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ON THE GROWTH OF m-TH DERIVATIVES OF ALGEBRAIC
POLYNOMIALS IN REGIONS WITH CORNERS IN A
WEIGHTED BERGMAN SPACE

P. OZKARTEPE AND F. G. ABDULLAYEV

Abstract. In this paper, we study the behavior of growth of the modu-
lus of an arbitrary algebraic polynomial in the weighted Bergman space
A,(G,h), p > 0, in exterior points and in closure of region having ex-
terior nonzero and interior zero angles at a finite number of boundary
points. Bernstein-Walsh-type estimates are obtained for algebraic poly-
nomials, in bounded regions with a piecewise-smooth boundary. Using
an inequality of the Markov-Nikolskii type, the behavior of polynomials
in the whole complex plane is given.

1. Introduction

Let C be a complex plane and C := C U {cc}; G C C be a finite region,
contained origin, bounded by a Jordan curve L := 90G, Q = C\G; A =
{w : |w| > 1} (with respect to C). Let function w = ®(z) be the univalent confor-
mal mapping of 2 onto A normalized by ®(c0) = oo, lim, @(Zz) > 0, and
U ;= &L For R > 1, let us set Lg := {z: |®(z)| =R}, Gr = intLg,
Qp = extLp.

Let g, denote the class of all algebraic polynomials P, (z) of degree at most
n € N.

Let {zj};.nzl € L be a fixed system of distinct points. Consider a so-called
generalized Jacobi weight function h (z) being defined as follows:

l
h(z) := ho(z)H|z—zj|'yf, z € GR,, Ro>1, (1.1)
j=1

where v; > =2, for all j = 1,2,...,1, and hg is uniformly separated from zero in
GR,, i-€., there exists a constant ¢;(G) > 0 such that for all z € Ggr,, ho(z) >
Ccl (G) > 0.
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Let 0 < p < oo and ¢ be the two-dimensional Lebesgue measure. For the
Jordan region G, we introduce:

1P 2= 1Py o = // P do, 0<p<ox, (1.2
[Palloe = 1Pl A 1,0 = meaGX’P 2)|, p=o00; Ap(1,G) =: A4y(G),
and, when L is rectifiable:
| P ||p D) = /h(z) |Pp(2)|P |dz| < o0, 0 < p < oo, (1.3)
L

1Pallgcgo,zy 3= max [ Pa(2)] 5 £p(1, 1) = £,(L).

The well known classical lemma Bernstein -Walsh [36] shows that for any P,(z) €
©n

Pa(2)] < 10) " | Palloy 2 € 2. (1.4)
holds. If z € G, then from (1.4) we see that:
1Pallc@ry < B 1Pl - (1.5)

Thus, we can estimate the growth uniform norm (C'—norm) of the polynomial P,,
depending on the extension of the region G up to Gg for some R > 1, containing
G. In particularly, the C—norm || Fy||¢ g of polynomials P, increases no more

than a constant, when G expands up to G The same effect is observed for

1+4-
the norm (1.3) according to the following estimate [23]:

1
1Palley iy < B 7 1Bl y s 2> 0. (L6)

The estimate (1.6) has been generalized in [9, Lemma 2.4] for weight function
h(z) # 1, defined as in (1.1) for the v; > —1, j =1,2,...,1, as follows:

nt ~ .
1Pl < B 1 Pallgyuny s 7= max {0y :1<5< . (L7)

In [2] was given an analog of the estimates (1.4) and (1.7) in the A,(h, G)—norm
for the regions with quasiconformal boundary (see: Definition 4.1) with weight
function h(z) defined by (1.1), as follows:

1

+
1Pl oy < BVIRAL

, p>0,

where R* := 1+ ca(R—1) and ¢c2 > 0, ¢1 := ¢1(G,p,c2) > 0, are constants
independent from n and R.

Further, for arbitrary Jordan region G, any P, € p,, R = 1+ %, in [5,
Theorem1.1] was obtained that

n+%
1Ball iy S BT 1Bl 2> 0

1

is true for arbitrary R > Ry = 1+ %, where ¢ = (L)B [1 + O(%)] , T — 00,

eP—1
asymptotically sharp constant.
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N. Stylianopoulos in [34] replaced the norm [Py ||¢ @) with norm [Py 4,
on the right-hand side of (1.4) and found a new version of the Bernstein-Walsh
Lemma: Assume that L is quasiconformal and rectifiable. Then, there exists a
constant C = C(L) > 0 depending only on L such that

P < O Pl [ 2 €,
where d(z,L) :=inf{|( — z|: ¢ € L}, holds for every P, € pon.

In this paper, we continue the study of the problem on pointwise estimates of
the derivatives ‘P,(Lm) (z)‘, m > 1, in unbounded regions of the complex plane and
we obtained estimates as the following type:

(m)
P ()] < (G k. 2) [Pl 2 €9, (1.8)

where 7,,(.) — 00 as n — oo, depending on the properties of the G, h.

Analogous results of (1.8)-type for arbitrary P, € g, a different weight func-
tion, an unbounded region and some norms were obtained in [6],[7], [8], [10], [11],
[12], [22, p.418-428], [29], [34] and the others.

To get an estimate for the |P,

P(m)(z)’ on the whole complex plane, we will

need an estimate for the P,;m) (2)] in the bounded region G. To do this, we will
use estimates Bernstein - Markov - Nikolsky type for Pém)(z) , z € G, as the
following type:

1P oo < va(G, by )| Pallps (1.9)

where v, := v, (G, h,p) > 0, v, — 00 as n — 00, is a constant depending on the
properties of the region G and the weight function h.

Estimates of (1.9)- type for the arbitrary P, € g, were studied [2]-[4], [12], [16],
[17], [18], [19], [21], [22, pp. 418-428], [24], [26], [27, Sect. 5.3], [28, pp.122-133],
[31], [35] and the others.

Therefore, combining the estimates (1.8) and (1.9), we will obtain the estimate

for | P{™ (2)

in whole complex plane C = 61 LU

vn (G, hyp), z EGHL

(m) <
P < CHP”HP{ (G, hyp,d(z, D) @), 2 €0 (1.10)

14+1>
where ¢ = ¢(G, p) > 0 is a constant independent of n, h, P,,, and v, (G, h,p) — oo,
Mn(.) = 00 as n — oo, depending on the G, h.

In this work, we study similar to (1.10) problem for regions with piecewise Dini-

smooth boundary, having exterior nonzero and interior zero angles and weight
function h (z) defined in (1.1).

2. Definitions and Notations

Let us give some definitions and notations that will be used later in the text.
Let S be a rectifiable Jordan curve or arc and z = z(s), s € [0, |S]], |S]| =
mes S (linear measure of S), denote the natural representation of S.
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Definition 2.1. [32, p.48](see also [15, p.32])We say that a Jordan curve or arc
S called Dini-smooth, if it has a parametrization z = z(s), 0 < s < [S|, such

that 2'(s) # 0, 0 < s < |S] and ‘21(82) — 2'(s1)| < g(s2 — s1), 51 < s2, where g is

an increasing function for which

1
/ Md:lc < 00.
x
0

Now, we introduce a new class of regions with piecewise Dini-smooth boundary,
which have at the boundary points exterior (with respect to G) nonzero corners
and interior cusps simultaneously.

Throughout we denote by c, co c1, ¢, ... are positive and €, €1, €2, ... are suffi-
ciently small positive constants (in general, different in different relations), which
depend on G in general. Here and in further, for any k£ > 0 and m > k, notations
j=k,m denotes j =k, k+1,...,m.

Definition 2.2. [9]We say that a Jordan region G € PDS(1; A, ..., \;), 0 < \; <
2, j = 1,1, if L = OG consists of the union of finite Dini-smooth arcs {Lj}é‘:o’
connecting at the points {Zj}é‘:o € L, such that L is locally Dini-smooth at z
and they have exterior (with respect to G) angles A\jm, 0 < A\; < 2, at the corner

points {z; };:1 € L, where two arcs meet.

Assume without loss of generality, that the Jordan region G € PDS(1; Ay, ..., Ay),
0 < A; < 2, with Definition 2.2 is given so that for every point z; € L, j =
1,11, I3 <1, the region G has exterior nonzero angle (with respect to G) with
Ajm, 0 < A; <2, expansion and for every point z; € L, j =1 + 1,1, has interior
zero angles (with respect to G). If I3 = [ = 0, then the region G does not have
any angles, and in this case we will write: G € DS(1) = DS, if [; =1 > 1, then
G has only A\jm, 0 < A\; < 2, j = 1,1, exterior nonzero angles and in this case
we will write: G € PDS(1;A;); if [1 =0 and [ > 1, then G has only interior zero
angles and in this case we will write: G e= PDS(1;2).

Throughout this work, we will assume that the points {z; }2:1 € L defined in
(1.1) and in Definition 2.2 are identical and w; := ®(z;).

For the simplicity of exposition and in order to avoid complex calculations,
without loss of generality, we will take [; = 1, [ = 2. Then, after this assumption,
in the future we will have region G € PDS(1;\,2), 0 < A; < 2, such that at the
point z; € L the region G have exterior nonzero angle \ym, 0 < A\; < 2, and at
the point zo € L - interior zero angle. Also, we will write G € PDS(1; A1, A2), 0 <
A1, A2 < 2, if a region G have only exterior nonzero angles A\jm, 0 < \; < 2, at
the points 21,29 € L and G € PDS(1;2,2), if a region G have only interior zero
angles at the point 21,22 € L. The case [1 > 2, | > 3 can be given similarly.

Let us introduce some notation, which is used throughout the work. Let A\; :=

max {1; A}, 7 = max {0;v}, ) := max {X]_;XQ}; k=1,2; 7 := max {71; 72}

v :=max {71;72}. Further, for0 < ; < 50::imin{|zi -zl i, =1,2,..,l,i#j},
let Q(z, 6;) = QN{z:|z—2z| <6}; 6 = 11211%53'; For L = 0G, we put:
<<
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N
Uso(L,0) := |J U((, 9) - infinite open cover of the curve L; Un(L,0) := |J U;(L,0)
¢el j=1
C Ux (L, d)-finite open cover of the curve L; Q(6) := Q(L,9) := QN Un(L,0),
0=\ Q0): Qr(0) == (LR, 6) == Qr N Un(Lr, ), Qp = Qr \ Qr(s).
For each j = 1,2 and m > 1, we put:

(v +2) N — 2 (v +2) N +1
po(m) = :pr(m) = 22— 2.1
)= o =1y P T T Dy, 21)
(42N +1 2); + 1
= AT pa(A,0); py = ——
P2 1+ A y P3 pa( Jo ); D4 1_(m_1))\j’
() |
n\ J,2§p<p1(1),0</\j§2,fyj>max{0;2<)\—j—1>},
1
nl_E,p>p1(1),0<)\j32,7j>max{0;2()\%—1)},
2
Dﬁ): n5,2§p<3,0<)\j<1,O<’yj§2<)\%.—1>>
n, 1
nl_E,pZ3,0<)\j<1,0<’7j§2<)\%._1>7
1
(nlnn)l_E,p:pl(l),O<)\j§2,7j>0,
\ m =1,z € Q(J);
vj+2 ‘
n(JTeril))\J,p >2,1< Aj < 2,’}/j > 0,
(ﬂ{j+2+mfl>)\' 1
n\ ? J,2§p§p0(m)70<)\J<17’7]>2m(2_1)7
1
D£L+2) = n'" %, p>pi(m),0 < Aj < 1,75 >0,
) 2
nE*mfl,plO(m) <p<pi(m),0< ) < 1,7; >0,
(nlnn)l_E,p:pl(m),0<)\jSﬁ,0<’yj§2m<)\%—1>a
m > 2,z € Q);
( (M—I)A- ~
n\ » 7, 2<p<py, 0<A; <2, m>1,2z€Q(6),
1 ~
DSS) = (nlnn)1_57 P = D2, % < )\j S 27 m Z 172 € Q((S)v
1 ~
[ nlT, P> pa, 0<A; <2, m>12€Q(6);
2) .
n<5>)", 2<p<2)+1, 1<XN <2, m=1,z€Q(9),
1
po)._ ) (nln)' T p=2)41, 1<) <2 m=1,z€Q(),
1= 1
" n12p, p>2)\+1, 1<)\ <2 m=12¢€Q(f),
ne, 2<p<3, 0<Aj<1, m=1,z¢€ Q)

20 1)
p).— n(5+m 1)/\’, p>2, 1<) <2, m>22z¢€Q(),
= 2
ne ™ > 2, 0<A <1, m>2zeQ);
Dn,_g,)iz{nl_%, p>2, 0<)A <2, le,ZEﬁ(é).
V12

n p’Aj71<p<2,0<)\j§2,'yj22<%71>,m:1,z€(2(5);
J
2
n5,1<p<2,0<)\jg2,0<7j<2<%—1>,m:1,z€9(6);
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n<7]+ +m— 1) j,l <p< 2’

M(E) _ m > 2,z € Q);
e . . 1 _ _
N T 0<X<2,0<y< (£ -1)2+p(m
m > 2,z € Qd);
<’YJ+271)/\j 1 ~
M(—E)_ n\ b s 1<p<2, W<)\]§27 le,zEQ((S),
n, 1 -~
ne, 1<p<2, 0<)‘j§ﬁ’ m>1,z € Q(d);
(2.2)
( 2
ne, l<p<?2, 0<)\ <1, —2<’}/j<—2+)%_,
v +2 )
. n( P )AJ, I<p<2, 0<A;<1, —2+%§'Yj§0,
-) . LREA
M,y = n( P )A], I1<p<2, 1<) <2, —2+/\%§'ij0,
2 )
n(p)’\J, I1<p<2, 1<X <2, —2<7j<—2+)\%_,
{ y m =1,z € Q(J),
s
[ (T m=1) X5 P, 1<p<2 1<) <2 —2<7;<0,
U L
n2 - ne , 1<p<2, 0<A<1, =2<v <0,
m > 2,z € Q(J),
2_ .
n(r' 1)%, 1<p§2—/\%, 1<) <2, —2<+;<0,
1
= 1
Még):: ni’, 2—/\—j<p<2, 13/\j§2, —2<’7j§0,
ne, 1<p<?, 0<A <1, —2<v;<0,
m>1,z € Q(J).

3. Main Results

Now, we can state our new results.

3.1. The General Estimate (Recurrence Formula). First, we present a

general estimate for the ém) (2) ’, for which it will be possible to obtain estimates

for the derivative for each order m = 1,2, ...
Theorem 3.1. Let p > 2; G € PDS(1,A1,\2), for some 0 < \; <2, j =

1,2; h(z) be defined by (1.1) for Il =2. Then, for any P, € pp, n € N, v; > =2,
j=1,2 and m=1,2,...,we have:

[ Pl
m n+1 1 k npl m—k
[P ()] < 1 [21(2)] {d(z LAl ZC By i(2) [P0 ()] 1
(3.1)
where ¢1 = ¢1(G,vj, A\j,m,p) > 0 is the constant independent of z and n;
pi) 0 D) m=1, zeQ(@),
Aglem={ D 120 pw b8 nas Leap)
’ Dy’ =2 <7 <0; [

Dﬁfé) m>1, zeQ);

0<X <292 (1) 2+ pm -

1)] )

Dl
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kX ~
}B}L’k(z)‘ < { nl 7 ijz i ggg’ , k=1,m, A\j:=max{l;\;}, j=1,2;
,  ifz .

and D&k = 1,2,3, are defined as in (2.1).

n,k’

Theorem 3.2. Let 1 < p < 2; G € PDS(1, A1, \2), for some 0 < \; <2, j=
1,2; h(z) be defined by (1.1) for 1 = 2. Then, for any P, € pn, n € N,v; > =2,
7=12, and m=1,2,..., we have:

@ <o oo L A o + Skt 0 o,
(3.2)

where ca = c2(G,vj, A\j,m,p) > 0 is the constant independent of z and n;

m=1, ze€ ),

(£)

M

(+) ] n,l

AL (z,m) = Mn_ 75> 0, ME = MPE m>2 e Q(9),
P M7 —2< ;<0 s ~

- M, 3 m=>1, z€Q06);

B if 2 € Q6 ~ .
}B;k(z)‘ j{ nl ’ ijeﬁgég’ , k=1,m, A\j:=max{l;\;}, j=1,2;

and MT(Lik),

3.2. Estimate for |P, (2)|.

k=1,2,3, are defined as in (2.2).

Theorem 3.3. Let p > 2; G € PDS(1,\,\2), for some 0 < \; < 2,5 =

1,2; h(z) be defined by (1.1) for Il = 2. Then, for any P, € pn, n € N, v; > =2,

7=1,2, and z € Qgr, we have:

|<I>n+1(z)|
d(z, L)

where c3 = ¢3(G, 74, A\j,p) > 0 s the constant independent of z and n,

[P (2)] < 3 A3 o | Pl (3.3)

n'"5 (Inn)' v, p=ps, 0<A <2 7j>%j,

Anp = n'", p>p  0<A <2 >
', p>2  0<)<2 0<y <4,

n, p=2 0<A <2 -2<9;<0.

Theorem 3.4. Let 1 < p <2; G € PDS(1,A1,\2), for some 0 < \; <2, j=
1,2; h(z) be defined by (1.1) for Il =2. Then, for any P, € pp, n € N, v; > =2,
j=1,2, and z € Qg, we have:

|(I)n+1(z)|

[P (2)] < C4W

Aéb,p”Pan’ (34)
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where ¢4 = c4(G, 75, Aj,p) > 0 s the constant independent of z and n;

n<vjp+2*>Aj l<p< 7 +2—L.0< N <l,+—1<y <+
) ) 9 pYR ¥l Dy 7 pYR
nr, vj+2—%j§p<2,0</\j<1,%j—1<vj<Aij,
G2
Al = n(P 1)&, 1<p< fyj+2—%j,1gAjg2,o<yj<%j,
1
ne, 1<p<2,1<)<2,0<y <+,
(52 L
n\ p 7, 1<p<2,0</\j§2,fyj27j,

(Wﬁz—l)/\j 1 1
n\ P , I<p< ’Yj+277j’1§)‘j§27,\7j71<7j§07

A nr, fyj+2—Aijgp<2,1gAjg2,Aij—1<fngo,
nvp_ 1
nr, 1<p<2,1<A<2,-2<y <+ -1,
J
1
nr, 1<p<2,0<)<1,-2<7; <0,

We note that Theorems 3.3 and 3.4 for 0 < A\; < 2 was given in [7]. But, here
they are given more clearly.

3.3. Estimate for |P) (2)|.

Theorem 3.5. Let p > 2; G € PDS(1,A1,\2), for some 0 < \; <2, j =
1,2; h(z) be defined by (1.1) for l =2. Then, for any P, € pp, n € N, v; > =2,
j=1,2, and z € Qg, we have:

‘(I)Q(nJrl)(z)‘

i) A [Pally. (3:5)

where ¢5 = ¢5(G, 74, \j,p) > 0 is the constant independent of z and n;
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A (2) =

n?p

0<>\j§2,

n(” 71),\ X
0< <3,

2
D <
np’2_p<p2a{ <'Y]§2(* 1)

N 5 1<y <2,
nl P+>\‘7 (lnn)l P,p:p%{ vi >
g ,\7
- . 0< )\ <4,
n” 7 (Inn)" v, p=ps, T <y <2 )\ifl>
J - J ’
0< A <1,

91
n p,p2<p<3,{ %>)\7

REAEAPY 2)+1 1< <2,
n(ﬂ)12<p< ('YJ;F)JF {02< S/\L

n2;p>mﬂ){O<AW<L

r=nM o< s

N2+ [ 1< A <2,
2 ’{ v; >0,

1<) <2,

0< )\j <1,

1-14
norp=>

1 .
np+/\J72 Spa{

1
n”ﬂ2§p<&{

if z € Q(9) and

if z € Q(5).

24,
n(p )Ja 2gp<p27 0<)\j§27 ’7]>%7
1—1 1—-1
n»(lnn) ", D = po, 0<A; <2, 7j>/\%_,
_1
nl 1;’, p > pa, 0<)\j§2, ’y]'>0,
n'"v, p>2  0<)\<2 -2<9;<0,

J2<
r<r {31

117

Theorem 3.6. Let 1 < p < 2; G € PDS(1, A1, \2), for some 0 < \; <2, j=
1,2; h(z) be defined by (1.1) for 1 =2. Then, for any P, € p,, n € N, v; > =2,
7=1,2, and z € Qgr, we have:

‘@2 n+1) (Z)}

/
[Pu ()] < es 5

np(2) 1Pl

where cg = c6(G, 74, \j,p) > 0 is the constant independent of z and n;
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0< )\j <1,
! o1
rol<y2(E 1),

’Yj+2_ ) l<>\<1
n(P 1>)‘]+1,1<p<2,{2 1

’YJZ)\a

( (2521,
n( P 1>)‘7+1,1<p<’yj—i-2—/\—,

149 1 2<)\ <1,
ety 42— L <p<a,
K A =P {£—1<7J<A,

n<7ﬂ17+2))‘]1<p<2{1<)\ <2,
Anp(2) = itV 1<y 42— 1§p,{ U
nfl»+1,1<p<2,{_
n(%f))‘ﬂl <p<2, { _ 0<2)\j <,1’
+/\12—<p<2{__ i=%

n(;>)\j,1<p§2—)\1,{ P2

if z € Q(0) and

(A= -1)n 91 1 o1
n\ » , 1<p<y;+2 A7_,0<)\J<1,Aj 1<7j<kj,
) :
ne, ’)/j+2—>%jSp<2,0<>\j<1,%j—1<’}/j<%j,
AP
n(P 1>)‘7, 1<p<’yj—|—2—)%j,1§)\j§2,0<7j<)%j,

6 _ 1

An’p(z)— ne, 7j-|—2—/\%_§p<2,1§)\j§2,0<7j<)%j,
2_ .
n(p 1)% l<p<2-—5,1<X;<2,-2<7; <0,

J
1
ne, 2- 3 <p<21<X<2,-2<7;<0,
1
R [ nr, 1<p<2,0<A;<1,-2<;<0,
if z € Q(6).

3.4. Estimate for

P, (2)].

Theorem 3.7. Let p > 2; G € PDS(1,A1,)2), for some 0 < X\; <2, j =
1,2; h(z) be defined by (1.1) for l =2. Then, for any P, € pp, n € N, v; > =2,
j=1,2, and z € Qpr, we have:

‘(I)S(nJrl)(z)}
d(z,L)
where ¢; = ¢7(G, 7, p) > 0 constant independent of n and z;

N i 2 € Q(6)
AT (2):= AL (2,2) + AP e, ze o)
o) = Alyle2) 4 Al R 80
and A}L’p(z, 2) and A?%p(z) is defined as in Theorem 3.1 and Theorem 3.5, respec-
tively.

[Py (2)] < er 1Pall,, A7 5 (2), (3.7)
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Theorem 3.8. Let 1 < p <2; G € PDS(1,A1,\2), for some 0 < \; <2, j=
1,2; h(z) be defined by (1.1) for I = 2. Then, for any P, € p,, n € N, v; > —2,
j=1,2, and z € Qp, we have:

‘(1)3(n+1)(z)}

/!
Pl < e 0T

8
An,p(z) ||Pan; (38)

where cg = cg(G, 74, Aj,p) > 0 constant independent of n and z;

nxﬂ', if z € Q(9),

AB (2) = A} (2,2) + AS g
n,p(z) n,p(z ) mp(z) 1, if z € Q(9),

and A;, (z,2) and AS (2) is defined as in Theorem 3.2 and Theorem 3.6, respec-
tively.

Py™ (2)
estimates for ‘R(lm) (z)‘, m > 1, in the bounded regions G € PDS(1, A1, \2),
0<\ <2 j=1,2

3.5. Estimate ,m > 0, for bounded regions. Now, we can state

Theorem 3.9. [30, Th.1]Let p > 0; G € PDS(1;\1,2), for some 0 < \; <
2; h(z) be defined by (1.1) for 1 =2. Then, for any P, € p,, n € N, v; > =2,
7 =1,2, and every m = 0,1,2, ..., we have:

[P < connliPall, (3.9)

where cg = co(G, 74, Aj, m,p) > 0 is a constant independent of n and z,

(2+71)A
n Wpl t+2m 0< <2 ’)’12%(2“"}’2)_27 72 2 0,
2+72
L = nQ(erm) 0< A\ <2, 0<’Yl<)%(2+72)_2a Y2 20,
2
n2<p+m>7 0< A\ <2, —2 <y <0, —2 <y <0.
(3.10)

Corollary 3.1. [30, Th.1]Let p > 0; G € PDS(1; A1, A2), for some 0 < \; <
2, 5 =1,2; h(z) be defined by (1.4) for 1 =2. Then, for any P, € pn, n € N,
and every m = 0,1,2, ..., we have:

where cg = cg(G,v1,7v2, A1, A2, ) > 0 is the constant, independent of z and n, and

P < cotna 1Pl (3.11)
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- A
n(QT)M*W, D<A\ <20<h<2d N2 n2tm) -2
’72>0
@)y |5 0 2 —2,
noor A0 <20 < Mg <2, <N <3 (24 0)
’72>*—2
o 1imX 1 0< <——2
Hn,1 = np+m)\ (Inn)r, 0< X < O < Ag < 2,{ ~ n= )‘1 —9
2 = Yy 3
1y —2< <+ -2
np+m)‘, 0< A < 0 < A9 < 2,{ n >‘11
( ) —2<72<r2—2,
24m)X -2 <y <0,
n\» , T<n<2,3 <>\2<2{_2<72<07

X = Imax {Xl;}:Q} .
Not that, the (3.9) is sharp [30, Th.1].

3.6. Estimate for |P) (z)| and |P} (z)| in whole plane. According to (1.5)
(applied to the polinom Q,_i(z) := P,’L( )), the estimation (3.9) is true also
for the points 2 € Gp , R = 1 + gon~ !, with a different constant. Therefore,
combining estimation (3.9) (for the z € Gr) with Theorems 3.5-3.8, we get the
growth of | P/ (2)| and |P)/ (z)| in the whole complex plane, respectively:

Theorem 3.10. Let p > 2; G € PDS(1, A1, \2), for some 0 < X\j <2, j =
1,2; h(z) be defined by (1.1) for Il =2. Then, for any P, € pp, n € N, v; > =2,
j=1,2, and z € C, we have:

By, (2)] < cro | Pall,, \¢2<n+1>(z)\ 5 Fe o
WA ( ), S QR,

where c1g = c10(G, 7, Aj,p) > 0 constant independent of n and z; ju, is defined

as irSL) Theorem 3.9, for m =1 and A%p(z) is defined as in Theorem 3.5, for all
z € Vlp.

Theorem 3.11. Let 1 <p < 2; G € PDS(1, A1, \2), for some 0 < \; <2, j=
1,2; h(z) be defined by (1.1) for 1 =2. Then, for any P, € pn, n € N, v; > =2,
j=1,2,and z € C, we have:

By (2)] < e [|1Pall,, \¢2<"+1>(z)\ 6 Feon
WA ( ), z € QR,

where c11 = c11(G, v, Aj,p) > 0 constant independent of n and z; ju, is defined

as zg Theorem 8.9, for m = 1 and Ag,p(z) is defined as in Theorem 3.6 for all
z € Vlp.

Theorem 3.12. Let p > 2; G € PDS(1,\1,\2), for some 0 < \; <2, j =
1,2; h(z) be defined by (1.1) for 1 =2. Then, for any P, € p,, n € N, v; > =2,
j=1,2, and z € C, we have:

By (2)] < ez ||, \<1>3<"“>(z)\ 7 Fean
oo Anp(2), 2 €Qg,
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where c12 = c12(G, v, Aj,p) > 0 constant independent of n and z; ju, is defined

as in Theorem 3.9, for m = 2 and Agp(z) is defined as in Theorem 3.7 for all
Q ).

z € lp.

Theorem 3.13. Let 1 <p < 2; G € PDS(1,A1,\2), for some 0<\; <2, j=
1,2; h(z) be defined by (1.1) for Il =2. Then, for any P, € pp, n € N, v; > =2,
j=1,2, and z € C, we have:

P ()] < eis |Ball, 4 fostornie)] #€Cn
z)| < ciz || ba P31 (2)
" p| [P D ’A%p(z), z € Qg,

where c13 = c13(G,7;, A\j,p) > 0 constant independent of n and z; p, is defined
as i Theorem 8.9, for m = 2 and A,Z,p(z) 1s defined as in Theorem 3.8 for all
z € QR.

Replacing fi, by pin,1 from Corollary 3.1, we can write analogs of Theorems
3.10-3.13 for the G € PDS(1; A1, A2), when 0 < \; <2, j=1,2.

pim™ (z)‘ sequentially for

Thus, using Theorems 3.1, 3.2 and estimating the
each m > 3, and combining the obtained estimates with Theorem 3.9, we obtain

estimates for the

Pém) (z)‘ for each m > 3 in whole complex plane.

4. Some auxiliary results

For the nonnegative functions a > 0 and b > 0, we shall use the notations
“a =2 b” (order inequality), if a < ¢b and “a < b” are equivalent to cia < b < coa
for some constants ¢, ¢, co (independent of a and b) respectively.

We can find a well known definition of a K-quasiconformal curve in [13], [25,
p.97], [32, p.286] and [33] as follows:

Definition 4.1. The Jordan curve (or arc) L is called K —quasiconformal (K >
1), if there is a K —quasiconformal mapping f of the region D D L such that
f(L) is a circle (or line segment).

Let F(L) denote the set of all sense preserving plane homeomorphisms f of
the region D D L such that f(L) is a line segment (or circle) and let

K :=inf{K(f): fe F(L)},

where K(f) is the maximal dilatation of a such mapping f. Then L is a quasi-
conformal curve, if Kj < 0o, and L is a K —quasiconformal curve, if K; < K.

Well know that there exist quasiconformal curves which are not rectifiable [20].
According to the ”three-point” criterion [13, p.100], every piecewise Dini-
smooth curve (without any cusps) is quasiconformal.

Lemma 4.1. [1] Let L be a K—quasiconformal curve,, z1 € L, z9,23 € QN {z:
|z — 21| 2d(z1,Lry)}; wj = P(25), (22,23 € GN{z: |z — 21| 2 d(z1,LR,)}; wj =
©(25)), 7 =1,2,3. Then,
a) The statements |z1 — za| = |21 — 23| and |w1 — wa| < w1 — ws| are equiv-
alent.
So, statements are |z1 — za| < |21 — 23| and |w; — wa| < |w1 — ws| also
are equivalent,
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b) If |z1 — 22| < |21 — 23], then

K2 K?
= Z1 — Z3 ~ ‘wl—wg

’wl_wi%
)

w1 — W2 Tz — 2 w1 — w2

where 0 < rg <1, Ry := ral are constants, depending on G.

Recall that for 0 < §; < g := imin{|zi —zjl 14,7 =1,2,..,1, i # j}, we

l

put Q(zj, §;) = QN{z:]z—2| <0;}; 6 == mind;, Q) := | Qz;, 9),
1<j<l j=1

—~ l
Q= Q\ Q). Additionally, let A; := ®(Q(z;, 0)), A(0) = ALleﬁ[)(Q(zj, ),
A(5) = A\A(9). Let w; = ®(z;) and for ¢; = argw;, j = 1,2,..., [, we
put A; = {t:Rew:R> 1, %%W <0< %}, where ©g = ¢y, ©1 =

) _ l .
Ore1; Q= \I’(A;-), L) :=LNQ;, i=1,2,.., . Clearly, Q= | Q;.L} :== LrN
j=1
A F =) =An{r:|r|=1},Fh=0(Ly) =N, n{r:|r| =R}, i=1,1
The following lemma is a consequence of the results given in [32, pp.41-58],
[15, pp.32-36], and estimation for the ‘\I//’ (see, for example, [14, Th.2.8]):

A (7). 1)

‘\I' (T)| = -1

Lemma 4.2. Let a Jordan region G € PDS(1;1;,0), 0 < X\; < 2, j
1,1;. Then,
i) for any w € Aj, [U(w) — ¥(w;)| =< [w— wj|’\j ;| (w)] < Jw — wj\)‘j_l;
it) for any w € A\A;, |¥(w) — W(w;)| < |w —wj|, [¥(w)]=1.

Lemma 4.3. [3] Let L be a quasiconformal curve; h(z) is defined in (1.4). Then,
for arbitrary P,(z) € ppn, any R >1 and n=1,2,..., we have:

(4.1)

~n l
1Pallayncmy = B"T7 I1Pall ayncy » P> 0, (4.2)
where R =1+ ¢(R — 1) and ¢ is independent of n and R.

Lemma 4.4. [17, Lemma 2.4]Let G € PDS(1;A1,...,\), 0 < \; < 2,5 =1,1;
h(z) is defined in (1.4). Then, for arbitrary P,(z) € g, andn = 1,2, ..., we have:

1P0ll 4, (1,64 o) = 1Pl 1y 2> 0- (4.3)

This fact follows from [17, Lemma 2.4], since PDS(1; A1, ..., A7) C Cg(A1, ..., Ap),
0<) <2, j=1,L

Lemma 4.5. [7, Lemma 2.4|Let L is a K—quasiconformal curve; R =1+ =.
Then, for any fized ¢ € (0,1) there exist a level curve Ly (p—1) such that the
following holds for any polynomial P, (z) € o, , n € N:

1
”Pnuﬁp(hv L1+E(R—1)) e HPnHAP(h: G)’ p > 0 <44)

|27
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5. Proofs

Proof of Theorems 3.1 and 3.2. Suppose that G € PDS(1, A1, A2), for some 0 <
Aj <2, j=1,2; h(z) be defined in (1.1) and let R =1+ %, Ry :=1+ &1 For

z€Q,let us H, (2) := @5*;7(1()) The m—th derivative of H,, (z) gives:

m 1 (k) 3
=30k (gangg) A

P( ) ) O
(I)n-i-lz +ZC (q)n-i-l )) Py (2),

where CF = m(m_l)"].'!(m_k+1). In this we get:

m 1 (k)
P (2) = o™ () [H;lm) () — ZC,’; (cpn — (Z)> plm=) (z)]
k=1

(i) | 2| (w)
(5.1)

Therefore, to estimate ‘Bgm) (z)‘ for z € €, it suffices to estimate the statements:

()™

A) Since the function H,, (z) is analytic in 2, continuous on Q and H,, (c0) = 0,
then Cauchy integral representation for the m — th derivatives gives:

and

) ()] < \@”“(z)\{

+ ch

A) ,k=1m.

,m=1,2,..;B) ’(@’"’1(,2))(

1 d¢
(m) () — = %
Hnm (Z) = o H, (C) (C _ z)m—H’ z€Qgr, m2>1.
Lp,
Then,
Pulz) \™| _ 1 / d¢| / B |d<|
(I)nJrl(Z) — 97 q)n+1 ’C m+1 — Z LR1 ’m
Lg, Lp,
(5.2)
Denote by
d
/ Py (¢)] — C‘| (5.3)
Lp,
and estimate this integral. Let us give some notations.
Let w; := ®(z;) = €%, j = 1,2, and, without loss of generality, we will
assume that 0 < ¢1 < @2 < 2m. For n := min{n;,j = 1,2}, where n; =

min |t —w;| > 0, and for any fixed p > 1,we introduce:
t€02(Q(z;, 65))
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Aj(ng) =t |t —w;| <m;} C (25, 55)),

l
= A0, &j = A\A@); Al) = A\AMm); A= Ay(1),

Ay(p) = {tZRew:R>,0>1, w <9<@1;‘@2}’ and for j = 20,

! ! ! i Pj-1 1 ¢; i+ %o
Aj::Aj(l),Aj(p)::{t:ReQ:R2p>1,]2]§9< J }

where g = 21 — @5 Q; = \I/(A;»),Lg%l :=Lgr, NQy; Q= U Q.
j=1

For simplicity of calculations, we can limit ourselves to only one point on
the boundary, which the weight function has singularities, i.e., let h(z) be de-
ﬁned as in (1.1) for I = 2. To estimate A,(z), first of all replacing the variable

= U(w) and multiplying the numerator and denominator of the integrant by

2
H w])]* |0’ (1 )]5 and applying the Holder inequality, we obtain:

/u) A

3 ]
) Z / ) - |d7|
z=1F1i21 H |\II(7') - \I/( )| p ‘\I/( ) \I/(w)|m
i=1
3 2 1
<3| [ I - v @y ol o
i= F}él j=

G (1=5)s 5.
« / 77l dr] | =30 4i(2)
i=1

vy

2
Fo 1) = ww)| 7 [0 (r) — B (w)|™

<.
I
—
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Wh((iere Fj, =®(Ly ) =N n{r:|r| =Ri},j=1,2 Fj = &L} )\(Fh UFE)
an

S

AT (2 / Fup()P dr]

Qe

v(7))* 1
[¥'(7)] dr]

2
Fry [T 19() = W)V [ (r) = W (w)| ™
j=1

= 1 T

n,l

where f,.,(r) := hr (U(r)) P, (¥(r)) (¥'(7))7 , |7| = Ry.. Applying to Lemma
4.5, we get:
1 .
w1 S nr [P, i=1,2,3.

For the estimation of the integral Jfl’jg(z),for 1=1,2,3,and j = 1,2, we set:
ERl(w]) {T TE FR1 T —wj| < ¢j(R1 — 1)} ,
E}%(w]) = {T T E Fle, ci(Ri—1) <|t—wj| < 7]} ,
E}{?;(wj) = {T T E (I)<L§%1)’ |7 —wj| > 17} ,

where 0 < ¢; < 17 is chosen so that {7 : |7 —w;| <c¢j(R1 —1)} N A # & and

Fél = <I>(L{Lz ) = U EF 7, (w;). Taking into consideration these notations, we get:

3 2 3 2
Z 2) = oz ZZ Ei (wy),2) =) D () (54)
i=1 j=1 i=1 j=1

and, consequently,

2 3 2 3
1 i ,
An(2) 2ne [Pall, - DD " (2) = DS AL (=), (5.5)
Jj=li=1 j=1li=1
where ' . N
Al (2) = v || P, - Jo7(2), i =1,2,3; j =1,2. (5.6)
i q \I// T 2—q dr
(57)" = / W' (7)[** |dr]
E“ (wy) H|\I/ )|'YJ(‘1 1) \\I/( ) \Il(w)|qm
W' (7)]* 7 |dr|

~

= ,1=1,2,3; 7=1,2,
/ (W(r) — W (w;) 7D W (1) — B (w)|™

B, (w;)
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since the points w; and ws are isolated.
For any k,j = 1,2, denote by

B j(wy) = {r € Bl (w) 1 10(r) = W(wy)| = [¥(r) — w(w)]},
ERl,( ) ERl(wj)\ERl,l(wj)a

|‘I’/(T)\27q\d7'| . '
1k f |\I/(T)—\Ij(w)|"/j(q—1)+q'm7 Zf Y5 >0,
[I(E}zk1(wj))]q .= By 2 (w5) o 2
"’ ' U (7) =W (w))| TPV () Py
Bk f( ) wIJ\P(ﬂfm(w)wm , if v < 0,
1\Wj
(5.7)
2—q
1k ) q . ’\I//(T)’ |d7“ -
[I(ER1,2(WJ))] = / W(7) — \I’(w]’)wj(qil)Jrqm , k=1,2,

Ellakl,z(wj)

and estimate the last integrals.

Given the possible values ¢ (¢ > 2 and ¢ < 2) and 7; (=2 < ; < 0 and 7; > 0),
we will consider the cases separately.

Case 1. Let 1 < ¢ <2 (p>2).

1.1. Let v; > 0. If z € Q(6), applying Lemma 4.2, we get:

1)
q |7 = w| |dr|
1R ) < ]W v, (5.8)

|7 —

< nlvi (q_1)+qm]>‘j_(Z_q)()‘j_l)mesE}%ll L(w;)

< plrile=D+amA;—(2-¢)(A;—1)-1.

)

LB (g < 520

(2—q)(A\;—1)
11 )14 |7 — wj| ’d7'|
[ (B p(wi)] = / = w]]hf (g—1)+qm]X, (59)
Ell%ll,l(wa)
< nlvi (q71)+qm]/\j*(2*q)(/\rl)mesE}1%1172(wj)
< phila=D+amA—2-9 (A -1)-1,
v5+2 1
1R o)) <5 5,
Then, from (5.8) and (5.9), we have:
vj+2 1 )\
T3, ) + 1R, o)) < (77 7M75, (5.10)
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Further, analogously, applying (4.1) and Lemmas 4.2, 4.1, for m > 1, we get:

R 2 [l

w|% g—1)+gm—(2—q)]);

12
Egia (w;)

pls @ Dten=C=alN+1=a " [y (g — 1) + gm — (2 — ¢)] \j > 1,

<Ny = n*"9lnn, [vilg—=1) +gm—(2—q)] )\ =1,
n*-1 vilg=1)+qgm—(2—q)] N < 1;
I(ER 1 (wy))
( (7j+2+ 1)Av,1 0< A< 1
P J p’ 92 < < om?
n sp<pm)q > 13 om,
ut2 ., 1
n<P+m 1>/\J P, 2<p<pi(m )72m<>\y—m 7,7 >0,
yt2 ., 1
n(p-i-m 1>/\g v, p2270<)“<%’0<73'§f_2m’
vi+2 1
77,(]1’ +m71>/\J P p>2 1<)\ <2,v >0,
jNQ = 1—2 1—1
n P(lnn) P, p:pl( )7,y+2m<)\ Sm 1,7]>0
2
n'r, p>pi(m),0 < ) <%v%’>r—2m»
_2
nl :a p>P1( )’2m<)\< 1v/y]>0
n'"r, p>20<x<2—0<wj§i.—2m,
2
\ nl_E, p=>2, 1<)\ <2,7; > 0.
(5.11)
(B2 N9 < 2 |d7]| <N
[1(BR, 2(w)]" < n |7 — w; |Pola-DFam=C-aly — !
ER 5(w;) ’
I(ER. 5(wj)) = Ny (5.12)

Then, from (5.11) and (5.12), we obtain:
I(ER, 1 (w))) + I(ER; o(w;)) < No

Fort € E]l%?; (w;) we see that n < |7 — w;| < 2w R;. Therefore, |V (1) — ¥(w;)| = 1,
from Lemma 4.1 and for |7 —wj| > n, [¥(7) — ¥ (w)| < |7 — w]|, from Lemma
4.2. Then, for w € A(wj,n), applying (4.1), we get:

(59)" < / wuﬂdg(w)\qm* / \T‘—dzjw’ﬁ”qm_l; o1

Jg’j(z) = nm s , 2 € Q(0); JS’j(z) <1, z € Q6).
Combining (5.8-5.13), for p > 2,7; >0, j = 1,2, m > 1 and z € Q(J), we get:

3

> Ty7() =

k=1

- )AF% + Ny + nm_H%.
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After simple calculations, for m = 1, we have:

( (’Yj+2)>\j_l 0< )\] S 27
P P <
n ’ 2= p<pl), 7j>max{0;2</\ij—1>},
; 1_2 ( ) 0<)\] §27
} n_», p > pi(l), ‘ oL
S B =] v > max {052 (3 1)},
k=1 ne, 2§p<3,0<)\j<1,0<’}/j§2<>\%_1>7
2
n'r, p23,0</\j<1,0<’)/j§2<)\%—1>7
2 1
n'"r (lnn)l_5 , p=p1(1),0 <X <2,9; >0,
(5.14)
and, for m > 2,
v+ 1
W5 N a1y <20 >0,
1
(Wj+2+m_1)x—l w1 <A <1
P Tr 2<p<
; n ) _p_p()(m), 7]>2m(%_1)’
k.j _2
ZJQJ(Z)i n'"w, p>p1(m),0 < A; < 1,7 >0,
— 1
k=1 nptml po(m) <p <pi(m),0 <A; <1,7; >0,
1—2 1—1 0<)\] < m117
n »(Inn) », p = p1(m), 0<~; < 2m (L _1)
i= X
(5.15)

If z € Q(6), then for any m > 1, we have:

) (A —1)(2—q)
q T —w dr

. T — wj,“/j(q—l)kj
ERl (w;)

. ir

- 1T — wjpj(q*l)/\r()\rl)(%@
B, (wy)

< n“/j(q—1)>\j—(Aj—l)(2—q)meSE11%11 (w;) = Y@= = =1 (2-g)-1.

I

. Di+2 1
J;uz)jn( RN (5.16)

i (2—9)
250\ 2— |7 —w; | |dr|
<J2 (Z)> = / — DA

|7
ER: (w;)
2—q |dT|
= / T — wj’[vj(q—l)—@—q)])\j
B, (w;)
n[“fj(qfl);(%q)]/\ﬁlfq’ [vig—1) = (2= A\ > 1,
= n*"9lnn, vilg—1)—2—q)]N =1,

n?74, [vilg—=1) = (2=l N <1
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Ti+2 1
n( ]p 1)>\j P, 2§p<p27 $<)\j§2)
J
‘ =3 (nn)' > = Loy <2
e
n o r, p > p2, %<)\j§27
1-2 o1
{ n v, p>2, 0<)\]§W'
; q |dT|
J3d ) < =<1
( 27(2)) = I — w0 T
BE (w;)
J3l(z) =1 (5.18)

Therefore, from (5.16)-(5.18), we obtain:

Ytz 1)y, _1
n<P )JP, 2§p<p2,%<)\j§2,
J

Ny (522 )a-1 ) nT D )T, p=pd <y <2,
D Iy (z) a7 T Vla =
k=1 nor, p>p2a%<)\]§27

_2
n' ", P=2,0< )< 5,

Ti+2 1
n(P 1)>\J P, 2<p<p2, 0<A; <2

2 1
< ¢ p73) (1nn)175 ., p=Dp2, % <A <2,
2
nk?, D > pa, 0<)\j <2

Combining (5.5), (5.6), (5.16)-(5.18), in case v; > 0, we obtain:

An(2) X DI Pall, (5.19)
where
DE;LI), m=1, zeQ),
D,(;r) = Dﬁ:rz), m>2, zeQ),
DY), m>1, »eq),

and D) = 1,2,3, are defined as in (2.1).

n,
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1.2. If v <0, for w € A(wi,n) N QR(0) : V(1) — ¥(wr)| 2 [¥(7) — ¥(w)],
according to Lemma 4.1, analogously we have:

(I(BY 1 (w)))" < /

Ezlall,1(wj)

. 1 (2=@)(Aj—1)—v;(g—1)A; / |d|
T A\n |7 — w|?mN

E11%11,1(wj)

< 1 > (2= (A —1)—7; (g—1)A;—qmA;

Ir — wj‘(Q_Q)(Aj_l)_'Yj(q_l)Aj |dr|

(5.20)

| — w|9N

A

11
- mesERhl(wj)

I

< 1 > (2=q)(Nj=1) =7 (g=1)Aj—gmA;+1

wj’(Q—q)(/\j—l)—w(q—l)/\j |dr|

(B awp) < [ I

Ellzll,z(wj)

. (1)(2(1)0‘]‘1)%((11))% / |dr|
o\ | — ™

Ell%ll,z(wj)

( 1 > 2=g)(Nj—1)=vi(g=1)Aj—gmA;+1
N

|7 — [

— )

n
2 _ 1
I(ER () < nlFH7 )55,

For 7 € E}f we see that |7 —wi| < 7 and from Lemma 4.1, [¥(7) — ¥ (w;)| < 1.
Then, for w € A(wi,n) N QR() : |¥(r) — U(w1)| = |¥(7) — ¥(w)| and m > 1,
applying Lemma 4.2, we get:

(LB 1 (w;)))* < n21 /’ ;
E}%Ql,l(wj)

n[qu(%q)])\ﬁl*q, l[qm — (2 = q)] \; > 1,
X N3:=1 n*nn, [gm—(2-q)]\ =1,
n2fq’ [qm — (2 — q) A< 1

|d7]
— qllam= =l

( 2 1
24m—1) ;—=
n(p )] p) 2§p<p47 ﬁ<A]§ml_17
1-2 -3 1 1
9 n Z(lnn) p? p:p47 %<)\]<m
1-2
I(ER, 1(w;)) 2 Nei=4¢ n 1;, P > py. ﬁ</\j§ﬁ7
n'"7, p>2, 0< A <sb,
2 _ 1
G N Locy<2,
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_ |dT|
(1B o)) <m0 o <
b |7 — wj]
ER17 (wj)
I(BE, 5(wj)) = Ny (5.22)

For 7 € E}%“l and each w € A(wi,n) N Qgr(0) we have n < |7 —wy| < 2wRy.
Therefore, from Lemma 4.1 and applying (4.4), we get:

W(r) — ()| WD @ (r) 2 a7
I(ES (w:)? = / |
(1B (eg) ()~ )™
ER (w;)
dr] / dr] "
< < L < pam
= / () — ¥ (w)| ™ o™ =
E (w;) B (wy)
I(ES (w)) < np ™1, 5.23
Ry J

Therefore, combining (5.20)-(5.23) in case of v; < 0 for z € £(§), we have:

3
; 24m—1)),—1 Lyim—
ZJf’](z)jn<P+m ) P pp (5.24)
k=1
2 im—1)x,—1
n<P i >] r 2<p<pyg, ﬁ<)\j§ﬁ, m>1,
1—2 1—1
n r(lnn) P,  p=py, ﬁ<>‘j<m£1 m>1,
1-2 1 1
+ n :, D > py. 5 <A < g, m2>1,
n'", p>2, 0<A <oy m>1,
2 1)1
n<p+m )J P p>2, ﬁ<)‘j§2’ m>1,

(2>)\.,1
n\p)¥7e 2 p<2N+1, 1<) <2, m=1,
2 1
n'Tr(Inn)' T, p=2X41, 1<) <2 m=1,
2
n'Tw, p>2\+1. 1<) <2 m=1,
1
= nr, 2<p<3, 0< <1, m=1,
2
nl_E, p > 3, 0<A <1, m2>2,
2 1
(em=1)2=5, p>2, 1<A <2, m>2
1im—1
ne , p > 2, 0<A <1, m=>2.
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If z € Q(6), then [w — wi| > 7, from Lemma 4.2 and from (4.4), we get:

( JQM(Z))‘I < -0 / W (r) — W(awy)| D@D |gr

Bt (w))

EY (wy)

< p(2=9) / | (7) — q,(wj)’(—w)(q—l)ﬁ—q \dr| =< 1;

(e)'= | <d(\rli\(7_)iL)>2_qr\D<f>—w<wj>|<—”j><q‘”|dflfn@‘q);

. ()24
()= |/ W('“’(”' A A P

) = (a7

B (w;) ER, (wj)

Jg’j(z) < n(l_%>.

Combining the last tree estimates, in case of v; < 0 for z € ﬁ(d), we have:

S b9 <nl2).
k=1

Then, for the v; <0, from (5.24-5.25), for any m > 1, we obtain:

1—2

n r, p>2)\ +1, 1<
3 1

Zjéfd(z)j ’I?,_Pé 2<p<3, O<Aj
k=1 nor, p >3, 0< A

2 1
nGrm1)h=5, p>2, 1<)

1
n5+m_1’ p>2, 0< Aj
L for z € (0);

3 . 2 ~
Z I (2) = n<1_5), for z € Q(9).
k=1

Therefore, for the v; < 0, from (5.24), we have:
An(2) 2 ||Pall,, - DY,

where
D), m=1, 2€Q(),
D=4 DY) m>2, 2eq),
Dy, m>1, 2eq),

( (2))\._1
n\r/"7 . 2§p<2)\j+1, 1§/\j

2 1
n'Th(Inn)' T, p=2)\41, 1<)

<2,
<2
<2
<1,
< 1,
<2,
<1,

(5.25)

(5.26)
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and D), i = 1,2,3, are defined as in (2.1).

n, ?

Therefore, combining (5.2), (5.3), (5.26), for any p > 2, v; > —2, we obtain:

<¢>€i§2>)(m) <

d(z, LR1)

Dy [[Pall, (5.27)

where
(£)
D m=1, ze Q)
DV ' oy ’ ’
D, = { %> 0, D) .= Df;é) m>2, ze0),

D) —2<4;<0; v
W= Dflé) m>1, ze ),

and Dq(j[k), k =1,2,3, defines as in (2.1).
Case 2. Let ¢ > 2 (1 < p < 2). Then, 2 — ¢ < 0, and so
jdr| 5
E1{ R TR A
q Ry,1
[I(Ell%]i,l)(wj)] = ' f [0 (r)— W (w;)| 7D |dr | <0 (5.28)
oo V@O S
Ry,1
a |dT|
IElk W = / y k:1’27
1B ) ) W) () = W) oD
H 2
<J§,j(2)>q — / |dr|
: -2 i(g—1 m "
(1) |72 [ () = ()74 W (7) = W(w)|?

Bl
2.1. If v; > 0 and z € Q(6), applying Lemma’s 4.1 and 4.2 to (5.28), we obtain:

11 q |d|
[I(ER171)(wj):| = / |7__w|(Q—Q)()\j—l)"rhj(q_l)‘i‘qmp‘j

11
Ry,1

< (@2 Dtbsa-Dkamdi e s pll |

< pla=2 =D+l (a—1)+amlA; 1.

vjt+2
I(BR. 1)(w)) = L Am=) A1
R )] |d7|
[I(ER1,2)(WJ)] = / |7-—wj|(q—2)(xj_1)+h]_(q_1)+qm]/\j

ER) 2
= n(q—2)()\j—1)+[—yj(q—1)+qm})\jmesE}l%l )
! 1,
< pla=2D =D+l (a-1D+em]; -1,

V12

1(ER ) (w;) < n{

Then, for m > 1, we have:

+m—1)xj—%'

v +2

(B (7)) + IR 5(w;) < nl5
[H(ER 1) (wy)]"

1
m-L)y—} (5.29)
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< [ (G dr|
- d(¥ (), L) 7 — w|Pi@=DFaml;

Rq,1
nbs(a= ke ta=2D5 410 (g — 1) + gm +q — 2] A5 > 1,
XN :={ n*lnn, Milg—1) +qm+q—21\ =1,
n?74, [vilg—1)+gm+q—2]); < 1;
[ (a2 1 0< )<
+m—1)X; 5m
n< ) r,1<p<pi(m ){0<%<A Tom,
1-2 -1 0< X < g

W' ) = (), { 0523 T

1-2 0<)\< )
n p,pl(m)<p<2,{ 0<%<A 2m2m’

2
n' 1<p<2%<)\ <2,79; >0,
<'Y]+2+m 1))\
n

]P1<p<22>/\> 17’yj>0
(5.30)

12 14 |d|
) <E12/ T ) — Gy

I(Eg; 1 (w5)) = No (5:31)
From (5.30) and (5.31), we have:
I(Eg, 1(w;)) + I(E, 5(w;)) = Ne
For 7 € E} we see that < |7 —w;| < 2rR;. Therefore, from Lemma 4.1,

we have |U(7) — V(wq)| = 1. For |7 —w;| >, [¥(r)— ¥ (w)| < |7 —w|, from
Lemma 4.2. Then, applying Lemma 4.2 and (4.1), we get:

; |d7'\ m—1+1
J3(z) / 0 Ol <n r, 2z € Q0); (5.32)
Eld

JPi(z) =1, z € Q(6).
From (5.29)- (5.32), for v; > 0, m > 1 and z € Q(¢), we obtain:

3
: _1 14l
ZJ§’J(Z) =n AR +n™ T+ N

k=1

Therefore, for 1 <p < 2,v; > 0,0 < A; <2,m >1 and z € Q(J), we have:

3 Rk —Q—ml)\-—l

S8 (2) < a5, VJZ(A%_O[QW(?”_D]’
2 — 141

= P o<y < (£ -1) R+ pm - 1)

(5.33)
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If z e Q(), then |w—wi| > 7, |7 —w| > 2, from (4.1) and Lemma 4.2, for
m > 1, we have:

1,5 q |dr|
(7)) = / 7~y o DD, (5:34)

< n”(q_l)’\j+(q_2)()‘j_1)mesE}%1l (wj) < n1i @ DA +@=2 (-1 -1,
2
iE: —1)&-—%‘

i) < nl%

25, q |dT|
o= T () () .

ER (w;
At jdr|
=\ (q—1)+q—2]X;
n |7._wj|[vg(q )+a—2]A;
B (w;)
b= DFa=2 =0 [y (g — 1) g = 2] > 1,
=4 7’7 nn, Mila—1) +q—2]7 =1,
n*~4, [vilg =1) +q—2] 3 < L;
vtz Ny 1
n(Jp 1))‘J P 1< p<pa, O<Aj<%7
_2 _1
2 n'"v (Inn)' ", p=po, O</\j<%_,
Jy(z) 2 _2 h
nr, p > pa, 0</\j<7,

42
<£_1)A7-_l
n p - p

l<p<2, L<) <2

)

Y |dT| j
EE (w;) EE (w;)

Therefore, from (5.34)- (5.36), for 1 < p < 2, 9; > 0,0 < A\j; < 2,m > 1 and
z € Q(d), we obtain:

( %2\ 1
n<f’ >'7 P 1< p<po, 0<)\j<$j,
3 vi+2 1-2 1—2 — . 1
, it2 a1 nr(lnn) ?, p=po 0< A<=
S ) <l ’ ’ i
k=1 nor, D > p2. 0<>\j<7j,

22 )1
()5 l<p<2 L<i<2

i

Sy (513 l<p<2, <X <2 7,>0

PO ER S 7 P=2 s =Ai=S =0 (5.37)
1 1, 1<p<?2, O<)\j§ﬁ,

From (5.29-5.32) and (5.5), for 75 > 0,1 <p < 2,0 < A\j <2,m > 1, we have:

An(2) 2 M || Poll,, (5.38)
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ijl), m=1, ze ),
M =0 M), m>2, ze ),
M), m>1, ze ),
vF2
TN s (L 1) 4 plm - 1)),
m—1+2 /
n P

g 0<’7j§<%ﬂ_—1)[2+p(m—1)];

"/j+2_
P

n(

>\.
)J, 1<p<2, ﬁ<)\j§2,

1
ne, 1<p<?2 O<)\j§ﬁ.

2.2. Let v; < 0. For z € () and m > 1, according to Lemma 4.1, we have:

1R, 4()))? < n@ 20 Doy [ g (5.30)
E11?/11,1(wj)
j n(q_z)()‘j_l)+7j(q_l))‘j—"_qm)‘jmesE}%ll 1<w])
< pa=2D A= D45 (a=1)Aj+gmA; —1.
742
I(ER, 1 (wj)) = n(JTJFm_l)’\j_%.
) L L O A I X )
Ejlzll,z(wj)
j n(q—Q)()\j—l)—i-'y]-(q—l))\j+qm)\j—1;
V42
HER H(uy) = a5 5
1B ) (wy)] <20 lar| . (5.41)
| 7= g [ — ™
o
plamH =220 [gm 4 (g — 2)) A5 > 1,
= n*~Inn, lgm + (¢ =2))]\j =1, =: Nz
n?4, [qm+ (g—2) N < 1;
200 1)1
n(5+m 1>)‘J oo l<p<ps, 0<A; < ﬁ,
2 1
n'"r (Inn)"r, p=p, 0< A < o
2
I(E]l%zlJ(wj)) = nl_zj 2>p>py. 0<)\j < ﬁ, =: Ng.
2
n'p, l<p<2, <N <2,
2,0 1)1
(B+m-1) 1<p<2, <)<ty
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_ |dT|
(I(Ell%%a(wj)))q <nt / | — w\[Qm—(Q—q)]/\j = N7 (542)

E}fl 2(w5)

I(E}%ng(wj)) = Ns.

3 q |dT‘ ’dT‘ nqm—l_
(J5(2))" = / \W(T)—\p(w)quj / 7’7_1”’%5 . (5.43)

13 13 .
ER1 (w)) Ep (wj)

J3(z) =< np L

Then, from (5.39)-(5.43), for 7; < 0 and z € (), we get:

3
. 1 1 7
Zjéw(z)* 1) bppetml
k=1
2 —1)x =1
n(P+ 1>JP, 1<p<p4,0<>\j§2i,
2 1
n'" E(Inn)k?, D = P4, 0<)\-§i
_2
+<{ nt P, 2>p>p4,0<)\ §2m,
2
n'r, l<p<2 1<)\ <2
(2—%-1%—1))\'—l 1
n\p e 1<p<2, <)\J_m.

Combining the three inequalities and after a simple calculation, for 1 < p < 2,
v; <0, m>1and z € Q(J), we have:

1
(v, 0<A <1, —2<y<-2+%, m=1,
vj+2 1
n(l’>)\] P O<)\j<1, _2+%§7j§07 m =1,
3 (Wj+2)>‘j_l 1
; <N <2 241l << —
PO EOEE SN LsA<2, —2hy sy <0, m=1,
k=1 'n,(;))\jig’ 1§)\j§2, —2<’7j<—2+%, m =1,
J
R/ A S
n(p+m OEY Po1< N <2, —2<9; <0, m> 2,
1
[ 0<X <1, —2<7,; <0, m > 2.
For the z € Q(#), analogously we obtain:
=i (g=1)A;
; 7wy 56 far|
(B 1 (wy)]" = D (5.44)
|7 — wy [T

Ell 1(w])
j n(q 2)()‘]'_1)"1‘7]'(q_l))‘jjmesE]l%ll,l(’wj)

< pla=2 =D+ (a—1)A; -1,

vi+2 1
H(EY (wy)) < a5 N5,
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(5.45)
(I(ER1,2(“’J))) =< ’ / Ir — wj‘(qu)(Arl)
E}1211’2(wj)
j n(q_2)()‘]'_1)+’7j(q_l)A]'mesE}lzllg(wj)
< =D)AL,
7 +2
H(ER o) < n5 75,
U(r) — U(w)| D (g d
[I(Ejlgzhl)(wj)]q < / ¥ (7) (771)’ — |dr| < / %
- (7)) o 1Y)l
) Ri,1
< p2d / Lan*q / S i T
- w.’(q—Q)Aj T — w’(q—2)>\j
B2 J 12
Ri1 Ryl
n(fI*?))\j*l*q’ (q — 2))\j > 1,
< n*~llnn, (q—2)\; =1,
n2*q7 (q — 2))\]' <1;
|d7" 92— |d7—‘
[L(ER 1) (w))]" = / — = S (5-46)
1, J |‘I,/(7_)|q 2 J ’T _ w]"(q 2)A;
Ry, Eria

dr| Rl (g =2\ > 1,

2—q — D\ 1:
E11?211 n bl (q ) ] < I
2 1
n (1) P, IL<p<ps, m2>1,
I(Ell%gl,l(wj)) g (lnn)l_% , D= Dp3, m > 1,
nk%, 2>p>p3, m=>1,
C=aAtl-a (2 —g)\; > 1
‘d’i" n B 9 q ¥i )
HER @) = [ s =8 e a, T Goay =L

(5.47)
(z-1)+
n 9 1< p < p3, m > 17
2 1
I(E}%%,Q(wj)) =9 nlr (lng)kE , p = p3, m > 1,
n1_57 2>p>p3 m>17
| (r) = U (wy)| @Y |dr|
(J3(2))" = - e dr| < 1; (5.48)
(W () [T ¥ (7) — W (w)]
By ER (wy)

J3(2) = 1.
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From (5.44)-(5.48), for m > 1, we get:

(-
Sy (5=-)n—3 " o <ps<ps
Z Jyl(z) I\ P TP Rt r(nn)tr,  p=ps, (5.49)
= n'"5, 2> p>ps
and, after the calculation, we have:
2 1
SN n(3=)%3, l<p<2—5, 1<) <2,
7. J
> J(z) =4 1, 2-L<p<2 1<) <2,
— J
k=1 1, 1<p<2, 0< A <1
So, for v; < 0, from (5.5), we have:
An(2) 2 M| By, (5.50)

where

Mfl ), m=1, ze€ ),
)om>2, zeQ(),
M;S,?,)’ m>1, zeQ),

and MT(L;{),IC =1,2,3, defined as in (2.2)

(W%(z)yk)'

Since ®(00) = 00, then Cauchy integral representation for the region Qg gives:

B) Now, we begin to estimate the

1 (k) 1 1 dc
<<1>n+1(z)) T 2w / Q) (C— L C €
L

Ry

Then, we get:

L\ d¢| dc]
(qml(@) —27T/|(I)n+1 Ol - k+1— /|C L

Replacing the variable 7 = ®(¢), we obtain:

1 \® ()| Jdr] W (7)||dr]
(@nﬂ(z)) : /R 1 r\v<v>—\lf<w>rk“_;£ () — W (w) [

ITl=
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Let us estimate the integral for each k = 1,2, 3 separately. Using Lemma 4.2 and

according to (4.1, we have:

W (1) |
[ v "

Ellill ER1
/ W ()] dr| <
Eg,

[V’ (7)] |dr|
W(r) = ()" T

/

E12
Ry

(W' (7)] |d7]

R
1 |7 — w; [

kA
! |7 — w; ™

E
Aj N
/ ‘\I]/(T)HdT’j / ]T—w]] |d7'\< < > =<1, if z € Q(9);
E12 E12

|d7]

ldr| R i 2 € Q(6),

1\ N I\ R
<n> / dr| < <n> i 2 € O(0);

Ell
R1

4| - <M if 2 € Q(0),

nk, if z € Q(5),

[|wﬂ—wwW“:9/h

El E13

Ry Ry
/ ’\IJ' (7’)‘ |dr| <
£l

B
Therefore,
1 \W n* i 2 € Q(6), ~ .
<<I>"+1(z)) = { 1L ifzeq) T b A max {1; A}, j=1,2.
(5.51)
Combining estimates (5.2)-(5.6), (5.19), (5.27), (5.38), (5.50) and (5.51), w.
get:
_ B if 2 € Q(5)
P(m) ‘< (I)n-‘rl C] m ’ nvy, uz = ) ,
‘ W ()] < 0T) zLR1 Z =) , if z € Q(5),
(5.52)
where for any v; > =2, p > 2, m > 1:
An(2) 2 Dy, - HPan
DY m=1, ze¢ Q(0)
D¢ i >0 o’ ’ ’
D, = N i ’ and DF .= ¢ p&H >2, z€Q)
D7(l )7 —2<’)/j < 07 n 7(1,2)7 ) o )
- Dy3, m>1, z2€Q(d),
if p>2and
An(2) 2| Pall, M,
M) S0 Mﬁ)’ m=1, z€Q(),
MW:{Aﬂﬂ’ L, ad ME = S MLm= 2 2 e ),
n s < j ’ 7 O
& Mf:?, m>1, ze ),

w,k’—i—l —

/ dr| < 1, if z € Q(6);
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if 1 <p<2, and Xj :=max {0;\;},j = 1,2. Therefore, the proof of Theorems
3.1 and 3.2 is completed. O

Proof of Theorems 3.3 and 3.4. Now let’s start the evaluations of |P, (z)|. For
this, we will make the necessary evaluations by writing the above proof for m = 0.
Since the function H, (z) := @Pii(f()z), H, (c0) = 0, is analytic in 2, continuous

on €2, then Cauchy integral representation for the region Qg, gives

1 dc
Ho(2) = —— [ Hp(¢) -2 2 eQp.
0= | Bl 2 e
Ly,
Then,
¢) | ldd] /
< P, ()] |d
<I>”+1 27T / ‘QJ"H )¢ — 2| ~ 27d(z, L [P (C)11dC] - (5.53)
and so,
(I)n—l—l |
P, (Q)||d
Pz /ﬁ Olldc].
Denote by
= [ 1Pl (5.5
Ly,

Proceeding in the same way as in estimating A,(z) in (5.3), for estimating A,,
we we find:

An 2 |Pall, - (73 + 3 + J3), (5.55)
where
2 q
|\Ij Tl a3,
\‘P w;)[@Y

So, for any k =1, 2,3 we will estimate the integrals Jé“ .

Given the possible values ¢ (¢ > 2 and ¢ < 2) and 75 (=2 < ; < 0 and 7; > 0),
we will consider the cases separately.

Case 1. Let 1 < ¢ <2 (p>2).

1.1. Let 7; > 0. Applying Lemma 4.2, we get:

MV dr|
q—1)A;

)= [ ol

[ —w;

< @D =0 D e pll - (5.56)
ER
< i (a-DA = (2= (=11,

)
’Yj+2_> 1
Js jn( N
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()" <0 [
=

E12
Ry

w;| [vi(a=1)=(2=a)]N;

(5.57)

nli @ D=C=alNtl=a [y (g —1) = (2 - g)] \; > 1,
ilg—1) —(2-q) N =1,
[vila—1) =2 =g N <1

0< )\j <2 Y > )\%,,

0< )\j <2 Y > )\%,,

0<A\ <2 0<y <5

n2=91nn,
n(27q)’
()%
nl"s (Inn)*
1

n

1
n

PN

v +2
P

p
_1
P

PN

p

_2
P,

_2
P,

9

b = p2,
p > pa,
p=2,

For T € E}ﬁ we see that n < |7 — wi| < 2w R;. Therefore, V(1) — ¥(wy)| = 1,
from Lemma 4.1 and applying (4.2), we get:

(I3 < / ‘\Il’(T)‘Q_q\dT]j/]dﬂjl; J3 <1

E13
Ry

Combining (5.56-5.58), for p > 2,7v; >0, 0 < A\; <2 and z € Qp, we get:

Iy P
k=1
\
( 42
TE1)
n p P
1—2 1—1
n »(Inn) »,
<
noe,
1—-2
noe,

From (5.55)- (5.59), we obtain:

-

5 +2

~1)N
n

A= IPal, "
n
1
n

p
_1
P
_1
p’
_1
p’

9

(Inn)'~

(5.58)
B
( 42
n(%flp"*%, 2<p<p, >
W7o (nn)Tr, p=pa, >
n' "o, pP>p2 >
nl_%, p> 2, O<’yj§)\%.
(5.59)
2<p<py, 0<N<2 95> g,
p=p2, O0<A; <2 'Yj>)\%.,
p > pa, 0< ;<2 Vj>>\%,
P22, 0<X<2 0<y <y
2<p<py, 0<)\ <2 fyj>%j,
%, P = po, 0<A <2 'yj>%j,
p > pa, 0<A <2 fyj>)\%,
p>2, 0<A <2 0<v <+

J

(5.60)
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1.2. If v; < 0, analogously we have:

()= [ =yl DO B0 ar (561
ER,
1\ @D =D+(=7;)(a=1)A;
=< () mesE}zll <1;
n
Jy < 1.

For T € E}Di, we get:

(73)" = / |7 = g (T |7 — gy 270 | <15 (5.62)
ER

J3 <1
()2 [ 100 = v IOV Wi <1 L (563)
ER

Therefore, combining (5.61)-(5.63) in case of v; < 0 for z € Qp, we have:

3
S Iy
k=1
and, consequently, in this case from (5.55), we have:

Ap 2w - ||Pyll, s = € Qg (5.64)

Therefore, combining (5.59) and (5.64), for any v; > —2,p > 2,z € Qg, we
obtain:

(Wj:2—1>>\a' 9 < 0< \: <2 s L
n 3 < p < pa, < ] = 4 7_]>)\ja
_1 _1
n' v (Inn)' "r, p=p, 0<A <2, v >+,
1 J
AnjHPTLHp nl_E, D > po, 0< A <2, 7j>%,
J
1
n'"r, p>2, 0<A;j<2 0<y <y,
1
L nP, p>2, 0<A; <2, —2<7;<0.

Case 2. Let ¢ > 2 (p < 2). Then, 2 — ¢ < 0, and so

K T |dT| B
(J2 (z)) = / ) W k=1,2,3. (5.66)

Elk
Ry
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2.1. If o; > 0, applying Lemma’s 4.1, 4.2 and (4.2), we obtain:

/ | 75 q’ji)TA|+q 2)(%—1) < i@ DAHE=D D=1 (5. 67)
T—wy|" J
Jy = n<7]7+2_1))\j_%-

dr|
2\ 49 =< (2—q) |
(J3)" = n PSS T (5.68)
B
nbi(a=1=(=2+1=a [ (g — 1) — (¢ — 2)] \; > 1,
= n®= 9 Inn, Milg—1) = (@=2)] A =1,
n(2=9), ila=1) = (a=2)1 N < 1
Vj”—l)%'—l 1
n\ ? P, 1<p<p2, 0<A; <2 0<7j<7j,
) nlf% (lnn)k%, D = po, 0< )\ <2, v < %,
Jy = 1- 1j

2
P 2>p>p2, 0< A <2, v <

, X
'YJ+2_1 A—L
n(p )JP, I1<p<2, 0<)\ <2 7>%

For T € E}?gl, n < |t —wi| < 2w Ry, then Lemma 4.1, we get:

3NG _ |dT]| -
Va) = / ()72 W (7) — @ (wy) 70V E/ it (509
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From (5.66-5.69) and (5.55), for v; > 0,1 < p < 2,z € Qr, we have:

%521, 0< A <1,
n(p )], 1<p<’yj+2—>\%_, {1_1<J7'<1
/\j J )\j’
1 1 0<A; <1,
ne, ’Y]+2_E§p<2’ /\i*l<7]<)\7
J
UREEERPY 1< <2,
R D L A ot TR R P
1< <2
n% l<p<?2 — ]_1’
! ’ O<’}/j<x,
LR P 0< )\ <2
e 1>AJ, 1<p<2, { 7,;1
iz

(5.70)

2.2. Let 7; < 0. For z € Qg, 0 < \; < 2,according to Lemma 4.1, we have:

(JH < / Ir— wj|(—w)(q—l)/\j—(q—Q)(*j—l) |dr| (5.71)
B
1\ (C1)@=DA—(g-2)(X—1) 1\ (F1)@=DA—(g=2)(x—1)+1
O Tt z
n n
42
P G Y

1\ @2 \dr| n - , (g J )
(JQQ)qj () / wj n2 41nn, (q_Q))‘j:L
|7 — wjl

n J -
g 20 (g- 2N <1
(5.72)
(2
n\ ? ! 7, ]-<p<p37 _2<r)/]§07
2 _2 _1
J2 = nl P lnn)l P, b =Dp3, _2<’Yj§0’
2
nl_pa D > D3, -2< Vi < 0.
U(r) — W)@ |g
(Jg,)q ~ | (7) (I:)J)’ — |d| <1 JB<1. (5.73)
/ ()
EY
(’YJ+2_ ))\._l
3 vit2 1 n\ ? ’ P, 1<p<p37 _2<7j§0’
k< ( - —1)*3'—; 1-2 1-1
> J5=n Tty n r(an)"r, p=ps,  —2<y <0,
— _2
k=1 n'"e, p>p3, —2<7; <0,

AN o1 <o 1 .
; P<y+2-5,1<A <25 —1<7; <0,
vj+2—%j§p<2,1gAj§2,%—1<yj§0,
1, 1<p<2,1<A<2,-2<y <+ -1,
J
1, 1<p<2,0<A;<1,-2<; <0,

IA
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So, for v; <0, z € Qp, from (5.55), we have:

(’Y]'+2_1)>\. 1
n\ ? 7, 1<p<7]+2—)\—,1<)\ <2, —1<7j§0,

1

» _Llc <N <2 L <
AnjHPan ni’, Vi + 2 )\j_p<2,1_)\3_2,/\j 1<v; <0,
nr, 1<p<2,1<)<2,-2<vy <+ -1,
J
1
ne, 1<p<2,0<);<1,-2<; <0.
(5.74)
Combining estimates (5.2)-(5.55), (5.65), (5.65), (5.74), we get:
(I)n—&—l(z)‘
P, =< ‘714 , 5.75
P = gy e (5.75)
where
’Y‘7'+27 )
n(r 1>>‘J, 2<p<p2, 0<A; <2 ’yj>%j,
1 1
n'” 5(lnn)1_5, p = pa, 0< )\ <2, '7j>%j,
1
Ap =2 Pall, § nts, P> pa, 0<X <2, 7> 4,
1
n'r, p>2, 0<A<2 0<y <+
1
nEa p227 0<)\]§27 _2<7_7§07

for any v; > =2, p > 2, 2 € Qp;

[ (5N 1 1 1
n <p<7j+2- A,0<)\ <1,Aj 1<7]<Aj,
nP’y]+2——<p<20<)\ <1,A 1<’)/j<%,

vj+2
Ap 2P, (5 1)>\]1<p<73+2 1SN <2,0<y < 3,
nP1<p<21<)\ <20<’y]<)\,

(Z2-1) 1
n\ » ,1<p<2,0</\j§2,7j_7j7

for any v; > 0,1 <p <2, z € Qg, and

(521 .
n\ » ’1<p<7J+2—)\—,1<)\ <2, - 1< <0,
——< < < — P <
An < B np,7]—|—2 p<2,1<XN <25 1<7]_0,
nP 1<p<21<)\ <2—2<7J<1 1,
nP1<p<20<)\ <1,-2<7; <0,

for any v; <0, 1 <p <2, z € Qp. Therefore, the proof of Theorems 3.3 and 3.4
is completed. O

Proof of Theorems 3.5 and 3.6. For p > 2 ,m = 1, from (5.75), (5.51) , (5.52)
and (2.1), we have:

, n 1P, nNi, i 2 € Q(5),
1P (2)] = |@ H(Z)‘{d(zL )Al (2, )+!Pn(2)l{ 1 .0, }
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where
(#)
D m=1, z¢€Q)
(+) , n,1 ) ’
A= Do 520 p@ L ph) e e ),
| Do =220 =0 DE) m>1, e
ma m=>1, 2z .

Hense, after a simple calculation, we obtain:
a) For 7; > 0, z € Q(6) :

@Z(n—&-l)(z)‘
P < {7
(L“))\,

o\ ],2§p<p1(1),0<)\j§2,7j>max{0;2<%—1>},
nlf%,p>p1(1),0<)\j§2,*yj>max{0;2<>\ij—1>},
n%,2§p<3,o<xj<1,0<fyjgz(%jq),

1
nl‘i,pz3,o<xj<1,o<7j§2(%j—1),

[Pall, %

1
\ (nlnn)' "7 p=pi(1),0 < Xj < 2,7; >0,

4 ’Yj+271 )\‘4’3\"

n(l’ >J 7, 2 < p < po, 0<)\j§2, ’yj>)\%,,
Nod1—1 1-1

nNT »(Inn) "7, p=po, 0< )\ <2, ’yj>)\%,
Nj+1-1

n’’ P, p > pa, 0<A; <2, 'yj>)\%,
NHl=3 > 9 0< A\ <2, 0<ry; <

\ n ’ p=z 2 < ] = <fy]_)\7j )

P

. n(w]+2_1>,\j+)\j72 <p<p2,0< A <27, > max{/\ijﬂ (% — 1)} ,
n%,2§p<p270</\j<%7%<7ﬂ‘§2<%_1>

nl= st (lnn)k% p=D2,1 < Aj < 2,795 > /\ij’
nQ*%(lnn)l’%,p=p270<%‘ < %% <7 S2(%—1>’

n2 B py < p<3,0< N <1 > v

5N 9 < p < MOSDH 1 <) <202y < 1
nQ—%,prl(l),0< Aj<1,0<y <3,
nTEN > M’l <\ <2,9;>0.

b) For —2 < ~; <0, z € Q(9) :

<.

‘(I)2(n+1)(z)‘
A Im) [ Pnll, - No
(I)Q(n—i-l) Py
FACIEg L YT

- d(Z,LRl)
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2 .
o Mooa<p<arn+1, 1<) <2,
1—1 ~
<{ (plan) v p=2)041 1<) <2 +{n%+/\j,p22,0<)\j§2a

~—

n-r, p>2)\j+1, 1§)\j§27
2
nr, 2<p<3, 0<A <1,
. }(I)Q(n+1)(z)| HP || n%"")\j’ 2§p 13)‘]§27 —2<’yj§0,
N — 1
d(z,Lr,) " plth, 2<p<3, 0<Aj<1, —2<;<0.
c) For7j>0,z€§(5):
(I)Z(”'H)(z)‘
O T Ty 1Pl
(5
n\"# 7, 2<p<p2, 0<A; <2
(1-1) 1-1 _ 1
n' 7 (Inn)' Tr, p=p,, <=2
1
n1*;7 D > pa, 0< A <2,
X ( (222
n( P 1))‘], 2<p<ps, 0<A; <2, ’Yj>>\%7
_1 _1
T n' ()T p=pa, 0<N <2 9> o
1
n1757 p>p27 O<)\]S27 ’Yj>%7
1
nTF p > 2, 0<A <2 0<9 <y,
(5% 5 < 0< A <2, >
|B2n+1)(5)] n 1 £SP<P2U< A S5 > 55

< =70 1-1 - 1
= iz In) HPan n zlﬂ(lnn) p,p_p2’0<)\j§2’,yj>)\7’
n' T, p > e, 0 < A; < 2,75 > 0,
d) For—2 < ~; <0, z € Q(4) :

, @212 {7 pz2 o< <2
Py (2)] = ooy Bl (1
(2, Lr,) +nﬂ{np, p>2 0<) <2,
. |2+ ()] 1P { 1
= A Lr) nllpyn ?» p>2, 0<); <2,

Now, let 1 < p < 2. Analogously, in this case for m = 1, from (5.75), (5.51)
, (5.52) and (2.2), we get:

1P| nNi, i 2 € Q(5)
P! < |ontt ——P AL (2,1)+|P, ' S\
} n (Z)‘ — ‘ (Z)‘ {d(z, LRl) n,p(z ) | (Z)| 17 lf ~ e Q((S)
where
€9}
M m=1, z¢€Q)
(+) n,l ) )
A}Lp(za 1):= { %?) 2% ! 0; 0 Méi) = MT(LiZ) m >2, z€(6),
’ n —a <7 s U )

M) m>1, ze Q).
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Hence, after a simple calculation, we obtain:
a) For 7; > 0, z € Q(6) :

2(n+1)
)< 20

r 70 Pn
— d(z,LRl) || Hp

(22 1
PN 1<p<2 0<a <2, %22(7],—1), )
2
ne, I<p<2, 0<A; <2, 0<’yj§2()\%—1)a
( (Vj“,l))\.g, 0< A <1,
n\ P TN < p<yi+2— 4, 1 ! 1
p 7] )‘] X—1<'Y]<X,
X 1,5, 0< <1
R ) _ 1 < J ’
ne ) 7]"1’2 )\]._p<27 {)\1]_1<f},]<>\1]’
n<7j:2‘1)Af+Xj l<p<~y+2-—L 1<)\ <20<vy <L
. ) D <7 A0 S A S 4, Vi X,
nr N l<p<?2, 1<A<2,0< < 5,
vit+2 e
n< P 1)/\J+/\J, 1<p<2, 0<)\jS27’YjZ,\%.
}@2(n+1)(z)|
— = |P,
( 7j+2 0<)\<1
—1)A+1 1 J ’
n(p >] , l<p<y+2—+, 1 1
J Aj )\7—1<’Yj§2 5y —1),
vit2 )
n( P 1>)\]+17 1<p<?2, %</\j<17'7j2>\%-7
X 1
nr BH2- L <p<2, <N <l -l<y<y,
I REATY
n(p>17 1<p<2, 1§)\j§2,7j2)%j7
1y,
np N 1<7j+2—%j§p, 1§)\j§2,0<7j<%j.

b) For —2 < ~; <0, z € Q(9) :



150 P. OZKARTEPE AND F. G. ABDULLAYEV

2
nv, 1<p<2, 0<)\<I, —2<7j<—2+%,
12N 5
n( P )A’, I1<p<2, 0<Aj <1, —2+/\%§fyj§0,
2Ny +
e )AJ, l<p<2, 1<)\ <2 —2+4L <y <0,
J
2\,
n<1’>)\], 1<p<2 1<)\ <2, —2<7;< -2+,
X ]
%2 Va4
n(p 1)Aj+xy’1<p<fyj+2—%j,1ng32,%—1<»ngo,
1.5
n5+>‘g’~yj+2—)\%§p<2,1§)\j§2,%—1<’yjSO,
n%“j,1<p<2,1ngg2,—2<7j§%—1,
1 ~.
nptN 1 <p<2,0< ) <1,-2<7; <0.
( ,l-‘rl 2
ne ,1<p<2,0<)\j<1,—2<’}/j<—2+rj,
REARY
|22+ (2)] W5 1 pcanen <12t 2 <y <0,
S Bl 1, ’ A=Y
d(z, Lr,) nptV2 - L <p<2,1<A<2,-2<7; <0,
2. '
n(")k”,1<p§2*%,1S/\j§2,—2<w<f2+%,
J J

c) For v; >0, z € Q) :

2(n+1)
)< 20

= 2P,
— d(z,LRl) || Hp

’7]'+2_1 bV
1
7’L<p )J, 1<p<2, m<)\.]§2,

1
- 1
nr, 1<p<2, 0<)\j§ﬁ-

(wj+2_1)>\j } 1 ‘ . o
n\ » A<p <y +2-50<A <15 1<y <5,
1

nry 42— <p<20< <L -1<y <,

(Wj:Q_l)Aj1 . _ 1 ) o L
n A <p < +2 /\j,lg)\j§2,0<vj<)\j,
1

n5,1<p<2,1§)\j§2,0<fyj<%j,

22 1),
n( P 1)AJ,1<p<2,0</\j§2,7j2%,

\ J
‘(I)Q(nJrl)(z)‘

JL R I § Pn
T L

n(ij’l)AjK <vi+2—Lo<hi<l, L 1<~y <L
’ p Vi A0 ] Y Vi A0

1
N2 - <p<20< X <L —1<y <y
X vj+2 )
n( P —1)>\y,1<p<'yj+2—/\ij,1§)\j§270<Vj<%7

<

1
np,’yj-l-Q—)\%_§p<271§)‘j§2’0<w<>‘%'
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d) For—2 < ; <0, z € Q(6) :

<I>2(n+l)(z)‘

P’ =< 7| P,||, x

P2 Sy 1Pl

( 2 ) )
n(P 1>)\J,1<p§2—)%,1§)\j§2,—2<"}/j§0,
1
nz,z—%j<p<2,1ngg2,—2<7j§0, +

1

nr,1<p<2,0<)<1,-2<7v <0,

AN L9 1 <9 1 _ .
I p<73+2 )\jvlg)\j§2a)\j 1<ﬁyg§0a
1
nry 2 - <p<2,1<N <25 -1<7; <0,
1
n5,1<p<2,1ng§2,—2<7j§%j—1,

1
nr,1<p<2,0<A<1,-2<7;<0,

‘@2(n+1)(z)‘
= Bl
d(z,Lg,)
() :
n\p 7 1<p§2—r, 1§>\j§2, —2<’7j§0,
J
1
X ne, 2—)\%_<p<2, 1<) <2, —2<7;<0,
ne, 1<p<?2, 0< <1, —2<9;<0.

and c) (v >0, z € Q(6)), d) (-2 < v <0,z € Q(6)), we complete the proof of
Theorem 3.5, for p > 2 and 3.6, for 0 <p < 1. O

Combining estimates for cases a) (7; > 0, z € Q2(0)), b) (=2 < ~; <0,z € Q(9))

Proof of Theorems 3.7 and 3.8. The proof of Theorem 3.7 and Theorem 3.8 is
obtained by combining Theorems 3.1, 3.2 with Thorems 3.5, 3.6, respectively.
O

Finally, throughout the proof of Theorems 3.1-3.6 involves the quantity d(z, Lg, ),
let us show that d(z,Lg,) = d(z,L) holds for all z € Qgr. For the points
z ¢ Q(Lg,,d(Lgr,,Lr)), we have: d(z,Lg,) = d = d(z,L).

Now, let z € Q(Lg,,d(Lg,,Lr)). Denote by & € Lg, the point such that
d(z,Lg,) = |z —¢&|, and point & € L,such that d(z,L) = |z — &, and for
w = P(2), t1 = P(&1),ta = P(&2), we have: |w —wy| > ||lw — wa| — |wa —wr|] >
Hw —wo| — % |w— wQH > 1 |w — wo|. Then, according to Lemma 4.1, we obtain:
Az, Li,) = d(z, L)
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