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FAST DISCRETE SOLVERS FOR NONLINEAR
HAMMERSTIEN EQUATIONS

MOHAMED ARRAI, CHAFIK ALLOUCH, AND HAMZA BOUDA

Abstract. In this paper, discrete versions of the modified projection-
type methods are studied for solving the Hammerstein integral equa-
tions with a smooth kernel. The approximating operator is either the
orthogonal projection or an interpolatory projection at Gauss points
onto a space of piecewise polynomials of degree < r — 1. The orders
of convergence that one obtains for the proposed methods shows that
the used numerical quadrature for approximating the integrals preserves
the orders of convergence of continuous methods. Numerical results are
presented to validate the theoretical results.

1. Introduction

In this paper, we consider nonlinear Fredholm—Hammerstein integral equations
of the form
x—Kx = f, (1.1)
where X is the integral operator defined on X = £°°[0, 1] by

1
(Kzx)(s) = /0 k(s,t)Y(t,z(t))dt, se€[0,1], zeX, (1.2)

f and 9 are known functions, with (¢, u) nonlinear in u and x is the function to
be found. Hammerstein integral equations arise in many applications in science
and technology such as vehicular traffic and chemical reaction including chemical
kinetics, biology, heat conduction, theory of superfluidity, boundary layer and
heat transfer resulting in mathematical models described by nonlinear integral
equations [1, 4, 5, 19]. Since usually these equations can not be solved explic-
itly, it is required to obtain approximate solutions. The Galerkin, collocation
and their discretized versions are the most common used projection methods for
finding numerical solutions of the integral equation of type (1.1). Superconver-
gence results of various projection and iterated projection methods for solving
nonlinear Fredholm integral equations can be found in [10, 11, 12]. Kulkarni and
Nidhin [15] discuss a modified projection method to solve (1.1) with a contin-
uous kernel, as well as a more general type of kernel in [9, 14]. Some authors
proposed discrete methods to solve nonlinear integral equations using orthogonal
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and interpolatory projection operators (see [7, 8, 20]). There have been many
methods to improve the accuracy of numerical solutions of classical methods.
Furthermore, the authors in [13] introduced a discrete version of collocation and
iterated collocation methods to obtain reliable superconvergence results. More-
over, an extrapolation of a discrete version of Kantorovich and degenerate kernel
methods for integral equations of the second kind was presented in [3]. A new
collocation method was disccused by Kumar and Sloan [16], while its supercon-
vergence feature were studied in [18]. A superconvergent version of this method
(so called modified projection-type method) was discussed in [2]. The Kumar
and Sloan method is known in literature as the collocation-type method since it
was defined using an interpolatory operator. This paper will specifically refer to
this method as a discrete modified Galerkin-type method when using an hyperin-
terpolation projection and as a projection-type method when not specifying the
type of projection.

The purpose of this paper is to describe the discrete modified projection-type
method for solving Hammerstein equations (1.1) by using piecewise polynomial
interpolation technique. Note that the continuous method is proposed in [2] for
Hammerstein integral equations. When we replace the integrals by a numerical
quadrature formula, we show that for a sufficiently smooth kernel, the orders
of convergence of the discrete modified projection-type method and its iterated
version are, respectively, 3r and 4r, where r denotes the order of piecewise poly-
nomials employed in the approximation. Accordingly, the iterated discrete mod-
ified projection-type method performs better than the modified projection-type
method.

The paper is divided into four sections. In Section 2, we set up the notations,
discuss the numerical methods and some relevant results are recalled. In Section
3 we give the convergence orders of the proposed method and their iterated
versions. Section 4 is devoted to a presentation of numerical examples, which
illustrate the theoretical estimates obtained in Section 3.

2. Preliminaries and notations

Let zp be a unique solution of (1.1), a and b be real numbers such that
82%3}560(8)» Slél[gﬁ]:vo(S) C [a,0].
For 9p > 0, let
B(z,d0) = {xo € X : ||x — zolloo < d0}-
Define 2 = [0,1] x [a, b] and assume that otherwise, the following conditions on
K, f and 1:
(i) f€C[0,1] and ¥ € C(2).
(i) M = SUPse[0,1] fol |k(s,t)|dt < oo.
(iii) The function (¢, u) and g—zﬁ(t,u) are Lipschitz continuous in u € [a,b],
then for any uq,us € [a,b] there exists d1,dy > 0, for which

0 0
[Y(t,ur) — (L, uz)| < d1|lur —uz| and %(@ul) - a%f(t, uz)| < d2lur — usl.
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If the condition (iii) holds, the operator X is Fréchet differentiable and X'(x¢) is
M §y-Lipschitz . The Fréchet derivative at zp € €0, 1] is defined by

1
K a))) = [ rls 0G0 (aoO)adr, s.9.< €0.1),

This method involves replacing X by the Nystrém operator X2, based on the
quadrature formula in order to preserve the orders of convergence. For a positive
integer n, let

(Ap): O0=s0<s1<s2<...<8p1<8,=1 (2.1)

be the uniform partition of [0,1], with nodes {s; = £, i = 0,...,n} and mesh-
length h = % For u,v € C[0, 1], the inner product is defined by

(u,v) = /Olu(t)v(t)dt and norm is  ||ul|g2 = </01 u(t)th)é

For a fixed r > 1, we denote by II, the space of polynomials of degree < r — 1.
Let

Xp={y:00,1] =Ryl €M, 1<i<n}

[si—1,8i]
be the set of functions that are polynomials of degree < r—1, on each subinterval
[8i-1, 8i].

Let m = pn for some p € N* and let A,, be the uniform partition of [0, 1]

giving by (2.1) with meshlength h = E? such that ph = h. To introduce the
discrete methods, we consider a quadrature formula defined by

| =Y s, 22

with 25:1 wj=1Forl <i<mand1l<j<pletGj=(—-1 +Jj)ﬁ, then
(2.2) gives rise to the composite quadrature formula

1 _m p
/Of(t)dt:hzz w; F(Gy)- (2.3)

Suppose that the quadrature formula (2.2) is exact for all polynomials of degree
< d— 1 where d > 2r. Then, for f € €0, 1] (See Golberg and Chen [7])

/ O =T3S w (G| < er | 7D, (2.4)

i=1 j=1

where c¢; is a constant independent of m.
Using the above numerical integration method, we define the discrete inner prod-
uct as

fa m—hzzwjf Czy Cz] f,gGG[O,l].

i=1 j=1
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The Nystrom approximation of the integral operator X is defined as

—hZZ% 85 Gi )Y (Gij» 2(Gij)), s € [0,1]. (2.5)

=1 j=1

Since w; >0 and 1 =%  w;,. For p=0,1,...,r, we have

11963 (7)) oe = mie hZZ g (5,i5) 9 (G 20(Gi))o (G|

s€[0,1]

=1 j=1
87’5 oY
S max hzz sz) ‘ (Clj7$0 C’LJ “g Cz]
56[0 1] =
< ‘1’1||ff||p,oo|!g|!ooa
(2.6)
where 5
" Y
t U = —(t t))].
stE[O 1) 357"( ' )" ! tren[g,}f] au( o(t))
Hence, we deduce that | KXY (20)g/loe < ¥1]|%]l0.00]|9]leo- This implies,
19 (20) oo < W1 (2.7)

Then KY'(z0) is a compact operator on €[0,1]. Assume that x € €%[0,1]? and
that zo € €4[0,1]. Then

1K(0) = Ky (20) oo < 1|0l (2.8)
The Fréchet derivative of XX is given by
o
(J{ hZZw] s, 0 (Giz) ) (Cm’xo(@]))g(@j)’ s € [0,1].
i=1 j=1

If 95 ¢ ed 0,1]? and g e ed 0,1], then from (2.4
ou
1K (20)g — K (20)glloo <

where ¢q is a constant independent of m.
For the rest of paper, we set

K, (2.9)

oP
ks(t) = K(s,t), p = 871;'{}

Now,we define two types of projections from C[0, 1] to X,,.

(t,xo(t)) s,t€]0,1].

e Discrete orthogonal projection operator: Discrete orthogonal projection
operator namely Hyperinterpolation operator ng : £2]0,1] — X,, is defined by

nr

(QF2)(s) = D (@, pi)mpi(s), (2.10)

i=1

where {1, 2,...,@nr} is an orthonormal basis for X,,.
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e Interpolatory projection: Let {71,...,7.} be the set of r Gauss points
in [0,1]. For = € €[0,1], let Q¥z : €[0,1] — X,, be the interpolatory operator
defined by

“~ (2.11)
Q%) (t;) = x(t;), 1<i<nr,
where the collocation points are
{ti: i=12,..,nr}={tiy=(0(—-1+7)h, 1<i<n, 1<j<r}, (212)

and {¢; : i=1,2,...,nr} is the Lagrange basis of X,,.

For notational convenience from now on we write Q, = Q% or Q¢. In both
cases, Q,, converge to identity operator pointwise and for z € €[0, 1], (see [6],
page 328, Corollary 7.6):

109 = Q)7 oo < calla™|och”, (2.13)
on the other hand from Allouch et al.[2], we get
19— Qu)[K(20) — Kn(z0)]lloc < e2h™, (2.14)

where c3 is a constant independent of n. Moreover, the projection Q,, is uniformly
bounded with respect to n, i.e.

q = sup [|Qp [l x—x < oo. (2.15)
n

Let p be a positive integer. For x € CP|0, 1], we set

p .
121,00 = D 129
=0

If Qg is the interpolatory projection at r Gauss points, then for x € €"[0,1] and
y € C?7[0,1], (See de-Boor-Swartz [17])

1
/ x(t)(J - Qg)y(t)dt‘ < csl|llr,00[Yll2r,00h?, (2.16)
0
where ¢3 is a constant independent of n.

Lemma 2.1. (Kulkarni-Rakshit [13] ) Let Q5 : C[0,1] — X,, be the interpolatory
projection defined by (2.11). If g—; € C"(Q) and g € C?"[0,1], then

19 (20)(3 = Q) glloo < esllrllroollgllzroch® .

Let z(t) = ¥(t,x(t)), and consider the following approximate operator defined
in [16] by

1
(Knz)(s) = /0 k(s,t)Quz(.)dt,  s€[0,1]. (2.17)

Recall that the modified projection-type method introduced in [2] consist of ap-
proximating K by

0K + Ky — QK. (2.18)
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In this framework, we propose to approximate X by the following discrete finite
rank operator

K =0, KN + %K, — Q, K., (2.19)
where X, is the discrete nonlinear operator given by

(Knz)(s) = (ks, uz)m = %Z ijKS(Ciijnz)(Cij)v s € [0,1].

i=1 j=1

Then the discrete modified projection-type method for equation (1.1) is seeking
an approximate solution xz, to xg such that

Ty — Kz, = |, (2.20)
while the discrete iterated solution is defined by

Tn=INa, + f. (2.21)
In the next section we consider the reduction of (2.20) to a system of nonlinear

equations, and we give some details on the numerical implementation.

Implementation note. Let Qg be the hyperinterpolation operator defined by
(2.10) and k;(s) = (k(s,.),¢;), in order to give more information about the im-
plementation of x,, it is easy to show from (2.19) and (2.20), that z,, has the
following form

nr nr
Tn=f+ Z appp + Z bykg, (2.22)
p=1 q=1

where the coefficients {a;,b; ¢ =0,1,...,n} are obtained by substituting xz,, from
equation (2.22) into equation (2.20) then, we successively have

nr _nr m p
(@GN = SO i =53 { DS s G (G b o

i=1 i=1 *j=1 k=1
L nr
:Knxn = Z<2)90i>mﬁia
=1
o nr - nr nr
Q5K ey = zmn,mmw:z{z<<z,w>mm,%>m}%
=1 =1 =1

where
2(t) = o <t, FO+D apept) +> quq(t)> :
p=1 g=1

Therefore we can identify the coefficients of ¢; and x; respectively, and we obtain
the nonlinear system of size 2n,,

a; = Z{ffbl

=1 J
bl' = <Z,g07;>m.

él wrz(Gir) (K (- Gik)s Pidm — §<<Z,¢z>mﬁz,wi)m}7

=1
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For the interpolatory projection given by (2.11), we apply Q¢ and (3 — Q%) to
equation (2.20), to obtain

%, —Q¢xN =Cf, (2.23)
(1 —9%z, — (93— 9Kz, = (I — Q%) . (2.24)
By writing
KNz, = KN - Q) + KNQC 2, (2.25)
and replacing (J — Q%)z,, by its expression from equation (2.24), XNz, becomes
KNy, = KN ((9 - Q) Knwn + Qwn + (T — Q5) f). (2.26)
Now, by replacing XNz, in equation (2.23), we obtain
¥, — QKN (9 - Q) Kpan + Q5 an + (9 - Q9) f) = Q5 f, (2.27)
and then for ¢ = 1, ..., nr, we have
xn(t;) — :K%((j - Qg)%nl‘n + le"n + (7 - Qc)f)( i) = f(t:). (2.28)

Now using the expressions of the operators QC HCN and J,,, we obtain the fol-
lowing nonlinear system of size n,

m o r
a; — hzzwjﬁ(tivcij)w <<¢j,z fz e + Z t’u s <7a1>gl>m

i=1 j=1 i=1

- Z { Z K(t,C), (¢, az’)ﬂ‘)m}& + f(t)) = fi

where f; := f(t;), ¢ := Qj for any 1 <i<mand 1< j<pwith {a; = x,(t;),i =
0,1,...,n} are the unknowns. From (2.24), the approximate solution is given by

2 =Q%, + (- Qo)inmn +(3-9%)f,

=+ szZ 9(C )i
i=1
—Z{Z SRS ,zb(c,ai)mm}el.

(2.29)

3. Convergence rate

In this section, we analyse the existence and uniqueness of the approximate
solutions of (1.1) and we discuss the superconvergence results. The following
theorem can be proved by using Theorem 2 given in [21] .

Theorem 3.1. Let zy € C[0,1] be a unique solution of (1.1). Assume that 1
is not an eigenvalue of X'(xo). Then there exists a real number do > 0 such
that the approrimate equation (2.20) has a unique solution x, in B(x,dy) for a
sufficiently large n. Moreover, there exists a constant 0 < p < 1, independent of
n such that
On On
—— <o — @nlloo <

1+p 1-—
where oy, = ||(J - K (20)) MK (o) — ng(mo))Hoo — 0 as n —» oo.

(3.1)
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Lemma 3.1. Assume that 1 is not an eigenvalue of X'(xg). Then, for n large
enough, (3 — K5 (29))~! exists and it is a bounded linear operator, then, there
exists a constant A > 0 such that

109 = 53 (20)) oo < A (3.2)

Proof. Since the operator Q,, converge pointwise to the identity operator and
K'(z0), X!, (z) are compact, it follows that

maz{[|(7 — Q) X' (z0)[loo, (T = Q)X (z0) oo} =0, n — c0.

Choose m > n, then from (2.8), we obtain X (x) — K(xg) pointwise in C[0, 1]
as n — o0o. We get

5 (o) — I (w0) = D (K (w0) — I (w0)) + (I = 2u) (K (w0) — K, (w0))-
Thus, since the projection Q,, is uniformly bounded, we obtain
1 (20) — K7 (20) oo < @l (w0) — I (0)) oo+
19 = Q)X (@0) |0 + 11(T = L) K (20) Hloo — 0, as 1 — oo

Hence by Lemma 2.6 in [4], the operators (J—K5' (x0)) " exists and are uniformly
bounded, for some sufficiently large n. This completes the proof. O

Lemma 3.2. Let xo be the unique solution of (1.1). In case of the hyperinter-
polation projection, we assume that k € C7[0,1]%, ¥ € C"(Q) and f € €"[0,1],
while, in the case of the interpolatory projection, we assume that k € C?7[0,1]?,

b € €7(Q) and f € C¥[0,1]. Then

19 — Q) [K(0) — Ko (20)][|o0 = O (max {h37“,71d}) . (3.3)
Proof. We write
K(z0) — Kn(2o) = K(20) — Kn(20) + Kn(20) — Kpn(0) (3.4)

Now, applying (J — Q,,) to both sides of equations (3.4), we have that

19 = Qn) (K(z0) — Kn(0))lloo < (1T = ) (K(z0) — Kn(20)) oo
+ (T = ) XK (20) — Kin(20)||o0-
Let Q¢ be the interpolatory operator defined by (2.11). By the formula

(3.5)

nr

% (0) — Knl)l(s) = 3 2(t:) [ | metotode - <ns,ei>m],

i=1

it holds that

nr 1 m p
R ECED SR F ARCTICEEN D 9 TERCARIIRIE

=1 : k=1
o
as”
terval, then gs¢; € C[s;_1, s;]. Hence by (2.4) we have for any s € [0, 1],

190 (0) — K (20)] " ()| < mrl|=llocll(@sti) ™ llooh?,

where ¢s(t) = (s,t). Since ¢; is a polynomial of degree  — 1 on each subin-
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Since m = np, it follows that

mxAm»—xmmmmmns(;)wmﬂmxwﬂmﬁ*% (3.6)

which means that
19 — Q) [Kn(z0) — Kn(20)]lloo < c2h"|[[Kn(0) — Ko (20)]™ oo,

< corz]looll(gs€:) " [loch?. (3.7)

A similar estimate can be obtained in the case of the hyperinterpolation projec-
tion. Thus, (3.3) follows from (2.14), (3.5) and (3.7). O

Now we are ready to state and prove the main theorem of this subsection.

Theorem 3.2. Let xg, x,, be the solution of (1.1) and (2.20) respectively, and
asume that 1 is not an eigenvalue of K'(xzo). In case of the projection, we assume
that k € C"[0,1]%, ¥ € C"(Q) and f € €"[0,1], while, in the case of the interpo-
latory projection, we assume that k € €?"[0,1]%, ¢ € C?"(Q) and f € C*r[0,1].
Then

|0 — znllec = O (max {hgr,ﬁd}) . (3.8)
Proof. We see from Theorem 3.1 that to estimate ||zo— 2y ||cc We need to estimate
1K () — K5 (w0) || oo By writing
1¢(0) — 55 (20) oo = 112n[K (o) — Ky (20)] + (I = ) [K(20) — K (0)][loo-
From Lemma 3.1, we have

lzo = znllso < AqllK(20) — K5 (20) oo + All(T = Q) [K(20) = Kn(z0)]llsc- (3.9)

By combining (2.8) and (3.3), the estimate (3.8) follows. O
Now, we prove the following crucial lemma.

Lemma 3.3. Let x € C0,1]? and g—:ﬁ’ e €"(Q). Then XN'(x0) is Lipschitz
continuous in B(x,dy), that is, there exists a constant d2 > 0 independent of n
such that

1137 (o) =33 (@)g)loe < Sallrllpollzo—2lsollglioo, = € B(zo,d0). (3.10)

Proof. Using Lipschitz continuity of g—lﬁ(t, u) and the estimate (2.6), we have for
p=0,1,...,7

13¢5 (o) — Xﬁ/(w))g](”)Hw =

max hfjfj 8, G o G 20(Gi)) — D (i (i) g i)
=F ]8p ij iy ij ou ijs ij ij )l

s€[0,1]

m

_ P
< ol 323,

oY

Cm:ﬂfo(@g)) u(CijaCC(Cij)) 19(Cij)l »

< G2|#llp.collzo = 2loolglloo-

This completes the proof. O
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The following results are needed to obtain the order of convergence of z,, to
xQ-.

Lemma 3.4. Assume that k € C0,1]? and g—:f € C"(R2). Then, the linear
operator X!, (xq) is Lipschitz continuous in a neiberhood of xq, that is, there exists
a constant 63 > 0 independent of n such that

1963 (o) = K (2)[low < B30 — @[loo, @ € B0, &) (3.11)
Proof. From equation (2.19), we have
K (y) = QI (y) + (0 — Q)X (y),  yeCo,1]. (3.12)
Hence, for any g € €0, 1],
1155 (o) = 55 (@)]glloo = 120 (3N (20) — Ky ())gloo
+ (9 = Q) (K, (20) — K7 ()l oo-
Now using the Lipschitz’s continuity of g—f and (3.10), we get
12, (3¢ (20) — Iy (@))glloo < (2 = TN (20) — Ky ()9l
+ (3 (w0) = Ny ()9l oo
< | {37 (o) = K (2))g1" oo + (10 (0) = HR (2))g o
< e2h" 0|l c0ll20 — #loc|9lloc + 02| ll0,00 10 — [|so |9l o
Similarly, the Cauchy-Schwarz inequality and (2.13), yields
19 = Q) (K (0) — KL, (2))glloo < e2b” (KT, (0) — Ky (2))9] " [1oe

< el 8l IOl 5 (o)) — o o a (el (3.14)

< c2q62h" ||| r,00]|T0 = @00 |9 0o-
The desired result follows from (3.13) and (3.14) with,
03 = [lI£llo,co + (1 + g)caht"[|&]l7,00]02-
This completes the proof. O

(3.13)

In the next theorem we give the approximation error of the iterated discrete
modified projection-type method.

Theorem 3.3. We suppose that k € C"[0,1]? and % € C(R). Let xo € C[0, 1] be
the unique solution of (1.1). Then, for n sufficiently large, the iterated solution

T, given by (2.21), satisfies
120 = Fnlloo < callzo — zall2 + ANIN (20)[K(w0) — K5 (0)] oo (3.15)
+ 1K (20) — Kpn(20) oo,

where ¢y is a constant independent of n and A is such that ||(T—K5 (0)) ™ lee <
A < 0.

Proof. Note that from (1.1) and (2.21) we have
To — T = Kzg — fKﬁXazm

3.16
= XNzo — KN, — KN 2o + Kao. (3.16)
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Therefore, for some 0 < 6 < 1, we get
KNzg — KN wp = KN (20 + 0(x0 — 20)) (20 — Tn),
= I (o + 0(x0 — xa)) — Ky (o) + Koy (w0)] (w0 — Tn)-

Taking the norm on both sides of the above equation and applying the Lipschitz’s

continuity of K" and using (3.10) , we can show that
20 = Falloo < 20|l l0.00]|70 — 3 + KN (@0) (0 — 2a) oo (3.17)
+ 1K (o) — K (20) | o-

Let
(9= %5 (0)) (w0 — wn) = K(w0) — K (o) — K5 (w0) (0 — 2n)
+ K3 (w0) — K (zn)-
Applying UC%/ (o) to both sides and using the mean value theorem, we obtain
KN (w0) (w0 — n) = K (20)(T = K5 (w0)) ™ [K(0) — K5 (o)
— K (00) (w0 — ) + K5 (0) — KE ()
= I (0) (I — K5 (w0)) ™ [K (o) — K5 (o)) + K (o) %
(9 — 55 (w0)) ™M [K5 (w0 + (w0 — wn)) — K5 (w0)] (w0 — &),
where 0 < 6 < 1. Now from estimates (2.7), (3.2) and Lemma 3.4 one has
1Y (20) (@0 — n)lloe < AIK (20) K (20) — K ()l
+ AGW163|50,00 |20 — 22012
By Combining (3.17) with the above estimate, we get
|20 — Fnlloo <callzo — zallZ + AlIKR (20)[K(20) — K5 (w0)][|oc
+ 1K (o) — Ky (0) [l oo
with ¢4 = 6]|K||0,00 (62 + AW¥103). This completes the proof. O

The following Lemma is needed to obtain an error estimate for the term
155 (20) [ K (0) — K5 (w0)]loo-
Lemma 3.5. Let Q,, : C[0,1] — X,, be the hyperinterpolation or the interpolatory

projection operator defined by (2.10) and (2.11). Assume that x € C2[0,1]?, g—i’ S
C"(2) and that 1 is not an eigenvalue of K'(xg). Then,

19 (20) u[K (o) — HN (20)] oo = O(RY). (3.18)
Proof. From estimates (2.7) and (2.15), we have
5 (@0) QulXK (w0) — K (w0)](5)]| =

hZZw] 5,Gij) ‘”(cw,xo«zy)) Qu[K(20) — KN (20)](Cis) |

i=1 j=1
<KX (20) o0 | Q[ K (20) — K (20)]]] oo,
< qW1|5]l0,00 | K (20) — K (20) | oo-
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Thus, by using (2.8), we deduce that

19 (20)Qn (K (20) — Ky (@o)] oo < c1q¥1 | 8llo ool a.00h,

which completes the proof. ]

The result below state that the iterated discrete modified Galerkin-type solu-
tion defined by (2.21) can converges to x( faster than .

Theorem 3.4. Let QF : C[0,1] — X, be the hyperinterpolation projection defined
by (2.10). Assume that r € C%[0,1]?, g% € C"(Q) and let xo € C[0,1] be a unique
solution of (1.1). Then, for n sufficiently large, the iterated discrete solution T,
given by (2.21), satisfies

lzo — Znlloo = O <max {h‘”,ﬁd}) . (3.19)

Proof. For the second term of (3.15), we can write

196 (20) [ (o) — 55 (wo)]lloe = N1 (20)(I — Q) [K (o) — Ko (0)]lloc
+ 13¢5 (0) 2 [K (o) — I3 (20)) | oo

(3.20)
First, using the estimate (2.13), we get
5 (w0) (9 — 95K (o) — Kn(20)](5)] =
~ L o . _
hy Y wis(s, Gis) 5, (Gisr @0(Gig)) (I = Q) [K (o) — Kin(20)](Gis)
i=1 j=1
= (rsth1, (3 — Q7)) [K(wo) — K (w0)]),,
= (9 - Q)rstin, (3 — Q) [K(wo) — Kn(xo)]),,
< C2H("£S¢1)(r)”00”(3 - Qg)p{(l‘o) — K (o) [0l
Hence, from (3.3)
19 — Q8 [K (0) — Ko (20)][|o = O (max {h?”’, ﬁd}) : (3.21)
Then by combining (3.15), (3.18), (3.20) and (3.21), the estimate (3.19) is proved.
g

The following result give the superconvergence of the iterated discrete modified
collocation-type solution ,, to xg.

Theorem 3.5. Let QC : €[0,1] — X,, be the interpolatory projection defined by
(2.11). Assume that k € C7|0, 1]2,% € C"(Q) and let zo € C[0,1] be a unique
solution of (1.1). Then, for n sufficiently large, the iterated discrete solution T,
given by (2.21), satisfies

2o — Fnlloo = O <max {h‘”,ﬁd}) . (3.22)
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Proof. By (3.15), we consider
15 (20) [ K (0) — 55 (z0)]loo = 13 (20) (T — Q) [K(20) — Ko (0)] oo
H (| (20) Q5 [K () — I (20)]loo-
(3.23)

Then, by using Lemma 2.1, we write

1967 (20)(I = Q) [K(w0) — K (@o)]lloo < €5Pa|llr,00 (1K (20) = Ko (w0) |2, 00h",
(3.24)

then for 0 < p < 2r, we have
[K(20) = Kn(20)]®)(5) = [K(20) = Kn(20)]P)(5) + [Kn(w0) — Kon(20)]P)(5),

we have

[%(20) — Ko (20)]P)(5) = /0 0:(1)(9 — 90) (),

where zo(t) = ¥(t,xo(t)). By using (2.16) we obtain,

2r
o) — x r,00 — Zo) = AnlT » o0
1K (20) = Kn(@o) or, pzouwc( 0) = Kn(20)] 7| (3.25)

< €327 + 1)gs|lr,00 19 | 2r,00 27",
Since d > 2r, from (3.6) and (3.25) ,we deduce that

1K (20) = K (o) [[2r,00 = O (B*") .

Replacing ||K(xo) — Ky (z0)]|2r,00 by its expression in (3.24) and combining (3.15),
(3.18) and (3.23), we obtain the desired result. O

4. Numerical results

In this section, numerical examples are given to illustrate the theory established
in the previous sections. It is noted that the Newton—Raphson method was
used to solve the nonlinear systems. The numerical algorithms are compiled by
using WOLFRAM MATHEMATICA. Let X, be the space of piecewise constant functions
(r = 1) with respect to the uniform partition of [0, 1]

1 2 n
l=—-<—-<...<==1
n o n n
The projection Qg is chosen to be the interpolatory projection at the nr = n
midpoints
2i—1
tgn) = o 1=1,....,n
or the restriction to £°°[0,1] of the orthogonal projection from £2[0,1] to X,.
Let

|20 — Znlloo = O(A*) and ||z — Znleo = O(RP).
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Note that, for evaluating the required integrals we use the composite 2 points
Gauss quadrature with respect to the uniform partition of [0, 1] with m = 128
intervals. The computations are done for n = 2,4, 8,16 and 32. Thus,

r=1, d=4, h=2"7 and 2°<h<27.
Hence B
h? < h* < K®" this implies 272 <2720 <2715,

The orders of convergence are computed by using the following formula

llzo—2n |l lzo=Zn |l
log (”:vofzanoo) log (nxof@nnm)
a= and (= .
log(2) log(2)
From Theorems 3.8, 3.19 and 3.22, the expected orders of convergence are

a=3 and f=4.

We present the errors of the discrete solution and discrete iterated solution
in the infinity norm. In Tables 1 and 3, we present the maximum errors of the
approximation solution obtained by using the discrete modified Galerkin-type
method and its iterated version. The corresponding errors obtained by using the
discrete modified collocation-type method and its iterated version are given in
Table 2 and 4.

Example 1. We consider the following Hammerstein equation
x(s) — /01 s teos(z(t))dt = f(s) se€[0,1],
where f(s) is selected so that zo(t) =t is the exact solution.
Example 2. Now we consider the nonlinear integral equation defined by

(s) — /01 Wdt - <72T - 1) cos <gs> + (10%54) + 1> sin (gs) :

with s € [0, 1] and the exact solution is unknown. The results are given in Tables
3 and 4.

TABLE 1. Discrete modified Galerkin-type method.

[z0 = Znlloc @ Jlzo = Tnllec B
2 296x103 - 804x107° ~—
4 398x10"%* 2.89 481 x10°% 4.06
8 519x107° 294 297x 1077 4.01
16 6.64x107% 2.96 1.85x10~% 4.00
32 839x1077 298 1.15x 1072 4.00

For the sake of completeness, we illustrate in Figures 1 and 2 the errors in
absolute value obtained by various methods using example 1 (Hyperinterpolation
in red and interpolatory projection in blue) with n = 4.
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TABLE 2. Discrete modified collocation-type method.

on_anoo « HﬂUo—anoo B
2 270x107%* - 743 x107% -
4 483 x107° 248 6.80x 10~7 3.45
8 6.65x107% 2.86 8.58x1078 3.89
16 8.60 x 10°7 2.95 291 x 107 3.97
32 1.08 x 1077 2.98 1.83x 10710 3.99

TABLE 3. Discrete modified Galerkin-type method.

on_anoo « ”xO_EnHoo B
2 413x10°% - 381x107° -
4 624x107% 272 244 x107% 3.96
8 828x107° 291 1.51x1077 4.01
16 1.05x 1075 2.96 9.41 x 1072 4.00
32 1.33x1077 298 5.87x 10719 4.00

TABLE 4. Discrete modified collocation-type method.

[20 — #nllc o  [[X0 —Znlls B
2 6.68x10% - 473x107%* -
4 899x10°% 2.89 3.07x107° 3.94
8 1.16x107% 295 1.93x10°% 3.98
16 1.47x107° 2.97 121 x1077 3.99
32 1.85x107% 299 7.60x 1072 4.00

The results illustrated in the above tables show that the computed orders of
convergence confirm the theoretical ones. From Tables 1 and 2, it can be seen
that to obtain the error ||z — 232]|co of order 1077, a system of size 32 is needed
to be solved in the discrete modified collocation-type method, while as in the
discrete modified Galerkin-type method we need to solve a system of size 64 to
obtain an accuracy of comparable order. Also when computing Zg by a discrete
modified Galerkin-type method, which is obtained by solving a system of size
16, we get an error of the order of 1077. As a result, the discrete modified
collocation-type method has benefits theoretically and computationally over the
discrete modified Galerkin-type method, which require solving an extremely large
nonlinear system that is computationally very expensive. It should be mentioned
that the iterated discrete modified projection-type method converges faster than
the discrete modified projection-type method. There are similar observations to
be made in Tables 3 and 4.

5. Conclusion

The main purpose of this article is to investigate a discrete versions of the
modified projection-type method for approximating the solutions of Hammesrtein
integral equations. Theoretically, the error bound and the convergence rate of
the presented method are obtained. Finally, we have presented some numerical
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FIGURE 1. Discrete modified projection-type method.
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FIGURE 2. Iterated discrete modified projection-type method.

examples to show the validity of the method and confirm the theoretical error
estimates. The results in this paper can be extended to weakly singular kernels
Hammerstein integral equations. This study can be a topic for another paper.
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