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APPLICATIONS OF CESARO SUBMETHOD TO
APPROXIMATION OF FUNCTIONS IN WEIGHTED ORLICZ
SPACES

SADULLA Z. JAFAROV

Abstract. In this work, the approximation properties of the matrix
submethods in weighted Orlicz spaces with Muckenhoupt weights are
studied. We obtain some results related to trigonometric approximation
using matrix submethods of partial sums of Fourier series of functions
in the weighted Orlicz spaces with Muckenhoupt weights.The degree
of trigonometric approximations by the matrix methods to the func-
tions have been investigated in weighted Orlicz spaces with Mucken-
houpt weights. The error of estimations in this work is obtained in more
general terms. In many studies the classical Cesaro method was used to
obtain the estimations. In this study to obtain these estimations we use
Cesaro submethod instead of classical Cesaro method.

1. Introduction

Let T denote the interval [—m, 7], C the complex plane, and L,(T), 1 < p < oo,
the Lebesgue space of measurable complex-valued functions on T. A convex and
continuous function M : [0,00) — [0, 00) which satisfies the conditions

M) = 0, M(z)>0 forxz >0,
i (M (2) /) = 0 Jim (M (z) /a) = o0

is called a Young function. We will say that M satisfies the As—condition if
M (2u) < ¢M(u) for any u > up > 0 with some constant ¢, independent of wu.

We can consider a right continuous, monotone increasing function p : [0,00) —
[0, 00) with

p(0) = 0; tlim p(t) =00 and p(t) >0 for t > 0,

then the function defined by

[e=]
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96 SADULLA Z. JAFAROV

is called N —function. For a given Young function M, let EM(T) denote the set
of all Lebesgue measurable functions f : T — C for which

/M(|f(x)|)dx < 0.

The N-—function complementary to M is defined by
N (y) = max (zy — M (x)), fory > 0.

Let N be the complementary Young function of M. It is well-known [27, p.
69], [39, pp. 52-68] that the linear span of Lj/(T) equipped with the Orlicz norm

F{— /!f 2)|d: g e D >,/N<rg<m>r>dx§1 ,
T

or with the Luzemburg norm

. . (@)
115, cr) i in k>o:/M(k e <1
T

becomes a Banach space. This space is denoted by Lj/(T) and is called an Or-
licz space [27, p. 26]. The Orlicz spaces are known as the generalizations of the
Lebesgue spaces L,(T), 1 < p < oco. If M(x) = M(z,p) :== 2P, 1 < p < oo, then
Orlicz spaces Ly (T) coindices with the usual Lebesgue spaces L,(T), 1 < p < oc.
Note that the Orlicz spaces play an important role in many areas such as applied
mathematics, mechanics, regularity theory, fluid dynamics and statistical physics
(e.g., [2], [8], [28] and [41]). Therefore, investigation of approximation of func-
tions by means of Fourier trigonometric series in Orlicz spaces is also important
in these areas of research.
The Luxemburg norm is equivalent to the Orlicz norm. The inequalities

A2y S Wiy S 20000y, € La(T)

hold [27, p. 80].
If we choose M(u) = uP/p, 1 < p < oo then the complementary function is
N(u) =u?/q with 1/p+1/q =1 and we have the relation

—-1/p < ql/q

p ||uHLp(T) = HUHEM(T) < ||u||LM(T) = HUHLP(T)7

1/p
where [[ul[, ) = (f lu(z)|? dm> stands for the usual norm of the L,(T) space.

If N is complementary to M in Young’s sense and f € Ly (T), g € Ly(T) then
the so-called strong Holder inequalities [27, p. 80]

/ F@9@) < £l em 9l

/ F@)g@) dw < 171,00 9l

are satisfied.
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The Orlicz space Ly (T) is reflexive if and only if the N—function M and its
complementary function N both satisfy the Ay—condition [39, p. 113].

Let M~ :[0,00) — [0,00) be the inverse function of the N —function M. The
lower and upper indices [3, p. 350]

log h(t) log h(t)
= 1 - = -
M= e T Tlogt P twot  logt
of the function
M—l
h:(0,00) = (0,00], h(t):= lim sup W) t>0

v " ATty

first considered by Matuszewska and Orlicz [30], are called the Boyd indices of
the Orlicz spaces L (T).

It is known that the indices aps and By satisfy 0 < apyr < By <1, ay+ By =
1, apr+Bn = 1 and the space L/ (T) is reflexive if and only if 0 < apr < By < 1.
The detailed information about the Boyd indices can be found in [4]-[7], [29].

A measurable function w : T — [0, 00] is called a weight function if the set
w1 ({0,00}) has Lebesgue measure zero. With any given weight w we associate
the w-weighted Orlicz space Ly (T, w) consisting of all measurable functions f
on T such that

1Al sy = @l ey -
Let 1 <p< oo, 1/p+1/p' =1 and let w be a weight function on T. w is
said to satisfy Muckenhoupt’s A,-condition on T if

1/p 1/p'
1

1 / ) .
sup | — [ WP (t)dt /wp(t)dt < o0,
7\ I ||

J J

where J is any subinterval of T and |J| denotes its length [36].

Let us indicate by A, (T) the set of all weight functions satisfying Mucken-
houpt’s A,-condition on T.

Let further tq,to, ..., t, be distinet points on T and let A1, ..., A, be real num-
bers. If 1 < p < 0, %4—% =1 and —%D <A< % , 7 = 1,...n then the weight
function

w(r) = H\T—tjw (reT)

belongs to A, (T) [3, p.30].

According to [24], [25, Lemma 3.3], and [25, Section 2.3] if L/(T) is reflexive
and the weighted function w satisfies the condition w € A;,,, (T) N Ay /,, (T),
then the space Ljs (T,w) is also reflexive.

Let Ly (T,w) be a weighted Orlicz space, let 0 < ap < By < 1 and let
weA (T)OA% (T). For f € Ly (T, w) we set

XM M

h

(vnf) (z) :zzlh/f(x—i—t)dt, O<h<m zeT.

—h
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By reference [18, Lemma 1], the shift operator v, is a bounded linear operator
on Ly (T, w):

[vn (f)HLM(T, w) < chHLM(’IF, w) "

The function

Qvw (6, f) = sup |[f = a1, mw)> 6>0
0<h<d

is called the modulus of continuity of f € Ly (T,w).
It can easily be shown that Q7 ., (-, f) is a continuous, nonnegative and non-
decreasing function satisfying the conditions

%i_I)I(l)QM,w (5’ f) = 07 QM,UJ (57 f+g) S QM,LU (57 f) +QM,W (579)

for f, g € Ly (T, w).
Let 0 < a < 1. The set of functions f € Ly (T,w) such that

Qurw(f,0)=0(%), §>0
is called the Lipschitz class Lip(a, M,w). Let

%+Z(ak (f)coskx + by, (f) sin kx) (1.1)

be the Fourier series of the function f € L!(T), where ay(f) and by (f) the Fourier
coefficients of the function f. The n-th partial sum of series (1.1) is defined, as

Sp(z, f) = %—FZ(ak (f)coskx + by (f)sinkz),

_ +ZBka:f Bu(x, ), Bo(e.f) =2 |

Bi(z, f) :+ =(ak (f)coska?+bk( )sinkzx) .

OM

As in [34] we suppose that I is an infinite subset of N and consider F as the
range of strictly increasing sequence of positive integers, say F = {A(n)}{° . Following
[1], [34] the Cesaro submethod C), is defined as

(Crx)n Zxk, n=12 ..,

where {z} is a sequence of a real or complex numbers. Therefore, the C)—
method yields a subsequence of the Cesaro method (', and hence it is regular
for any A. C) is obtained by deleting a set of rows from Cesaro matrix. Note that
the information about properties of the method C) can be found in [1] and [37].

We suppose that {py,}7~ is a sequence of positive real numbers. We define the
Norlund means of the series (1.1), as

n

Nol.f) = 5 3 pa-iSulfsa)

™ k=0
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where P, := > _(pm. It is clear that if p, = 1 for all n = 0,1,2.., then
Ny (+; f) coincides with Cesaro mean O‘n('; f), defined as

(l’f an kSk fﬂ )

n+1

We define Nérlund submethod N )(‘, f) by

1

A(n)
Zp)\ n)— kSk(f7 )7
Paxm) 1=
where Pyyny = po+p1+p2+ .. +pam) #0, (0 >0), p1 = P1.If A(n) =n
then submethod ]\Gg/\)(-7 f) gives us Classmal Norlund means.
We suppose that A = (a, ) is the infinite lower triangular matrix with non-
negative entries. Let

W, f) =

)\(n) ZGA k> n=0,1,..

We define the method 7\ )(-, f) by
An)
Tr(L/\) (xa f) = Z a)\(n),ksk(xa f)

Note that if ay), = % then the method T( )( f) turns into Norlund
submethod NV (-, ).

We say that matrix A = (a, ) almost monotone increasing (decreasing) rows
if there is a constant Cy (C2), depending only on A, such that a,; < Cranm
(anm < Coan k), where 0 <k <m <n.

We will use the relation f = O (g) which means that f < c¢g for a constant
¢ independent of f and g. We are using sums up to A (n) in the nth partial sums
Sp and o, and writing these sums S)(,,) and o(,), respectively.

In the present paper we study the degree of approximation by the matrix
submethods T,(L)‘) (-, f) of the partial sums of their Fourier of functions in weighted
Orlicz spaces. Similar problems about approximation properties of the different
sums, constructed according to the Fourier series of given functions in the different
spaces have been investigated by several authors (see, for example, [9-23], [26],
[31-35], [38] and [40] ).

Our main results are the followings:

Theorem 1.1. Let f € Lip(a, M,w), 0 <a<1,w € Ay, (T)N Az, , let

A = (any) be a lower triangular matriz with ‘35\2) — 1‘ =0 (A(n)™®) and one
of the following conditions holds:
(i) A has almost monotone decreasing rows and (X (n) + 1) axpyo = O(1),

(ii) A has almost monotone increasing rows and (A (n) + 1) axp)» = O(1),where
r s the integer part of 5. Then the estimate

|F-¢n | =0 (n) ™)

Ly (Tw)
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holds.

From Theorem 1.1 we have the following Corollary:

Corollary 1.1. Let f € Lip(a, M,w), 0 < a <1, w € Ay/,,,(T)N Ay, ,
let {pn} be a real sequence of positive numbers and one of the following conditions
holds:

(i) {pn} is almost monotone increasing and (X (n) + 1) prm) = O(Prn)),

(ii) {pn} is almost monotone decreasing. Then the relation

— NW(., ’ =0O\(n)"“
| =NOen |, L, =00
holds.

Theorem 1.2. Let f € Lip(1, M,w), w € Ay/qa,,(T)NA;3,, , let A= (ank)
be a lower triangular matriz with ‘sf\’a) — 1’ =0 ()\ (n)_l) and one of the
following conditions holds:

Aln)—1
(i) kzl ‘ A(n),k—1 — Qx(n k‘ )\(n)_l),
/\(n)_fl

(ii) k; (A (n) = k) |axm) k-1 — axm)k| = O(1).

estimate
— TV, ‘ — O\ (n)! 1.2
[r=1en |, b, =00 (1:2)

holds.

From Theorem 1.2 we get the following Corollary:

Corollary 1.2. Let f € Lip(1, M,w), w € Ay/qa,,(T) N Ayyg,,, let {pn} be a
real sequence of positive numbers and the inequality

A(n)—1
§jmkpmw—<?ﬂ>

holds. Then the following relation holds:

lr=~den | =oam™.

L (T,w)

2. Auxiliary Results

In the proof of the main result we need the following Lemmas:
Lemma 2.1. [21] Let f € Lip(a, M,w), 0 < a <1 and w € Ay, (T)N
Ay, Then the relation

||f - Sn('7f)||LM(T,w) = O(n_a)v n=123,..

holds.
Lemma 2.2. [21] Let f € Lip(1,M,w), w € Ay/q,,(T) N Ay/g,,. Then the
estimate

HSn ('7 f) - O-n(f)HLM(T,w) = O(nil)’ n = 1) 2)37

holds.
Using the proof method in [14, Lemma 6], can be prowed the following lemma:
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Lemma 2.3. Let A = (a,)) be an infinite lower triangular matriz with

‘ g\()) — 1‘ =0 ()\ (n)_o‘) , 0 < a <1 and one of the following conditions holds:
(i) A has almost monotone decreasing rows and (A (n) + 1) aymy,0= O(1),
(ii) A has almost monotone increasing rows and (A (n) + 1) axm),» = O(1),where

T is the integer part of 5. Then the estimate

holds.

Also, using the proof scheme developed in [19, Lemma 9] we can prove the
following lemma:

Lemma 2.4. The following relation holds:

Z AX(n k + 1) A\(n),k < Z {a)\(n),mfl - a)\(n),m| k=1,2,...,n

m=1

3. Proofs of the main results

Proof of Theorem 1.1. Let f € Lip(a, M,w), 0 < a <1, w € Ay, (T)N
Avjgy > let A = (ank) be a lower triangular matrix with ‘s(z?%) — 1‘ =
O (A(n)™®) and one of the conditions (i) and (ii) of theorem be satisfied. By

definitions of T,([\)( f) () and sg\?T)L) we obtain:

N (z, f) - f(2)

(n

= ZGA K9k(@, f) — f(z)

(
k=0
(n

k=0

~

>
Nt

O

3

>
s

- 1‘ =0 (A (n)™?), by using Lemma 2.1 and 2.3

and the last equahty, we have
s =z
= axm),o 150, ) = fll Ly (mw)

(n)
A
+ D axmk 196G, ) = fllpyrew) + \Si(,i 1‘||f”LM(’]I‘,w)

k=1

A(n)
- o(Am™)+oq) ; sk O (A ()™ =0 (A(n)"?),

SE2L P

>
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The proof of Theorem 1.1 is completed.
Proof of Theorem 1.2. Let f € Lip(1, M,w), w € Ay/q,,(T) N Ay/g,, and let

A = (any)) be alower triangular matrix with ’sgﬁ) - 1‘ =0 ()\ (n)_l) . Taking

into account Lemma 2.1 for a = 1 we get:

_ 7.
f=T ’f)HLM(T,w)
< S/\(n) ('7 f) - Té)\ HLM(T,w) + Hf - S)\(”) (" f)HLM(TM)
= |SwCH-10Cn|, L ro(rm). (3.1)

We put Aymyr = > @xm)m- By the definition of Ay, we obtain the
k

following equality:

A(n) A(n) k
TM(z, f) = Z axm) xSk (T, f) = Z Ax(n),k (Z B, (%f))
k=0 —0

A(n) A(n)
0

k= m=k k=0
Since sf\’?)) = z(no) ax(n),x We obtain:
/\(n) (.T, f)
A(n) A(n) A(n)
= Z B, (.CL‘, f) = A/\(n),O Z Bk (I’, f) + (1 - A)\(n),()) Z Bk (iL‘, f)
m=0 k=0 k=0
= Y AmoBi @ )+ (1= 550)) Sy (@ £). (3.3)
k=0
By using (3.2) and (3.3) we find that
A(n) @
T (@, f)=Sxm (@) = D (s = Axmy0) Br (@ 1)+ (5500 = 1) Sam (@, ).
k=1

The last equality gives us

A(n)
> (Asmyk = Axmyo) B (5 )
k=1

[s®cn-1den|, o<
Ly (T,w)
A
tor sg(g o LE{Pe
= ZAAn)k Axiny0) Br (-5 f)
k=1 Lar(Tw)

+0 ()\ (n)fl) . (3.4)
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We denote

A n —A n
ai(n%k = A( )’k k )\( )70, k' = 1,2,...,77,

By using Abel’s transformation (see, for example: [21] ), we obtain:

)
(Axgy e — Axmy0) Br (2, f)

=
3

>
2
~ =

= By (z, [) a)(n) 1k = a3y A(m) Z mBy,

-1
+ Z (af\(n),k A(n), k-‘,—l) <Z mBp, (z, f>
k=1

Taking into account of last equality, we obtain:

(n)
> (Axiyk — Axmyo) Bi (4 f)
pst

Eod
—_

=
3

>

Ly (T,w)
n
< |axmyam) Z mBy, (-, f) —
= LN[(T,W)
Aln)—1
+ Z Axm) ke — AA(n), k+1‘
k=1
k
m=1 L]\4(T,w)
Now we estimate
m=1 LM(T’W)
We can write the following equality:
A(n)
S)\(n)(w,f)_o-k( Z)\ 7f)

Taking into account of (3.7) and Lemma 2.2, we have:

SMA

LM(']I‘,w)
= (A()+1)||Sxm) (- F) = orm) (5 )

= (m+no(Am™) =0,

_HLM(T,UJ)

103
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On the other hand

)CL?(n),A(n)

From (3.4), (3.6), (3.

Now we estimate

SADULLA Z. JAFAROV

‘s(;‘)) - 1‘ 0 <>\ (n)*l) which implies that
Y,
| Amam) — Aamyol ‘ak(n),k(n) 5\(n)
B n B A(n)
1
Y (n) (3&?11) —ax( )A(n)>
1 (A) _ 1 _ _
< Tt = O W =0 <)\ (n) 1) (3.9)
8) and (3.9), we have:
(4) _
HSA(” =T f HLM(T,W)
A(n)—1
k=1
Aln)—1
O( )+ ’a)\(n)k ax\(n), k+1’ (3.10)
k=1
Aln)—1
Z ’ai(n),k - ai(n),kﬂl .
k=1

We can show that the following equality holds:

*
Ax(n),k —

k
N 1
A\(n),k+1 = k(k+1) {(k +1) ax(n),k — E aA(n)ym} .
m=0

We suppose that condition (i) of Theorem 1.2 is satisfied. By Lemma 2.4

IN

IN

Aln)—1
Z ai(n),k‘ - a;(n),k—&-l)
k=1
A(n)—1 k
CESY)] Z axnym — (k+1) axm)k
k=1 m=0
Aln)—1 1 k
D 2= " lomme1 = e
k=1 m=1
m ‘a)\(n),m—l - az\(n),m‘ Z
— = kE(k+1)
Aln)—1 00 1
m ‘a)\(n),mfl - a)\(n),m‘ Z
— = k(k+1)
Aln)—1

(3.11)
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Taking into account of (3.1 ), (3.10), and (3.11) we have the relation (1.2) of
Theorem 1.2. Now under the condition (ii) we prove relation (1.2). Let r :=
[%] . Using Lemma 2.4 we have:

A(n)—1
> ‘“§<n>,k - ai(n),kﬂ(
k=1
S 2 5D 2 e — il
' 1 k
< T 7 4N [e—
o k(k+1) Z_: m‘aA(n),m—l a’)\(n),m’
=1 m=1
1
" ; m mzzl m ‘“A(n)m—l - a)\(n)ﬂn‘ . (3.12)
We estimate
r k
1
2 1) 2 " e~ o
Since the condition (ii) satisfies, using Abel’s transformation, we get:
T 1 k
2 b 2 " loemm — o

’a)\(n),k—l - a)\(n),k’

-

k=1
. 1
= ] ()\(TL) —]{7) (A<n> ‘a)\ E—1 — A)( )k‘
1 _
< OOU—HOU)ZO(AW)U' (3.13)

Now we estimate the second term on the right side of (3.12). The following in-
equality holds:

Aln)—1 k
k(k+1) Z m ‘ak(n)m—l - ax(n),m\ )
k=r m=
Aln)—1 r

k k‘ + 1 Z ‘a)\(n),m—l - a)x(n),m‘
k=r =1

Aln)—1 k
1

=r

‘= T, + Iy (3.14)



106 SADULLA Z. JAFAROV

Since él‘a/\ he1 — O] = (A(n)*l),from (3.12) we write
A(n)—1 ,
Tny < ; TEET k+1 Zl\%(n),ml—%(n),m\
A(n)—1
- ( ) Z k+1
= o(xm™) (A(n)—r)ril =o(rm™). (3.15)

Jny <

|a)\(n),m71 - a)\(n),m}

=

Il

3
—~

IN
<
+ |~
—_
>
if\gD
3 T
—
PR

k

=
k

> armym-1 — ax(n»m!)
k

>

INA
>

=Y
=
S

|
—_
VR

|a)\(n),m—1 - aA(n),m})

k=r m=r
9 A(n)—1
= A g (TR mees o
9 A(n)—1
< 3 —k _
B )‘(n) k=1 (A(n) )’aA(n)’k_l a)‘(”)vk’
= 5O W=00m™). (3.16)

Now combining (3.14)- (3.16 ) we get:

k

Aln)—1
1 —
Z k(k+1) Z m ‘“A(n),mfl - a)\(n),m’ =0 ()\ (n) 1) )
k=r m=1

The last relation, (3.12) and (3.13 ) gives us

A(n)—1

’a)\(n aj(n%kH’ =0 ()\ (n)_l) : (3.17)
k=1

Therefore, by (3.1), (3.10) and (3.17 ) we obtain that

Hf “ TV () _HLM(T7w) =0 ()\ (n)il) ‘

The proof of Theorem 1.2 is completed.
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