), we obtain

∂2U (ξ0, η0)

∂ξ20
= −1

2
q′ (ξ0)−

1

2

∂R (ξ0, 0, ξ0, η0)

∂ξ0
q (ξ0)+

+
1

2

∞∫
ξ0

∂2R (ξ, 0, ξ0, η0)

∂ξ20
q (ξ) dξ +

η0∫
0

q′ (ξ0 + η)U (ξ0, η) dη+

+

η0∫
0

q (ξ0 + η)
∂U (ξ0, η)

∂ξ0
dη +

η0∫
0

∂R (ξ0, η0, ξ0, η )

∂ξ0
q (ξ0 + η)U (ξ0, η) dη

+

η0∫
0

∞∫
ξ0

∂2R (ξ0, η0, ξ, η )

∂ξ20
q (ξ + η)U (ξ, η) dξdη. (2.13)

∂2U (ξ0, η0)

∂η20
=

1

2

∞∫
ξ0

∂2R (ξ, 0, ξ0, η0)

∂η20
q (ξ) dξ −

∞∫
ξ0

q′ (ξ + η0)U (ξ, η0) dξ+
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+

∞∫
ξ0

q (ξ + η0)
∂U (ξ, η0)

∂η0
dξ −

∞∫
ξ0

∂R (ξ0, η0, ξ, η0 )

∂η0
q (ξ + η0)U (ξ, η0) dξ+

+

η0∫
0

∞∫
ξ0

∂2R (ξ0, η0, ξ, η )

∂η20
q (ξ + η)U (ξ, η) dξdη. (2.14)

In addition, we have

∂2U (ξ0, η0)

∂ξ0∂η0
− 2ξ0η0U (ξ0, η0) =

=
1

2

+∞∫
ξ0

[
∂2R (ξ0, η0, ξ, 0)

∂ξ0∂η0
− 2ξ0η0R (ξ0, η0, ξ, 0)

]
q (ξ) dξ−

−
+∞∫
ξ0

dξ

η0∫
0

[[
∂2R (ξ0, η0, ξ, η)

∂ξ0∂η0
− 2ξ0η0R (ξ0, η0, ξ, η)

]]
U (ξ, η) q (ξ + η) dη+

+q (ξ0 + η0)U (ξ0, η0) = q (ξ0 + η0)U (ξ0, η0) . (2.15)

From the last equations we get∣∣∣∣∂2U (ξ0, η0)

∂ξ20
+

1

2
q′ (ξ0)

∣∣∣∣ ≤ ξ0η
4
0 |q (ξ0)|+

+
η20
2

[
2 + Cξ20η

2
0

]
σ (ξ0) +

1

2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0

∣∣q′ (s)∣∣ ds+
+

{
1

2
|q (ξ0)|+ 2ξ0η

2
0σ (ξ0) +

1

2
σ (ξ0) e

σ1(ξ0)
[
σ (ξ0) + η20

[
2 + Cξ20η

2
0

]
σ1 (ξ0)

]}
×

×
∞∫

ξ0

|q (s)| ds+ ξ0η
4
0σ (ξ0) e

σ1(ξ0)

∞∫
ξ0

|q (s)| ds+ η30
2

[
2 + Cξ20η

2
0

]
σ (ξ0) e

σ1(ξ0)×

×
∞∫

ξ0

|q (s)| ds = ξ0η
4
0 |q (ξ0)|+

η20
2

[
2 + Cξ20η

2
0

]
σ (ξ0)+

1

2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0

∣∣q′ (s)∣∣ ds+
+

{
1

2
|q (ξ0)|+ 2ξ0η

2
0σ (ξ0) +

1

2
σ (ξ0) e

σ1(ξ0)
[
σ (ξ0) + η20

[
2 + Cξ20η

2
0

]
σ1 (ξ0)

]}
σ (ξ0)+

+ξ0η
4
0σ

2 (ξ0) e
σ1(ξ0) +

η30
2

[
2 + Cξ20η

2
0

]
σ2 (ξ0) e

σ1(ξ0)

∣∣∣∣∂2U (ξ0, η0)

∂η20

∣∣∣∣ ≤
η0 ∞∫

ξ0

∣∣ξ2q (ξ)∣∣ dξ + Cη20
2

∞∫
ξ0

∣∣ξ4q (ξ)∣∣ dξ
+
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+
1

2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0+η0

∣∣q′ (s)∣∣ ds+
+

[
2η0σ2 (ξ0) +

1

2
σ (ξ0) e

σ1(ξ0)σ (ξ0 + η0) + 2η0e
σ1(ξ0)σ2 (ξ0)σ1 (ξ0)

]
σ (ξ0 + η0)+

+η0σ (ξ0 + η0) e
σ1(ξ0)σ2 (ξ0 + η0)+

+
1

2

η0∫
0

∞∫
ξ0

[
2η0ξ

2 + Cη20ξ
4
]
σ (ξ + η) eσ1(ξ) |q (ξ + η)| dξdη ≤

η0 ∞∫
ξ0

∣∣ξ2q (ξ)∣∣ dξ + Cη20
2

∞∫
ξ0

∣∣ξ4q (ξ)∣∣ dξ
+

1

2
σ (ξ0) e

σ1(ξ0)

∞∫
ξ0+η0

∣∣q′ (s)∣∣ ds+
+

[
2η0σ2 (ξ0) +

1

2
σ2 (ξ0) e

σ1(ξ0) + 2η0e
σ1(ξ0)σ2 (ξ0)σ1 (ξ0)

]
σ (ξ0)+

+η0σ (ξ0) e
σ1(ξ0)σ2 (ξ0) + η20σ (ξ0) e

σ1(ξ0)σ2 (ξ0) +
1

2
Cη30σ2 (ξ0) e

σ1(ξ0)σ2 (ξ0) ,∣∣∣∣∂2U (ξ0, η0)

∂ξ0∂η0

∣∣∣∣ ≤ 2ξ0η0σ (ξ0) e
σ1(ξ0) +

1

2
|q (ξ0 + η0)|σ (ξ0) eσ1(ξ0).

Since the function q (x) is continuously differentiable and satisfies condition (2.8),
lim

x→+∞
q (x) = 0 holds. In addition, since ξ0 ≥ η0, the condition η0 → +∞ implies

the relation ξ0 → +∞. From this and the last three inequalities it follows that,
the following relations are true under the condition η0 → +∞ :

∂U (ξ0, η0)

∂ξ0
+

1

2
q (ξ0) = o

(
η30
)
,
∂U (ξ0, η0)

∂η0
= o (η0) , (2.16)

∂2U (ξ0, η0)

∂ξ20
+

1

2
q′ (ξ0) = o

(
ξ0η

4
0

)
,

∂2U (ξ0, η0)

∂η20
= o

(
η30
)
,
∂2U (ξ0, η0)

∂ξ0∂η0
= o (1) . (2.17)

Next, assuming η0 = 0 in (2.6), we obtain

U(ξ0, 0) =
1

2

+∞∫
ξ0

q(ξ)dξ. (2.18)

It follows from the last relations and (2.7), (2.14), (2.18) that the function
K (x, t) = U

(
t+x
2 , t−x

2

)
is twice continuously differentiable in the domain t ≥ x

and satisfies the relations

∂K (x, t)

∂x2
− ∂K (x, t)

∂t2
−
(
x2 − t2 + q (x)

)
K (x, t) = 0, (2.19)

K (x, x) =
1

2

+∞∫
x

q (t) dt, (2.20)
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|K (x, t)| ≤ 1

2
σ

(
t+ x

2

)
eσ1(x). (2.21)

In addition, due to (2.16), we find that if x is fixed, then for t → +∞ we have
the relations

∂K (x, t)

∂x
= o

(
t3
)
,
∂K (x, t)

∂t
= o

(
t3
)
,

∂2K (x, t)

∂x2
+

1

2
q′

(
x+ t

2

)
= o

(
t5
)
,
∂2K (x, t)

∂t2
+

1

2
q′

(
x+ t

2

)
= o

(
t5
)

(2.22)

Since the function f0 (x, λ) = Dλ−1
2

(√
2x

)
and its derivative satisfy the asymp-

totic equalities (2.1) for all λ, it follows from (2.18), (2.22) that the function

f (x, λ) = f0 (x, λ) +

+∞∫
x

K (x, t) f0 (t, λ) dt

is a solution of equation (1.1). Moreover, the kernel K (x, t) satisfies conditions
(2.3),(2.4).

Let now only condition (1.3) be satisfied, so that the functions U (ξ, η) and
K (x, t) may not have second order derivatives. In this case the kernel K (x, t)
satisfies the estimate (2.13). Moreover, it follows from (2.9)-(2.12) that the func-
tion U (ξ, η) and thus K (x, t) almost everywhere have first order partial deriva-
tives with respect to both variables, and if x is fixed, then for t→ +∞, we have
the relations

∂K (x, t)

∂x
+

1

2
q

(
x+ t

2

)
= o

(
(t− x)3 σ2

(
x+ t

2

))
,

∂K (x, t)

∂t
+

1

2
q

(
x+ t

2

)
= o

(
(t− x)3 σ2

(
x+ t

2

))
.

Let us construct a sequence of continuously differentiable functions qn (x) so that
the following relations would be satisfied:

lim
n→∞

+∞∫
0

(
1 + x2

)
|qn (x)− q (x)| dx = 0,

+∞∫
0

x2 |qn (x)| dx <∞,

+∞∫
0

∣∣q′n (x)∣∣ dx <∞.

Without loss of generality, we can assume that the sequence of functions qn (x)
also converges to the function q (x) almost everywhere (otherwise we would be
choosing some subsequence of this sequence). Then, as shown above, the equation

U (n) (ξ0, η0) =
1

2

+∞∫
ξ0

R (ξ, 0, ξ0, η0) qn (ξ) dξ+

+

+∞∫
ξ0

dξ

η0∫
0

U (n) (ξ, η)R (ξ, η, ξ0, η0) qn (ξ + η) dη (2.23)
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has a unique solution satisfying relations similar to (2.7), (2.10). Using equations
(2.6), (2.23), we find that

V (n) (ξ0, η0) =
1

2

+∞∫
ξ0

R (ξ, 0, ξ0, η0) pn (ξ) dξ+

+

+∞∫
ξ0

dξ

η0∫
0

R (ξ, η, ξ0, η0) pn (ξ + η)U (ξ, η) dη×

×
+∞∫
ξ0

dξ

η0∫
0

R (ξ, η, ξ0, η0) pn (ξ + η)V (n) (ξ, η) dη, (2.24)

where pn (ξ) = qn (ξ) − q (ξ) , V (n) (ξ, η) = U (n) (ξ, η) − U (ξ, η). To analyze
equation (2.24), let us use the method of successive approximation. Let

ρn (ξ) =

+∞∫
ξ

|pn (s)| ds, ρ1,n (ξ) =
+∞∫
ξ

ρn (s) ds.

V
(n)
0 (ξ0, η0) =

1

2

+∞∫
ξ0

R (ξ, 0, ξ0, η0) pn (ξ) dξ+

+

+∞∫
ξ0

dξ

η0∫
0

R (ξ, η, ξ0, η0) pn (ξ + η)U (ξ, η) dη

V
(n)
k (ξ0, η0) =

+∞∫
ξ0

dξ

η0∫
0

R (ξ, η, ξ0, η0) pn (ξ + η)V
(n)
k−1 (ξ, η) dη, k = 1, 2, ...

In the same way as it was done above, it is established that∣∣∣V (n)
0 (ξ0, η0)

∣∣∣ ≤ 1

2
ρn (ξ0) +

1

2
σ (ξ0) ρ1,n (ξ0) ,∣∣∣V (n)

1 (ξ0, η0)
∣∣∣ ≤ 1

2
ρn (ξ0) ρ1,n (ξ0) +

1

2
σ (ξ0)

[ρ1,n (ξ0)]
2

2!
,∣∣∣V (n)

k (ξ0, η0)
∣∣∣ ≤ 1

2
ρn (ξ0)

[ρ1,n (ξ0)]
k

k!
+

1

2
σ (ξ0)

[ρ1,n (ξ0)]
k+1

(k + 1)!
.

Therefore, for the sum V (n) (ξ0, η0) =
∞∑
k=0

V
(n)
k (ξ0, η0) we get∣∣∣V (n) (ξ0, η0)

∣∣∣ ≤ 1

2
ρn (ξ0) e

ρ1,n(ξ0) +
1

2
σ (ξ0)

[
eρ1,n(ξ0) − 1

]
.

The last estimate shows that the sequence of functions U (n) (ξ0, η0) uniformly
converges in the domain ξ0 ≥ η0 ≥ 0 to the function U (ξ0, η0). It is obvious

that the last statement remains valid for the sequence of functions K(n) (x, t) =
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U (n)
(
t+x
2 , t−x

2

)
in the domain t ≥ x, whose limit function is K (x, t). From this

it follows that the sequence

fn (x, λ) = f0 (x, λ) +

∞∫
x

K(n) (x, t) f0 (t, λ) dt.

uniformly converges to the function

f (x, λ) = f0 (x, λ) +

∞∫
x

K (x, t) f0 (t, λ) dt,

with respect to x taken from the domain x ≥ 0, and with respect to λ taken from
any finite region.

Similarly, by differentiating equation (2.24) we find that the sequences of func-

tions ∂U(n)(ξ0,η0)
∂ξ0

and ∂U(n)(ξ0,η0)
∂η0

converge almost everywhere to the functions
∂U(ξ0,η0)

∂ξ0
and ∂U(ξ0,η0)

∂η0
, respectively. This implies that sequences of functions

∂K(n)(x,t)
∂x , ∂K

(n)(x,t)
∂t converge almost everywhere to functions ∂K(x,t)

∂x , ∂K(x,t)
∂t , re-

spectively. Due to (2.1) and Lebesgue’s theorem on passage to the limit under
the integral [5], , the sequence

f ′n (x, λ) = f ′0 (x, λ)−K(n) (x, x) f0 (x, λ) +

∞∫
x

∂K(n) (x, t)

∂x
f0 (t, λ) dt

for every x and λ converges to the function

f ′ (x, λ) = f ′0 (x, λ)−K (x, x) f0 (x, λ) +

∞∫
x

∂K (x, t)

∂x
f0 (t, λ) dt.

On the other hand, as shown above, the functions fn (x, λ) will satisfy the equa-
tions

−y′′ + qn (x) y = λy.

Passing to the limit as n → ∞ in these formulas, we come to the conclusion
that the function f (x, λ) must satisfy equation (1.1). Thus, we have proved that
representation (2.2) holds true only if the potential q (x) satisfies condition (1.2).

Next, we rewrite the unperturbed equation

−y′′ + θ (x)x2y = λy, −∞ < x <∞, λ ∈ C

as

−y′′ + x2y + [θ (x)− 1]x2y = λy, −∞ < x <∞, λ ∈ C.

Then, from the above reasoning it follows that the solution ψ+ (x, λ) of the last
equation also admits the representation

ψ+ (x, λ) = f0 (x, λ) +

∞∫
x

A (x, t) f0 (t, λ) dt .
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On other hand, from the well-known properties of the transformation operators
it follows that (see [6], Lemma 1.1.2) the function f0 (x, λ) also admits the rep-
resentation

f0 (x, λ) = ψ+ (x, λ) +

∞∫
x

K0 (x, t) ψ+ (t, λ) dt , (2.25)

while kernels A (x, t) ,K0 (x, t) satisfy relations

A (x, t) +K0 (x, t) +

t∫
x

K0 (x, u) A (u, t) du = 0. (2.26)

In addition, the kernels A (x, t) ,K0 (x, t) satisfy the similar estimate (2.21). Sub-
stituting (2.25) in (2.2) we get

f+ (x, λ) = ψ+ (x, λ) +

∞∫
x

K (x, t)

ψ+ (t, λ) +

∞∫
t

K0 (t, u)ψ+ (u, λ) du

 dt =
= ψ+ (x, λ) +

∞∫
x

K (x, t)ψ+ (t, λ) dt+

∞∫
x

K (x, t)

∞∫
t

K0 (t, u)ψ+ (u, λ) dudt

= ψ+ (x, λ) +

∞∫
x

K (x, t)ψ+ (t, λ) dt+

∞∫
x

 t∫
x

K (x, u)K0 (u, t) du

ψ+ (t, λ) dt.

Now, putting

K+ (x, t) = K (x, t) +

t∫
x

K (x, u) K0 (u, t) du (2.27)

we finally get

f+ (x, λ) = ψ+ (x, λ) +

∞∫
x

K+ (x, t) ψ+ (t, λ) dt.

From (2.3), (2.26), (2.27) the validity of (1.6) follows for the “+” case. Moreover,
taking t = x from (2.27) we find that K+ (x, x) = K (x, x), which implies (1.7).
Thus, the proof of the theorem is completed.
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