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DIFFERENCE APPROXIMATION OF THE INVERSE
PROBLEM OF DETERMINING THE HIGHEST COEFFICIENT
IN A PARABOLIC EQUATION WITH INTEGRAL
CONDITIONS

RAFIQ K. TAGIYEV AND SHAHLA I. MAHARRAMLI

Abstract. We consider the variational statement of the inverse prob-
lem of determining the higher coeflicient of a parabolic equation with
an integral boundary condition and an integral overdetermination con-
dition. We establish estimates for the rate of convergence of difference
approximations of the problem with respect to the state and functional.

1. Introduction

When we study variational statements of coefficient inverse problems for equa-
tions of mathematical physics, a number of difficulties arise due to their incorrect-
ness, nonconvexity and describing the state of systems [1, 3]. These circumstances
make it difficult to substantiate numerical methods, in particular. Variational
statements of coefficient inverse problems for parabolic equations were studied in
[1, 3, 4, 6, 7, 12] and others. Convergence of difference approximations of opti-
mal control problems for the coefficients of parabolic equations and variational
statements of coefficient inverse problems for these equations were studied in [8,
11] and others. However, these issues have been studied much less for parabolic
equations with an integral overdetermination condition.

In this paper, we consider a variational statement of the inverse problem of de-
termining the higher coefficient of a parabolic equation with an integral boundary
condition and an integral overdetermination condition. We establish estimates for
the rate of convergence of difference approximations of the problem with respect
to the state and functional.

2. Variational statement of the inverse problem and its
well-posedness

Suppose that it is required to find a pair of functions {v (z), u (x,t) = u (z,t;v)}
minimizing the functional
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2

l T
J(v) = / / a(t)u(x, t;v)dt — B ()| dx (2.1)
0 /0
subject to the following boundary value problem
ou 0 ou
g (P ) rawnu=F @0, @oeQn  (22)
u(2,0) = ¢ (x), 0<a <, (2.3)

l
W_/ H(z,t)u(x,t)de, 0<t<T,  (2.4)
Oz 0

and the function v (x) belongs to the set
V:{U:’U(ﬂj‘)EWQI(O,Z)ZO<I/§’U($)S/L,
}U’ (x)‘ <p ae (0,0)}. (2.5)
Here I,T,v,u > 0 are given numbers, Qr = {(z,t): 0 <z <[, 0<t<T},

a(z,t), f(z,t), p(x), H(x,t) are given measurable functions that satisfy the
following conditions:

u(0,t) =0, v(l)

la(z,t)] < p a e Qr, f(z,1) € L (Qr) ¢ (x) € Wy (0,0),|H (z,8)] < p,

aHa(Zc’t)‘ < pae. Qr,
a(t)e Wi (0,T), B(z) e Wi(0,1). (2.6)

In the work, the function spaces used and the norms correspond to [10, p.23].
In addition, positive constant which is depend on the estimated values and the
steps of introduced grids, is denoted by M.

Direct and inverse problems with integral conditions have been studied by
various authors in [2, 5, 9] and others.

By the solution of the boundary value problem (2.2)-(2.4) for each control
v =uv(z) €V, we mean a generalized solution from V" (Q7). Here V,° (Qr) is
a subspace of Vs (Q1), whose elements have traces from Lo (0,1) for all ¢ € [0,T],
continuously varying with ¢ € [0,7] in the norm Ly(0,). It follows from the
results of [14] that, under the above-mentioned assumptions (2.6), the boundary
value problem (2.2)-(2.4) has a unique generalized solution from V21’0 (Qr) and
this solution also belongs to the space VV21 -1 (Qr) for each fixed v € V, and the
following a priori estimate is valid

Ju T o A
v @Qr) olgtg}g“ ox x, 2,(0,0) ot 2.0r
1
< M [lIellSo ) + 1o | - (2.7)

In addition, it was proved in [14] that problem (2.1)-(2.5) is correctly posed
in the weak topology of the space Wi (0,1), i.e. the set of optimal control
problems (2.1)-(2.5) Vi = {va=vi () €V : J(vs) = Jo =inf{J (v) :v € V}}
is nonempty and any minimizing sequence {v,, = v, ()} C V of the functional
(2.1) converges to the set Vi weakly in Wy (0,1).
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3. Difference approximation of the problem and its
well-posedness

We introduce the following grids on the segments [0, ] and [0, T':
wp={x;=ihe€[0,l]:i=1,2,...N—1, h=1/N},
wi ={z;=ih€[0,]]:i=1,2,..,N},
wp ={z;, =ih €]0,]]:1=0,1,...,N},
wr={t;=4j7€(0,T):j=1,2,...,L, =T/},

Whe = {Ti=(i—05)he0,]]:i=1,2,..,N},

One = wne/ {Ty = (N — 0.5) hl.

We introduce the following grids on the rectangle Q:
wr = Wwp, X wT,wr:F :w;{ X Wy, W = Wp X wT,w;r :w;{ X {t' = 7,27,...,t}.

Let A = h(x) = h, if © € wp, A (0) = A (l) = 0.5Ah.
We introduce the following scalar products and norms for grid functions defined
on the corresponding grids:
1/2
wh?
h

(y’z)w; = Z+hyz7 ||yH2,w;f = (y)y>
“h

(¥, Z)w = Tyz, |y 2w, — (y’y)i/z s (Yz Zf)w+ = hyzzz,
T W T h
W +

W
vl = (v 9), L2 (0 2)sp = D07 (02t
t -
Wllows = 0:9). s (i zm) gy = D7 (2w
1/ t=1

2
o L E W, yl+ = Hy”v;’o(wj) =

1Yzl = vz yz)
t

= 0023, M (2l + Mol 0 € oms )i = 27 (20l
=T

1/2
lWellor = (e v) 2 1 € wr.

0 (tay) = |y|w:’ + \/F”yf(l'?t)HQ,w?’ ) te Wr,
12 1/2

1
lonllys,. = | Somod (@) | lonlsy, = [D mod (@) + Y i, (@)] |
(0]

Whx Whx wh
*

[0hllociz,, = max [on ()]

We also introduce elementary cells: N

e1(z) ={{:x—05h<E&<x+0.5h},z€wpe (0)={£:0<E<0.5h},
e1 () ={&:1—-05h<E&<1}sea(t)={0:t—7<E<t}, tE€wy,

ef(m):{fzaz—h§§<x},x€w;{; e(x,t) =e1(x) X ex(t), (z,t) € wr,
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e*(z,t) = ¢} (z) X ez (1), (x,t) € wi.
Let S%, 8%, S' be Steklov’s one-dimensional averaging operators.
In addition, let S = S S* be the product of the averaging operators S* and
St.
We state the problem (2.1)-(2.5) in the following difference approximation
form: it is required to find a pair of grid functions {vy (z), y(z,t) =y (z,t;vp)}
minimizing the grid functional

2
Inr (vn) Z bt Z )y (z,t;0n) — Bn (2) (3.1)
IGUJ tewr
subject to the difference boundary value problem
Y — (Uh ($—05h) yf)x‘i‘ahr (.’E,t)y: th (.T,t), (xat) € wr, (32)
y(x,0) = (:1:), x € Wy, (3.3)
y(0,t) = 0,vp (I — 0.5h) yz = > hHpr (2,t)y (2,t) —
$€wh
—0. 5h[ (l t)+ah7' (l t) (lat)_fhr (lvt)]7tew7 (34)
and grid controls vy, (x) are such that
( )EVh—{Uh €W2 (wh*):
0<v<uwv(z) <, € Wp,|vpe ()| < p, wa%*}. (3.5)

Here ay, (z,t) = S@a, fur (x,t) = S®f, Hyp, (z,t) = S*H, (z,t) € w;, op () =

STo, op (0) =0, B (x) =S*6, x€ w;{; ar (t)=Sta, tew,.
We represent the difference boundary value problem (3.2)-(3.4) in the following
form:

yr = Ay + fur (z,1), (2,t) € WF, (3.6)
y(z,0) =¢n(z), x€wp,
y(0,t) =0, t€w,, (3.8)
where
(vp (z — 0.5h) yz),, — anr (x, 1)y, (z,t) € wr,
Ay =9 —fon (1 =050)yz (1,1) = ans (L) y (L8) + § S hlhr (2,8)y (2,1), ¢ € wr

wp,
Theorem 3.1. Let conditions (2.6) be satisfied and the step T in the variable t
satisfies the inequality:

-1 _9

11
T< 1= [2u+u2l+y+l} (2+u‘1/2) : (3.9)

1
2

Then problem (3.2)-(3.4) is uniquely solvable for each v, € Vi, and a priori
estimate is valid

ly (2, t; Uh)||V2170(w;) + V7 ||y (@, 85 0n) [l 05 <

< M [l@nllg it + 2 el gt ] - (3.10)
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Proof. Let us carry out the main points of the proof of estimate (3.10). We
multiply equation (3.6) and 7y (x,t') as a scalar product (’)wj; and sum the

resulting equality over ¢’ from ¢’ = 7 to t' = ¢, where t € w, is some point.
Then using the summation by parts formulas and identity y;y = 0.5 (yz){ +

0.5Ty§, (x,t) € w'TF to equality

1 t
5 lly (x,t)H;w; +7 Z h Z vy (z — 0.5h) y2 (z, ') +

t'= +
T zEw,

1 ¢ 1 t
15 e (@) s = 5 1 @ 03 e = 7D (anr ()

t'=1 t'=r1
t
P (08)) g+ (i (2.8) y (2.0)), e (1) +

t'=T1
t

473 o (2:0) 0 00, 11

t'=r1

Then, using conditions (2.6), the Cauchy inequality with ¢ from [10, p.33]
€2, 1 e
< Z —
lab| < 2\a| +2€\b| , €>0
for e = /1 and the inequality [13, p.290]
1 1
P el @l (S0l G

for ¢ = v, and majorizing the left and right sides of equality (3.11), we obtain
the inequality

t t
ly (2, D5 +v7 Y ||y (wvt')H;w; +7°3 |lu (W')H;,w; <

t'=r1 t'=1

¢
2
<y () [y (@05 +27 3 ([ fur (2.8) ][00 | +
t'=1 )
ety () =6 (t), tEws, (3.13)
where v (t) = Jax, |y (z, t’)HQ’w;, c=2p+p?l+v~1+171. From this inequality,

we extract three consequences Vit € w,

t
1285,y (& )iy <3073 oz (@)l <
=T

t
<v7i5(t),r Z T Hyt (z, t') H;w; <6(t).

t'=r1
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We extract the square root from both parts of these inequalities, and add the
resulting inequalities. Then, using condition (3.9), for ¢ < 27y we obtain the
estimate

1/2
D(t9) = e [y (o.1) H2w++< S s (). ) +

o<t/ <t
t'=1

t 1/2
FrEnbnli) <[ (o) val )’

t'=r1

t
2
X [Hy (@, 0)lg 0 +27 > | (x’t/)Hz,w: ,t € wy, t < 2m. (3.14)
t'=1
The interval [0, T'] is divided into subintervals Ay = [0, 70], A2 = [70,270],..., Ay

of a length not greater than 79. Here A,, = [(n — 1)79,T]. Each of them satisfies
the estimate (3.14). From these estimates, taking into account ||y (x,t)\|2w; <

ly| wh t € wy, we derive inequality (3.10) for ¢ = 7. The unique solvability of
problem (3.2)-(3.4) for each vy, € V}, is obvious. Theorem 3.1 is proved. O

4. A priori estimate of the error of the difference method by
state

Take arbitrary controls v (§) € V, vy () € Vj,. Let u(§,0) = u(&,0;v) be a
solution to the boundary value problem (2.2)-(2.4), and y (z,t) = y (x,t;vy) be
a solution to the difference boundary value problem (3.2)-(3.4) corresponding to
the controls v € V and vy, (z) € V},. Denote @ (x,t) = u (z,t;v) by the averaging
of the function u (§,0) = u (&, 0;v), which is determined by the formula

SEU, (I,t) € w;:’
u(z,t) =u(z, t;v) =4 S%p(x), x€wy, t=0, (4.1)
0, x=0, t€uw,.

We will compare the grid solution y (x,t; v;,) with the averaging u (x,t;v). Let
z = z(x,t) = z(x,t;v,01) = y(z,t;0) — u(x,t;v), (z,t) € Wp be the error of
the state difference method. Using conditions (3.6)-(3.8) for the function z, we
obtain the problem

25 = Az + U (2,1), (2,1) € Wi, (4.2)
2 (2,0) =0, x€wp, (4.3)
z2(0,t) =0, te€wr, (4.4)

where Y, (z,t) = for (v,1) + AU — 0z, (2,t) € wi.
We will assume that the generalized solution u (§,0) = u (£, 0;v) from V;’O (Qr)
also belongs to the space W22 1 (Qr). Then, applying the averaging operator S**
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to equation (2.2) at the nodes (z,t) € wyp, after some transformations we obtain
the following representation for vy, :

2
o) 1) (@, ) + o (2, 8) + 05z (2, 8), (2,8) € wr,

Unr (1’, t) = 2 )
—h X (@t () fug (@0 + fm (1), 2 =1t € wr,
(4.5)
where
2 (z,t) = v (x — 0.5k, 1) [uz (z,t) — st_W] , (4.6)
1P (2,t) = [va(z — 0,5h) — v (z — 0, 5h)]uz(x, 1), (4.7)

0o (z,t) = S (a(z,t)u(x,t)) — S (a(z,t)) 7,
ns (x,t) = S%u(x,t) —u(x,t), (x,t)€ w;f,

l
i (t) = Y hS (H (z,0))u(z,1) - " </0 H (&, 0)u (£, 1) dg) Lt w. (4.10)

+
erwh

Theorem 4.1. Let the conditions of theorem 3.1 be satisfied and the solution of
problem (2.2)-(2.4) belong to the space T/VQQ’1 (Qr). Then, for the solution z of
problem (4.2)-(4.4), the estimate

12 (@, O)llypo iy + VT2 (2,505 <

2 1/2
k 2
<M S|, L+ el + (Z Ins <x,t>||2,w;) + il | (411)
k=1 o

tEwr
holds true.

Proof. Multiplying equations (4.2) scalarly (,)w; by 7z (x,t') and calculating
similarly to the obtained equality (3.11), we have

1 ‘ 1, ¢
5 Hz (z,t) H;w; +T Z h Z vp (z — 0.5h) 22 (z,t) + 57-2 Z Hz{ (z,t) H;w;{ =

t'=1 :EGw,T t'=1

- _ Z (anr (z,1), 2* (g;,t’))QMT —r Z (Z 7 (2,1, 2z (x7t’)> +

t'=1 t'=1 QM’T
t
+7 > (2 (2,t) 2 (2,)) 5 0 —
t'=1
t—T1
=T Z (773 (:Ea t,) s 2t (.CE, t/))ng + (773 ($, t) )y & (.%', t))Q,w;{ +
t'=0
t
+7 Z Z hHpr (z,t') 2z (2, ') +ma (') | 2 (L, 1). (4.12)

t'=T1 +
“h



DIFFERENCE APPROXIMATION OF THE INVERSE PROBLEM 45

Using the method of item 2 for obtaining estimates of type (3.10), as well as
the formula of summation by parts, inequalities (3.12), (3.14) can be obtained
from (4.12) for any t € w;, of the following three estimates

<00 e ) < v,

mmax ||# (2 1)]],,,z

t'=7
t
T;—THZt (x’t/)H;w;f <6(t), (4.13)
where
o(t) = Clt(]rgg)ét |z (=, t)H2w+ + 20201213% |2 (2, t)H2 + X
; 1/2
(R met) ol [+
1/2 ¢ 1/2
2 (S enl,) (k) -
ti_T 1/2 ' o 1/2
(St (i)
- ' 1/2 :/:T 1/2
e ( 7 W) ( S (m’)\»;w;) +
t'=r t'=r

. 1/2
s (TZ B <x,t'>ui,w;)

t'=1

Here ¢y = 2u + u2l + % + %, C2 = max (ﬁ, 1) , €3 = (max (V; % + %))1/2-
Extracting the square root from both parts of inequality (4.13), adding the re-

sulting inequality, after some transformations we arrive at estimate (4.11). The-

orem 4.1 is proved. U

Lemma 4.1. Let the conditions of Theorem 3.1 be satisfied. Then the approzi-
mation error components (4.6)-(4.10) satisfy the estimates

2
) <h ‘au 4.14
H”l Hz,w;— 1l 00) || 522 20y (4.14)
ou
Hn% 5 +§||vh( ) = v ()] o0 .. % o, (4.15)
T
Il < V2 ||a|OOQT[ %], %], ] (4.16)
QQT 27 T

(3) 2 < h/? (2,1)
Z Hﬁ (x,t H ot M Yo + 7/ Hu||2QT, (4.17)
h

tewr
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ou
0

00,QTr

01
Inally,, < V20IHICY [hw

+ h/2r ||u|27QT] : (4.18)
27QT
Proof. Let us consider only the proof of estimates (4.18).

Using (4.1) and (4.10) it can be shown that the function ny (t), t € w; has
the representation

n4(t):i/ttT Z+/:h (H(g,t)/5 8“(%’ 9) 4 g)d{ o+

h

l t x taH(§,91> >
o) xezw/m-h <“(5’9)/@ oo, ) %]

h
Evaluating this representation, we get

h3/2

na ()| < =7 max |H (1)
T1/2 = r—h<é<z 9.6 (2.0)
h

0H (&,0)
T B O 18.0) ]n loererys ¢ €

Based on the resultlng 1nequahty7 we establish estimate (4.18).
Estimates (4.14), (4.15), (4.16) are proved in a similar way. Estimate (4.17)
was proved in [11]. O

_|_

35

Theorem 4.2. Let the conditions of Theorem 4.1 be satisfied. Then for any
controls v € V and vy, € V}, the estimate of the error of the difference method
with respect to the state is

Iy 2, 0m) = (2,5 0) o) + VT I (@85 00) = T (2, 650) 5 <

3/2
<M |h+ 21;2 + 72 4 oy (@) — v @Moomy, | = ME (h,70,0) . (4.19)
Corollary 4.1. We can obtain various estimates of the convergence rate of the
difference method with respect to the state from (4.19). Let vy (z) =v(x), =€
Wh«- Then the difference boundary value problem (3.2)-(3.4) has convergence rate
estimates O (hl/Q) for T~h or T~h? in the grid norm V;’O (w;), convergence rate
estimates O (h5/8) for T~h3/* or T~hT/% | convergence rate estimates O (h3/4) for
Trh3/2,

5. Estimates of the error and convergence rate of
approximations with respect to the functional

Theorem 5.1. Let the conditions of Theorem 4.1 be satisfied. Then, for any
controls v € V. and vy, € Vj, for the error of the grid functional (3.2), we have
the estimate

|J (v) = Jpr (vp)| S M [h+ 74 E(h,T,v,0p)]. (5.1)
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To study the relationship between problems (2.1)-(2.5) and (3.1)-(3.5), we in-
troduce two mappings P, : W4 (w;) — W4 (0,1) and Qy, : W (0,1) — W) (w}f),
acting according to the rules:

vp, (0.5h), 0 < & < 0.5h,
Poon (€) = vp, (x — 0.5h) + vpy (z — 0.5h) (6 — x + 0.5h),
h=h x—05h < &<z +0.5h,x € wy,
vp (1 —=0.5R), 1 —0.5h <€ <1,

Qnv (z) = v (x —0.5h), = € w}l,
It is easy to show that for any controls v, € Vj, v € V, there are inclusion
places Prup, (§) € V, Qpv () € V.

Lemma 5.1. For arbitrary controls v € V, vy, € V},, we have the estimates

h3/2
ht —— +7!/2

max {|J (v) = Jor (Qnv)|, [J (Phvp) — Jar (vp)|} < M Yo

These estimates follow from (5.1) and are based on the definitions of mappings

Py, Qp.

Theorem 5.2. Let the conditions of Theorem 4.1 be satisfied. Then approrima-
tions (3.1)-(3.5) satisfy the estimate

h
| Jprs — Ju| <M |h+ —— (5.2)
T

Here Jpr = inf {Jp(vy) 1 vy € Vi }.
If, in addition, the sequence of controls {vpc} is determined from the conditions

Vhr € Vi Jhrse < Jnr (Une) < Jhrse +€nry €0 20, €pr = 0 for h,7 =0 (5.3)

then the sequence { Py vp.} satisfies the estimate

h3/2
ht — +7'/2

0< T (Phone) = Jue <M |ht ~5

+ Ehr. (5.4)

Proof. Let’s take some control v, € V,. It’s obvious that Qnv. € V},. From this
and Lemma 4.1 it follows

Jhrs < Jnr (Qrvs) < J (vi) +
+M |h+ 7%+ h3/27‘1/2} = e + M [h + 72 4 h3/27‘1/2} : (5.5)
Let’s take some control
Ups € Vie = {Uhs € Vit Ty (Uns) = Jpre = Inf {Jpr (0) : 0p € Vi 3}
Then it is clear that Pyup, € V3. From this and Lemma 4.1 it follows

Iy < J(PhUh*) < JhT (Uh*) + M |:h+7'1/2+h3/27'_1/2] =

a4 M [ 72 4 9277102). (5.6)
Estimates (5.2) follow from (5.5), (5.6).
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Consider the sequence { vy} C Vj, from (5.3). Then Pj, vy € V and
0< J(thhs) —Jx = [J (thha) - JhT (Uhs)] + [JhT (Uhs) - JhT*] + [JhT* - J*] .

From this, and also form inequalities (5.2), (5.3) and Lemma 4.1 it follows
estimate (5.4). Theorem 5.2 is proved. O

Corollary 5.1. From (5.2) and (5.4) one can obtain different estimates of the
rate of convergence. For example, for T~h or T~h? the estimates |Jpr« — Ji| <
MhY2, 0 < Jnr (vpe) — Jo < MBY? + ey, for T~h%/* or 7~h7/* the estimates
| Jpre — Ju| < MRBS/3,0 < Jyy (Upe) — Jo < MRBP/8 4 ¢y, for T~h3/2 the estimates
| Jpre — Ju| < MB34, 0 < Jpr (Vpe) — Jo < MB3* + e are valid.

Moreover, in these cases the sequence of controls {Pj, vp.} is minimizing for
problem (2.1)-(2.5) and converges W4 (0,1) weakly to V.
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