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THE BOUNDARY VALUE PROBLEM FOR ONE CLASS OF
HIGHER-ORDER SEMILINEAR PARTIAL DIFFERENTIAL
EQUATIONS

S. KHARIBEGASHVILI AND B. MIDODASHVILI

Abstract. The boundary value problem for a class of higher-order semi-
linear partial differential equations is studied. The theorems on ex-
istence, uniqueness and nonexistence of solutions of this problem are
proved.

1. Statement of the problem
Consider in the Euclidean space R"™! with the variables x = (1, %2, ..., 7)
and t the following higher-order semilinear partial differential equation
§2(2k+1),,

S~ A% V) = F(z,t), (1.1)

Lyu:=
where f and F are given, and u is an unknown real functions,
n
V= (a‘zl ,axn, at) A= Z 8 20 > 2, and k > 0 is an integer number.

For the equation (1.1) we Conmder the boundary value problem: find in the
cylindrical domain Dy := Q x (0,T), where 2 is an open Lipschitz domain in R,
a solution u = u(x,t) of that equation according to the boundary conditions

a? —0,i=0,..,2k (1.2)
6t QoUQ
ulp =0, (Au - a?jj) =0, (1.3)

where I" : 92 x (0, T) is the lateral face of the cyhnder Dr,Qy:xeQ,t=0and
Qpr :x € Q, t =T are the lower and upper bases of this cylinder, respectively, a
T — R is a given continuous function, while 8,/ is a derivative with respect to the
outer normal to the boundary 0Dy of the domain Dp. Here v = (vq, ..., Un, Vnt1)
is a unit vector of the outer normal to 0D and, obviously, v,11|r = 0.

In the theory of partial differential equations along with second order equations
belonging to one of the standard types, e.g. elliptic, hyperbolic, parabolic, mixed,

c., for which certain problems are set and investigated for correctness, high
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order partial differential equations, which, generally speaking, are not subject
to standard classification by type, are also considered. For example, the linear
part of the operator on the left-hand side of equation (1.1) is hypoelliptic in the
terminology of L. Hérmander [6]. The study of partial differential equations and
systems of non-standard structure from the point of view of existence or absence
of their solutions, the statement of correct local, nonlocal and other problems is
certainly of scientific interest in the theory of partial differential equations.

In work [9], for equation (1.1) in a cylindrical domain Dy a boundary value
problem with conditions (1.2) and homogeneous boundary conditions

ou _0

—0 | =
ulr " ovir

are considered instead of (1.3). To the study of initial, boundary and mixed prob-
lems for higher-order nonlinear partial differential equations with a structure dif-
ferent from (1.1) has been devoted numerous literature (see, for example, papers
[1],12],[4],15],[7],[8],[10]-[12],][15],[16],[18] and the literature cited there). For ex-
ample, paper [18] proposes a general approach to a priori estimates of solutions
of nonlinear partial differential equations and systems, in particular of higher-
order, allowing to investigate the nonexistence of their solutions. In the book
[4] a unified approach to the consideration of blow-up of solutions of four types
of nonlinear evolution equations in partial derivatives of higher-order: parabolic,
hyperbolic, dispersive and Schrédinger is proposed. The traditional issues of
existence, non-existence, uniqueness, non-uniqueness, and global asymptotics of
solutions are also considered. In work [1], the Cauchy problem for a higher-order
pseudohyperbolic equation is investigated. Using estimates of type L, — L, for
the corresponding linear problem, the authors established criteria for existence
and non-existence of global solutions. The questions of the existence and unique-
ness of smooth global solutions are also considered. The behavior of solutions
and their derivatives as t — +o00 is also established. Let us also note papers
[2],[5],][15],[16] in which initial boundary value problems for nonlinear partial dif-
ferential equations of higher-order are investigated. The existence, non-existence,
uniqueness, and asymptotic behavior of their solutions are considered in these pa-
pers. In works [7], [12], the boundary value problems of nonlinear equations with
an iterated multidimensional wave operator in the main part were studied when
the entire data carrier of the considered problems is a conical characteristic man-
ifold, and in paper [10], the boundary value problem in a cylindrical domain
when the Dirichlet and Neumann conditions are set on the whole boundary of
the domain was studied for a class of nonlinear systems with an iterated multidi-
mensional wave operator in the main part. Note also papers [8] and [11], where
boundary value problems in the cylindrical domain were studied for some classes
of nonlinear partial differential equations and systems of higher-order. In these
works, depending on the conditions imposed on the nonlinear terms included in
the equations under consideration, uniqueness, existence and absence of their so-
lutions were established. Note that equation (1.1) is not included in the classes
of equations considered in works [1],[2],[4],[5],]7],[8],[10]-[12],[15],[16],[18].
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Denote by C*#*+2(Dr) the space of functions u continuous in D7 and hav-

ing there continuous partial derivatives Bu ,‘g;f, where 02 = . 51‘9 li 5 B =
(B1y ey B)s 1Bl =200 Bi S sl =1,..., 4k + 2.
Let B B
C§’4k+2(DT) — {u c C4,4k+2(DT) . u|F =0,
5i 1.4
o :0,1':0,...,2]{:} (14)
QoUQ

Introduce the Hilbert space W2’2k+1(DT) as a completion of the classical space
C’4 4k+2(DT) with respect to the norm

||U’ |W§»2k+1(DT) =

n n 2k+1 o
N /DT [u2 *; (5;1)2 JZ (aj;%)z + zZ: (?)t )2}dxdt. (1.5)

o
Remark 1. 1 It follows from (1.5) that if u € WOZ’%H(DT), then u € W (D7)
and 855; : atl € Lo(Dr); i,5 = 1,...,n; 1 = 1,...,2k + 1. Here W3*(D7) is the
well- known Sobolev space consisting of the elements of Lo(D7), having up to the

m-th order generalized derivatives from Lo(Dr), and

o
WH(Dr) = {u € Wi (Dr) : ulgp, = O}, where the equality ulyp,, = 0 is un-
derstood in the sense of the trace theory [14]. Moreover, in the case when the

domain Q is convex, implying that Dy is also convex, since the following estimate
is valid [14]

W R 2
/DT [21 <a:i§xj)2 - z} (aiigt)Q + (?9;;)2] dadt <

vLJ=
" 0%u 9%u
C/DT[23+8752} dadt

=1

o
Yu € 02(37“) = {U € 02(ET) : u|3DT = 0} (16)
with positive constant ¢, not dependent on u and domain D7, then from (1.5)
and (1.6) we obtain continuous embedment of the spaces

WY (Dr) € W (Dr). (1.7)
Below, we assume that domain 2 is convex.

Before introducing a notion of a weak generalized solution of the problem (1.1),

(1.2), (1.3) from the space WOZ’%H( 7), let us suppose that u € C’4 2D is
a classical solution of this problem. Multiplying both parts of the equation (1.1)

by an arbitrary function ¢ € C4 Akt (D7) and integrating the obtained equation
by parts over the domain Dy, due to (1.2) we obtain
a2k+1u 82k+1(,0 8(,0 o
DT Rt dxdt — / gAuds + / QO%AudS—
Dr ODr oDr
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/Au - Apdzdt + / f(u, Vu)pdxdt = /Fgodacdt. (1.8)
Dy
Taking into account the second boundary condition from (1.3) and the valid

conditions ¢|gp = 0, %‘QOUQ = 0, then since ¢ € C4 4k+2( Dr) from (1.8) we
get
H2k+1y, 62k+1(p ou 8(p
/[(%2’““ e —I—Au-A@}dmdt—i—/aay s
Dr r
/f(u,Vu)tpdxdt = — / Fodxdt Vo € Cg’4k+2(ET). (1.9)
Dy

In certain sense it is true also the reverse proposition, i.e. if u € C**+2(Drp)
satisfies conditions (1.2), the first boundary value condition from (1.3) and inte-
gral identity (1.9) for any ¢ € C’4 4]‘“LQ(DT) then by standard reasoning it follows
that u represents a solution to equatlon (1.1) in the domain Dy and satisfies the
second boundary value condition from (1.3) in the classical sense, i.e. wu is a
classical solution to the problem (1.1), (1.2), (1.3).

We intend to take the equality (1.9) as a basis for definition of a weak gener-
alized solution u of the problem (1.1), (1.2), (1.3) in the space VV2 21 (Dr) but
first, we need to impose such conditions on the power of nonhnearlty of function
f(u, Vu) with respect to independent variables of this function that provide the
existence of the following integral

/ f(u, Vu)pdxdt

from the left hand side of equation (1.9) for any ¢ € VVO2 ’QkH(DT). Below, for
function f = f(s0,51, ..., Snt1), (50, 51, s Sny1) € R"2 we assume that

f e CR"™) (1.10)
and
n+1
| (80,81, ey Spny1)| < M + ZM |5:]% Vs = (80, 81, - Snt1) € R™T2 (1.11)
=0

where M, M;,a; = const >0, i =0,1,....,n+ 1, and

1
1<ao<n+3forn>3; ag > 1 forn = 2,3, (1.12)
n+1 .
l<aj<—— i=lont+ln>2 (1.13)
n—

Remark 1.2. As it is known the space WZ(D7) is continuously and com-
pactly embedded into L, (Dr) for p < 2(”+1)
n = 2, 3; analogously, the space WQI(DT) is continuously and compactly embed-

when n > 3 and for any p > 1 when

ded into Ly(Dr) for ¢ < (”H) [14]. Therefore, taking into account continuous
embedment of spaces (1.7 ) the inequality (1.11) with powers of nonlinearities
o satisfy conditions (1.12), (1.13), and due to the properties of the Nemitskii
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operators N;, i = 0,1,...,n 4+ 1, acting by formulas N;v = |v|%, we obtain that
the nonlinear operator

N : WE* Y (Dr) — Lyo(Dr) (1.14)
acting by formula
Nu = f(u, Vu) (1.15)
is continuous and compact [13]. Hence, in particular, it follows that if u €
WOQ’%H(DT) then f(u,Vu) € Ly(Dr) and integral [ f(u, Vu)pdzdt from the
Dr

left hand side of equation (1.9) exists and for w,, — u in the space VV2 2 (Dp)

we have f(unm, Vun) = f(u, Vu) in the space La(Dr).

Definition 1.1. Let Lipschitz domain ) be convex and function f satisfy the
conditions (1 10) (1.11), (1.12), (1.13); a € C(I'),F € Lo(Dr). The func-
tion u € WO +1(DT) is said to be a weak generalized solution of the prob-
lem (1.1), (1.2), (1.3), if the integral equality (1.9) is wvalid for any function
(RS WOQ’%H(DT), i.e

an—i—lu 82k+1(p ou 8(,0
/[(‘%%H S + A Aap}da;dwr/ o Lds—
Dr r
/f(u, Vu)pdrdt = — / Fodzdt Yo € Wg’zkH(DT). (1.16)
Dt

2. Equivalent norms in the space W2**'(Dy)

Above we introduced Hilbert space VV2 2kt (Dr) with norm [|ullo = [[u]]}y2.26+1
0

(Dr)
defined by the right hand side of equality (1.5), which is generated by scalar prod-

uct
" ou - 0%v
(u;v)o = /DT wev ; ox; O, Z amzax] E)a:ic%sj
+2§:1 v O ]dxdt (2.1)
~ ot ot
Below we show that if
aecC(), alr >0, (2.2)

then the bilinear form

2k—+1 2k+1
o], [ 2
Dy

Ot2k+1 " Hp2kt1

ou Ov
dmdt+/1~a81/ a—ds (2.3)

also defines a scalar product in the Hilbert space WO1 ’%H(DT) with the norm

2 _
]2 _/DT [(at%H) + (Au)? dxdt+/ (8’/) ds. (2.4)
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Lemma 2.1. Let condition (2.2) be fulfilled and  be a conver domain with
boundary O of the class C?. The following inequalities
cillullo < [Julli < eolullo Yu € Cy*2(Dr) (2.5)

hold, where the positive constants c¢i and co do not depend on wu.

Proof. First let us estimate the values ||2. 1 =20,1,...,2k, by the value

otr HLQ (Dr)?

Haizxi‘“L?(D ) Since u € Cy ARH2(Dp) satisfy the equalities (1.2) then we have

Using the Cauchy’s inequality from (2.6) we have

- < — — e W A <
(F57) = e |, 70 || () <

T  q2k+1
ST4k—2i+1/ (3 u(-, 7')) dr,
0

at2k+1

whence we obtain

d'u (1) Ak—2i+2 T 8%““(‘,7) 2 S
/O (T> < T /0 (W) dr, i=0,1,..,2k.  (2.7)

Integrating both parts of the inequality (2.7) over domain 2 we get

o 2k+-1 2
/ <a ) dedt < T 21+2/ (%) dedt, i=0, ..., 2k (2.8)
b, \ Ot oy \ Ot

If u e C§’4k+2(ﬁgp) then u(-,t) € C%(Q), u(-,t)|aq = 0 for fixed t € [0,T] and
according to the known inequality [14]

|+ 3 (e’

where the positive constant ¢y = ¢o(€2) does not depend on t € [0,7] and u.
Integrating the inequality (2.9) with respect to ¢ we obtain

/DT u? —|—; (g;if] dxdt <

co / (Au)?dadt Vu € Cy"*2(Dy). (2.10)
Dy

dzr < co/Q (Au(-,t))Qda:7 (2.9)

If u € C’g’4k+2(ﬁT), and, therefore, u(-,t) € C?(2), t € [0,7], then since the
boundary 0 of the domain  according supposition is of the class C?, then for

%bg there is valid the following estimate [17]
S 50| |U(’ t

[y as= |20

- EO/Q [2(1) + zn: (%Zﬂt))Q + znj (?;gffp;;;, (2.11)
‘ i 2= \ Qa0

Iz

5]

where positive constant ¢y = ¢y(€2) does not depend on t and wu.
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Taking into account (2.2) let ag = max a(z,t) > 0. From (2.11) follows that
(z,t)el

el [ (G
I I
~ 4 /OT /[ (22D ) < aoéo/OTHU(‘vt)H%/vg(Q)dt_

— aoéo /D [uQ + i (g;)z + i (aj-zngﬂ duwdt. (2.12)
T i=1 ¢ i v

=1

Finally, since the domain €2 is convex and thereafter the inequality (1.6) is
valid, then from (1.5), (2.1)-(2.4), (2.8), (2.12) it is clear that (2.5) is valid. The
Lemma 2.1 is proved. O

Remark 2.1. In view of the Lemma 2.1 by completion of the space Cg A2(Dr)
by the norm (2.4) we obtain the same Hilbert space

WOQ’%H(DT) with equivalent scalar products (2.1) and (2.3).

3. Reduction of the problem (1.1), (1.2), (1.3) to the nonlinear
functional equation u = Au in the space W:***!(D;) and the
estimate of ||Aul|;

First let us consider the linear problem corresponded to (1.1), (1.2), (1.3), i.e.
when f = 0. In this case for F' € Lo(Dp) we introduce analogously a notion of

a weak generalized solution u € WO2 2M1(Dp) of this problem for which due to
(1.16) and (2.3) it is valid the following integral equality

2k+1 2k+1
(%80)12/ o ud SO—i—Au-Aw dwdt—l—/aau aﬁd —
Dr r O

Ot2k+1  gp2k+1 v T
_ / Fydzdt Vo € W21(Dy). (3.1)
Dr
Taking into account (2.5) we have
[ Podadt] < I lesiomlellon) <
Dp
<Pl Lyopllello < et IF Ly llells- (3.2)

According to the Remark 2.1, (3.1) and (3.2) from the Riesz theorem it follows
that there exists a unique function u € WO2 ’%H(DT) which satisfies the equality
(3.1) for any ¢ € Wo2 21 (Dr) and for its norm the following estimate

Hqu < Cl_lHFHLz(DT) (33)

is valid. Thus, introducing the notation u = L LF, we find that to the linear
problem corresponding to (1.1), (1.2), (1.3), i.e. for f = 0, there corresponds the
linear bounded operator

Lyt : Ly (Dr) — W (Dr)
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and for its norm the estimate

1Zo

1 -1
0 HLQ(DT)—>W§’%+1(DT) s (3.4)

holds by virtue of (3.3).

Remark 3.1. According to the Definition 1.1 of a weak generalized solution
to the problem (1.1), (1.2), (1.3) and above introduced operator Ly * the integral
identity (1.16), which is equivalent to this problem, can be written in the form
of nonlinear functional equation

u= Ly [f(u, Vu) — F] (3.5)

in the Hilbert space VV2 2k*1(Dr). Due to (1.15) the equation (3.5) can be
rewritten in the form

u= Au:= Ly (Nu— F), (3.6)

where in view of (3.4) and the Remark 1.2, if nonlinear function f satisfies
conditions (1.10) - (1.13), then the operator A : W()Z’QkJrl(DT) — WOQ’%H(DT)
from (3.6) will be continuous and compact.

o
If v € Wi (Dr,Q UQr) :={v e Wa(Dr) : vlggua, = 0}, then due to the
structure of cylindrical domain Dy = £ x (0,7') we have multiplicative inequality
14]

0
V]| Lp(Dry < BIIV||%,, (Dr) HUHLT (Dy) V€ W3 (Dr, Q0 U Qr), (3.7)

d:(l_l)(l_i)*l, g 2t m

r p/\r m n+1—m -
with positive constant § = B(€2) not dependent on v and T, where for r = 1 and
m = 2 the parameter p € [1, 2(::1)].

Due to inequality [20]
| 1oldadt < (mes D) Fllelspinr) 22 1,
Dr
from (3.7) follows

0
1, 1 1
1911, (D7) < Bo(mes D) w172 [vl|y1 p,y Yo € Wy (D, Qo UQr),  (3.8)

with positive constant Sy = S(€2) not dependent on v and 7.
Since mesDr = Tmes(2 then from (3.8) we have

0]l (pg) < AHLTF 712 HUHWI (pr) YV € W2 (D, 0 U Qr), (3.9)
l 1
Where [31 = Bo(mesQ) 7 7F1 72 besides, it is easy to see that the condition
= —1— — =5 > 0 is equivalent to the condition p < (nH)

n+1
Due to (1 4) and definition of space VVO2 2kH(DT), as a result of the comple-

tion of classical space C’4 A4+2(Dp) with respect to norm (1.5), according to the
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existence of traces of the elements of space W3 (Dr) on (o U Q) C 0D, and
taking into account the embedding of spaces (1.7) we obtain

0
u, ug, Uy, € W (D, QU Qr), i=1,...,n. (3.10)

Thus, if the power exponents «;, i = 1,...,n+ 1, satisfy inequalities (1.13), then
in view of (1.5), (1.7), (3.9) and (3.10) we have

: (3a7
) ) ;
[/DT |uxi|2mdq;dt] = ||uv’ﬂz‘”CL¥;ai(DT < BT e +aa Hulewl D) <
o ai(ﬁ+ﬁ 2) o
<p'T [Jul| 22k+1(D)
L 1 1 )
= g D |y |9 e W2 (Dy), i=1, .0, (3.11)
analogously,
2
/ Jug| 2o +idadt| <
Dr
1,11
S ﬁfén+lTan+1(2an+l+"+l 2)Hu|‘8n+1 VU c W02,2]{?+1(DT) (312)

Below, for simplicity, instead of condition (1.12) imposed on exponent o we
require fulfilment of the following condition
n+1
n—1
analogously to conditions (1.13) imposed on the rest exponents «;, ¢ = 1,...,n+1.
In view of (3.13), analogously to estimates (3.11) and (3.12) we have

1<ag< (3.13)

2
/ |u| 220 dzdt
Dy

Note that due to (1.13) and (3.13) we have
1 1 1
= — S =0, ... 1. 1

Vi al(2ai+n—|—1 2>>0,Z 0,....,n+ (3.15)

Below we consider another analog for the first inequality from (2.5) which we
need further. Due to (1.5), (1.6), (2.3), (2.8) and (2.10) we have

@0 aO(ﬁJmL l) o 2,2k+1
< BT [lullg” Vu € Wy (Dr).  (3.14)

%

|2 < /D [CO(Au)Q n 20<(Au)2 + (?;ts)Q) + Zil (g;ﬂdmdt <

T i=1

241y, 2

_5/0
< /DT (co + 2¢)(Au)? 4 2¢T 2<W> -
2k+1
+{ Z T4k—2i+2} ((Z};Z?)Z] dxdt <
i=1

< N(T) /DT [(gzm)z + (Aw)?|ddt =

= \(T)|u])? Yu € WS> (Dy), (3.16)
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where
1
de+2k+1)2 T<1
AT) = (o det 2k, T <, (3.17)
(co+4c+2k+1)2T°" T >1.
Now, taking into account (1.11), (3.3), (3.4), (3.11)-(3.17) we estimate
HAunz 2k () = = ||Au||; from (3.6)
HAUHWOszk+1(DT) = HAUHI < HLO1HL2(DT)_>W02721“+1(DT)HNU - FHLQ Dr) <

n
< 6 INltaqony + 6 WP Neacony < e[ (M4 Molul™ + 3 Mifus o+
T i=

2 1
Ml ) dzdt]* 4 6 Fllagon < o] /

(n+ ?))(M2 + Mg|u\20‘0+
Dt

n
30 M, 224 M2, 22 Y dadt]* + 1P ) <
=1

1 1
< cl_l(n—i—S)% [( Mzda:dt)2 + ( Mg\u|2a0d9:dt)2—|—
DT DT

1
/ M, 2 dadt)* / MZ g2+ ddt) | + 67| Fl gy <

1 n+1
< ' (n+3)F | (MPmesDr)® + 7 MBI ful |+
=0

n+1

— _ 1 ) ) ) )
e PNl Loy < ot (n+3)2 Y MY TV (T)] Jul [T+
=0
-1 1 2 1 -1 .
+cp (n+3)2(M mes Dp)2 + ¢ || Fl|L,(py) =
n+1
- Zal Ml |+ b(T) Yu € WS (Dr). (3.18)
Here .
ai(T) = ¢y (n 4 3) 2 MyTV N (T), i =0,...,n+ 1, (3.19)

B(T) = ci'(n +3)2 (M mes Q)2 T2 + ¢ V|| F| 1y (3.20)

besides, in derivation of the estimate (3.18) we used the following inequalities
(k) <md> k2 (o) <D Ik
i=1 i=1 i=1 i=1

Let us simplify the right hand part of the estimate (3.18). Since a; > 1
0,...,n 4+ 1, then for [|ui|| < 1 we have ||u||]* < 1, and for ||u||; > 1 we have
[lull{* < [lull, where

a= max a; >1

: . (3.21)
0<i<n+1
Therefore, in view of (3.19), (3.20), from (3.18) we obtain

[[Aully2201 ) < ar(Dlullf +b1(T) Yu € Wy (Dr), (3.22)
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where n+1 n+1
ar(T) = a(T), bi(T) =Y a(T)+bT), (3.23)
=0 =0

where a;(T"), i =0,1,...,n+1, and b(T") are defined by the equalities (3.19) and
(3.20).

4. Some cases of existence and absence of solutions of the
problem (1.1), (1.2), (1.3)

In this section, assuming that
F: Dy — R, F|p, € Lo(Dr) VT > 0, (4.1)

where Dy := €2 % (0, 00), under certain assumptions imposed on nonlinear func-
tion f we prove the existence of positive number Ty such that for 0 < T' < Tj the
problem (1.1), (1.2), (1.3) has at least one generalized solution u € WOZ’%H(DT)
in the sense of Definition 1.1, and for sufficiently large T this problem may not
have a solution in the domain Dp. We also single out the class of nonlinear func-
tions f, when for any F satisfying condition (4.1) the problem (1.1), (1.2), (1.3)
is solvable in the domain Dy for any T > 0.
According to the estimate (3.22) consider the following algebraic equation

a2+ b=z (4.2)

with respect to unknown z > 0, where a; = a1(7T") and by = b;(T), are defined
by equalities (3.23).

For T > 0 due to (3.19), (3.20) and (3.23) it is clear that a; > 0 and b; > 0.
Simple analysis, analogous to that given in [19], for & = 3 shows that: 1) in the
case 0 < b1 < bg, where

1 o __1

bo = [0~ — o~ T]a, (4.3)

equation (4.2) has two positive roots z; and zy. For by = by these roots coincide
and we have only one positive root

21 =29 =20 = (aal)_ﬁ;

2) if by > bp, then equation (4.2) does not have non-negative roots.
Note that in the case 0 < by < by there are valid inequalities
1
21 < 2z = (aay)” o T < z.

In view of (3.17), (3.19), (3.20), (3.23) and (4.3) the condition b; < by is
equivalent to the condition

« 1

9(T) ==ay (1) + a7 " (T)[c; (n+ 3)%(M2mes Q)%T%—I—

o

_ _ 1 __a
e F | pyppy] <o a1 —a”a T, (4.4)

Since the Lebesgue measure is absolutely continuous then due to (4.1) we have

71,15%3 HFHLQ(DT) =0,
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hence, due to (3.15), (3.19), (3.23) and (4.4) from (4.3) we get
li T)=0. 4.
Jim g(T') =0 (4.5)

At the same time since o > 1, then the right hand part of inequality (4.4) is
positive. Therefore, due to (4.5) there exists a positive number T = Tp(F') such
that by < by when the condition

0<T <TyH(F) (4.6)
is fulfilled. Thus, if T satisfies inequality (4.6), then operator
AW (D) = W (D),
acting by formula (3.6), maps the ball
B(0,2) == {u € WOQ’%H(DT) : ||u\|W2,2k+1(DT) < 29} into itself, where zp =
0

z9(T) is a maximal positive root of the equation (4.2). Indeed, if u € B(0, 22),
then due to (3.22) and (4.2) we have

HAUHW02,21€+1(DT) < a1||u||‘f‘ +b < alz‘j‘ + by = z9.

Therefore, taking into account that operator A is continuous and compact, and
maps closed convex ball B(0,z2) C VVO2 ’2k+1(DT) into itself, then according to
the Schauder’s theorem [3] the equation (3.6) has at least one solution w from
the space VVO2 ’QkH(DT) and at the same time it represents a weak generalized
solution of the problem (1.1), (1.2), (1.3) in the sense of Definition 1.1.

Thus, due to suppositions made above on domain 2, nonlinear function f and
right hand side F' of equation (1.1), and also reasonings given above, the following
theorem is valid.

Theorem 4.1. Let the domain Q) be bounded and convez in R™ with boundary 02
of the class C?; function a = a(x,t), (z,t) € T, satisfy condition (2.2); nonlinear
function f satisfy conditions (1.10), (1.11), (1.13) and (3.13); function F' satisfy
condition (4.1). Then there exists a number Ty = To(F) > 0 such that for
0 < T < Ty the problem (1.1), (1.2), (1.3) has at least one weak generalized

solution u € Wg’%H(DT) in the sense of the Definition 1.1.
Now let us consider the case of nonlinear function f:
f(So, Sy eeey Sn+1) < —|So|a V(So, 814y eeny 8n+1) € Rn+2, (47)

where a = const > 1, when the problem (1.1), (1.2), (1.3) may not have a
solution.

Theorem 4.2. Let Q : |x| < 1, function a satisfy condition (2.2), function f
satisfy conditions (1.10), (1.11), (1.13), (3.13) and (4.7), function F = pFy with
p = const > 0 and Fy > 0 be defined in Doy and FO‘DT € Lyo(Dr) YT > 0.
Then for any fized T > 0 there exists a number o = po (Fo, ) > 0 such that for
p > po the problem (1.1), (1.2), (1.3) cannot have a weak generalized solution in
the space Wo2’2k+1(DT) in the sense of Definition 1.1.

Proof. Assume that the problem (1.1), (1.2), (1.3) has a solution u € WOQ’%H(DT)
for F' = pFy and any o > 0. According to Definition 1.1 function u satisfies equal-
ity (1.16) for any ¢ € WOZ’%H(DT). Below we use the method of test functions
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[18]. As a test function we take a function ¢ satisfying the following conditions

— 0
p € O™ (Dr), ¢lp= 22| =0, ¢lp, >0, (4.8)
ov I

where the space C4 2D s defined in (1.4).
By integration by parts in integral equality (1.16) and taking into account (4.8)

we get
32(21@-‘,-1)()0 2
Dy

—/F(pdardt: /uLoapdxdt—u/Fogoda:dt, (4.9)
Dr Dr Dr

where operator Ly is defined in (1.1), when f =0 and F' = uFjp.
Due to (4.7) and (4.8) from (4.9) follows that

/ |u|*pdxdt S/ uLopdxdt — / Fopdxdt. (4.10)
DT DT D
T

If in Young’s inequality with parameter £ > 0

€ 1 / «o
abgaaa+mba; a,bZO, O[/:

a—1

we take a = |u|p®, b= |Loyp|/¢"/®, then taking into account that o/ /o = o/ —1
we have

l/a‘LOQD‘ 7|u’a 1 |L090|a

luLop| = |ulp oija = e 1 a1 (4.11)

From (4.10), (4.11) we have the inequality

(1 - 2) / [ul*pdedt < — i_l ’LW’Q dwdt — /Fggodxdt,
Dr Dr
whence for € < a we get
/|u]°‘g0d:1:dt < (a—e)aa'sa/*l |é090|a dxdt — a_'ug/Fggodxdt. (4.12)
Dr Dr Dy

Taking into account the equalities o/ = %5, o = a,o‘—_/l and
min ——%—— =1 which is achieved at ¢ = 1, from (4.12) we find that

0<e<a (a—g)a/e?’ 1

/ ulpdedr < [ 202" —dwdt — o'p / Fopdadt. (4.13)
DT DT (p DT

It is not difficult to show the existence of a test function ¢ such that it satisfies
conditions (4.8) and the following condition

|L080|°‘

Ko = dxdt < 4o00. (414)

D
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Indeed, as it can be easily verified, the function

pla,t) = [(1 = [T - )™
for a sufficiently large positive m satisfies conditions (4.8) and (4.14).
Since Fy € Lz (Dr), Fo|p, >0, and ¢[p, > 0 we have

0< K= /Focpda:dt < +o00. (4.15)
Dt

Denote by ¢ (u) the right-hand side of the inequality (4.13) which is a linear
function with respect to p. In view of (4.14) and (4.15) we have

g(p) <0 for pu> pp and g(p) >0 for p < po, (4.16)
where Ko
9(p) = ko — k1, po = —— > 0.
(O]

Due to (4.16) for p > po, the right-hand side of the inequality (4.13) is nega-
tive, whereas the left-hand side of that inequality is nonnegative. The obtained
contradiction proves the theorem. O

Remark 4.1. Note that in the Theorem 4.2 for simplicity we assume 2 :
|z| < 1. However, this theorem is valid in more general case, when €2 represents
a convex, sufficiently smooth boundary 9). Our assumption was caused by the
construction of a test function ¢ satisfying conditions (4.8) and (4.14) according
to the formula

pla,t) = [(1— [z[)(T — &)™ (4.17)
for a sufficiently large positive m. If the boundary of the convex domain €2 is given
by the equation 99 : w(x) = 0, where V,w|sq # 0, w|g > 0 and w € C*(R"),
then, instead of the test function defined by formula (4.17), we should take
p(z,t) = [w(z)t(T — )],
where m is a sufficiently large positive number, and in this case the Theorem 4.2
remains valid.

Remark 4.2. From the Theorems 4.1 and 4.2 follows that for function F', sat-
isfying condition (4.1) for sufficiently small 7" > 0 the problem (1.1), (1.2), (1.3)
is always solvable, although for sufficiently large T' it may not have a solution.
Below we consider the class of nonlinear functions f when for any function F,

satisfying condition (4.1) the problem (1.1), (1.2), (1.3) has at least one solution
for any fixed T > 0.

Theorem 4.3. Let Q) be a bounded convex domain in R™ with boundary 052 of the

class C?, function a = a(x,t), (x,t) € T satisfy condition (2.2), nonlinear func-

tion f = (50,81, ..y Snt+1), satisfying conditions (1.10) - (1.13), be representable

in the form of product f = fo(s0)f1(51, .-, Sns1), where fo € C(R), f1 € C(R"*1)
and

< i sup L
< f1(81, ey Spp1) < const < +oo, lim sup <0, (4.18)
|so|—o0 S0
and function F satisfy condition (4.1). Then for any fized T > 0 the problem
(1.1), (1.2), (1.3) has at least one weak generalized solution u € W02’2k+1(DT) in

the sense of the Definition 1.1.
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Proof. First let us consider a priori estimate for a solution u € VVO2 2L (Dp) of
the problem (1.1), (1.2), (1.3). Since fo € C(R) then due to (4.18) for any € > 0
there exists a number K, such that

S0f (80,815 ey Snt1) < Ko + 88% V(S0y 81y vy Snt1) € R™H2, (4.19)

Assuming that ¢ = u € WO2 ’2k+1(DT) in equality (1.16) and taking into account
(4.19) and (2.4) for any € we get

lull} = /Uf(U, Vu)dzdt — /Fudxdtg
DT DT

< K.mesDp + 5/

1
W2dzdt + / (—FQ —I—su2>dmdt -
Dr Dr 4e

1
= ZEHFH%Q(DT) + KcmesDr + 25|’“H%2(DT) <

1
< 4—€HFH%2(DT) + K.mesDr + 2¢||ul|3. (4.20)
From (4.20) by virtue of (2.5) we have

1
cillullg < [lullf < Z€||F|’%2(DT) + KemesDr + 2¢||ul[5,

whence for € = %c% we obtain
2 —4 2 2
lull§ < 2¢; E7,(pyy + 2¢1 “KemesDr.

From the last inequality follows the following a priori estimate for the solution
u € Wo2’2k+1(DT) of the problem (1.1), (1.2), (1.3)

l[ullo = ||U\|W§v2k+l(DT) < cs3l|Fl|py(pyr) +ca (4.21)

with constants c3 = (2¢;%)"/? and ¢4 = (2¢;2K.mesDr)"/2, not dependent on u
and F', where ¢ = ic%.

According to the Remark 3.1 the problem (1.1), (1.2), (1.3) is equivalent to
the functional equation (3.6), where the operator A, acting in the Hilbert space
W02 ’ZkH(DT), is continuous and compact. At the same time according to the a
priori estimate (4.21) for the solution of equation u = Au from (3.6) is valid and
for the solution of equation u = 7Au with parameter 7 € [0, 1] with the same
constants c3 and ¢4. Therefore, by the Schaefer’s fixed point theorem [3] equation
(3.6), and hence the problem (1.1), (1.2), (1.3), has at least one weak generalized
solution u from the space WO2 ’2k+1(DT) in the sense of the Definition 1.1. This
concludes the proof of the theorem. O

5. The uniqueness of a solution of the problem (1.1), (1.2), (1.3)

Theorem 5.1. Let € be a bounded convex domain in R™ with a boundary 0 of
the class C?, function a = a(x,t), (x,t) € T, satisfy condition (2.2), a nonlinear
function f = f(so), dependent only on variable sg, be monotonically decreasing
and satisfy conditions (1.10), (1.11), (1.12). Then for any F € Lo(Dy) the
problem (1.1), (1.2), (1.3) cannot have more than one weak generalized solution
in the space WOZ’%H(DT).
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Proof. Let F € Lo(Dp) and wuy, ug be two weak generalized solutions of the

problem (1.1), (1.2), (1.3) from the space W&’Zk(DT), i.e., according to (1.16) the
equalities

92H+ly, 92k, du B
/ [ k1 ke + Au; - Ago} dxdt + /a 5 ajds_
Dr J
- / f(ui)pdwdt = —/ Fededt Yo € Wy (D), i=1,2,  (5.1)
Dr Dr
are valid.

From (5.1), for the difference v = uy — u; we have

52+, g2kt _—
/ |:at2k:+1 : RIS + Av - A(p} dxdt + aaiu . aT,ds —
Drp 7
= / (f(UQ) — f(Ul))ngmdt Yo € WOZ%H(DT)- (5.2)
Dy

Putting p = v € Wg’%H(DT) in the equality (5.2), due to (2.4) we obtain
lolly = [ (Fua) = ) (2 = ). (53)
Dr
Since f is the monotonically decreasing function, we have
(f(s2) — f(s1))(s2 —51) <0 Vsqy,50 €R. (5.4)
From (2.5), (5.3) and (5.4) it follows that
ciflvflo < [lvflh <0,

whence we find that v = 0, i.e., ug = w1, and hence the proof of the Theorem 5.1
is complete. O

From Theorems 4.3 and 5.1, in its turn, follows

Theorem 5.2. Let € be a bounded convex domain in R™ with a boundary 0 of
the class C?, function a = a(z,t), (x,t) € T, satisfy condition (2.2), a nonlinear
function f = f(so), dependent only on variable sy, be monotonically decreasing
and satisfy conditions (1.10), (1.11), (1.12) and

lim sup 7]0(50)

|so|—o0 S0

<0.

Then for any F € Lo(Dr) the problem (1.1), (1.2), (1.3) has a unique weak
generalized solution in the space WOQ’%H(DT) in the sense of the Definition 1.1.
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