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FIRST ORDER NONCONVEX SWEEPING PROCESS WITH
SUBSMOOTH SETS

IMENE MECEMMA, SABRINA LOUNIS, AND MUSTAPHA FATEH YAROU

Abstract. In this paper, using a discretization approach, we discuss
the existence of solutions for a class of first order nonconvex sweeping
process depending on both time and state, with an unbounded perturba-
tion in an infinite dimensional Hilbert space. We state a new existence
result according to a class of subsmooth sets. An application is given on
complementarity systems.

1. Introduction

Consider a nonnegative real number T, a separable Hilbert space H and a set-
valued mapping D : [0,T]x H = H with nonempty closed and unbounded values.
The aim of this paper is to study an evolution differential inclusion governed by
a normal cone to a moving set depending on both time and state of the form

—u(t) € Np(tu)(u(t)) + Gt u(t)) + f(t, u(t)) ae. t [0, 7],
(S) qu(t) € D(t,u(t )) forallt € [0,T],
u(0) = uo,

where G : [0,T] x H = H is a scalarly upper semicontinuous set-valued map-
ping with nonempty closed unbounded values and f : [0,7] x H — H is a
Carathéodory function. Np( ) (u(t)) denotes the Clark normal cone to the
moving set D(¢,u(t)) at u(t). This kind of problem is called first order perturbed
sweeping process, such problems have been introduced and studied for the first
time by J.J. Moreau for convex sets D(t) and G, f = 0, with motivation in elasto-
plasticity, mechanical systems. Since then, several authors have been interested
in the study of the sweeping processes by weakening the assumptions, see for
example [3, 6, 10, 12] and the references therein.

The nonconvex case has been considered for uniformly prox regular sets by
[1, 2, 11] among others and then for uniformly subsmooth sets (see for instance
[7]). Other extensions include the state-dependent case, that is when the moving
set depends separately on time and state. [5] has considered the problem (S)
without f for a class of subsmooth moving sets and the perturbation unnecessarily
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bounded in finite dimensional space. The same problem has been studied by [25]
with delayed perturbation. For other approaches, see for instance [4, 15, 16].

Recently, the existence of solutions for (S) has been obtained in [22] where
the perturbation G satisfies a linear growth condition and the moving set D is
bounded, uniformly prox-regular and there exist real constants L1 > 0, Lo € [0, 1]
such that for any t, s € [0,T] with s < ¢ one has

exc(D(t,u), D(s,v)) < Li(t — s) + lz|lu — v||,

for any u, v € H. As an extension of this result, in [8] it has been proved the
existence results for first order Mixed partially BV sweeping process, which gives
the existence of solution for the problem (S) when the moving set is bounded
subsmooth, relatively compact and the set valued mapping G is unbounded and
only the element of minimal norm satisfies a linear growth condition. We refer
to [23] for another BV version of the problem (S) for a prox regular ball com-
pact moving set and unbounded perturbation. In the present paper, we establish
the existence of solutions for (S) in the infinite-dimensional setting, for the gen-
eral class of equi-uniformly subsmooth sets, which generalizes the convex and
the uniform prox-regularity cases, moreover the moving set D is not necessarily
bounded. We weaken the hypothesis on the perturbation by taking a sum of a
Carathéodory function f satisfying a linear growth condition and an unbounded
set-valued mapping for which only the element of minimal norm satisfies a linear
growth condition.

The paper is organized as follows. In Section 2, we recall some definitions,
notations and auxiliary results that we need. Section 3 is devoted to the presen-
tation and the proof of the main result. Finally, we give an application to a class
of complementarity dynamical systems.

2. Notation and Preliminaries

Throughout the paper, H will denote a real separable Hilbert space whose
inner product is denoted by (-,-), and the associated norm by || - || and T is a
positive real number. For any a € H and r > 0 the open (resp. closed) ball
centered at a with radius 7 is denoted by B(a,)(resp. B(a,r)). For a = 0 and
r = 1 we will use the standard notation B the unit closed ball. The set of nearest
points of S to x, Projg(x) is given by

Projg(z) :={y € S : ds(z) =l = —y ||},
where dg(z) := ing || —y || represent the usual distance function to a nonempty
ye

subset S C H.
The excess distance between two nonempty subsets S and S’ in H is defined by

exc(S,5") = sup dg ().
z€S

The Hausdorff distance between two nonempty subsets S and S’ in H is defined
by

H(S,S") = max {eXC(S, S, exc(S’, S)}
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It is easy to see that

H(S,S") = sup|ds (z) — ds(z)].
zeH

The closed convex hull of S is characterized by

co(S)={zeH:V2' e H <2,z ><o(2,9)},
where o(2',S) := sup(z/, x) stands for the support function of S at 2/ € H.

zeS

A subset S is said to be ball compact if, for any closed ball B(z,r) of H, the
set B(x,r) NS is compact in H. Recall that if a subset S is nonempty and ball
compact then the projection of x onto S is nonempty.
Let ¢ : H — R U {400} be a lower semicontinuous function and let = € H
be a point where ¢(x) is finite. A vector ( € H is said to be in the Fréchet
subdifferential 0 ¢(x) of ¢ at z (see [9]), if for every € > 0, there exists n > 0
such that

(Cy—=) <o(y) — ¢x) +elly—z|  forall y € B(z,n).
The Clarke subdifferential d¢(z) of a locally Lipschitz function ¢ at x is the
nonempty convex closed subset of H given by

99(x) = {C € H: ¢°(x;h) > (¢, h),Vh € H},

where

¢°(2;h) = limsupt ! (¢p(u +th) — ¢(u))  forall h € H.

u—,t}0

The Fréchet normal cone (resp. the Clarke normal cone) of S at x € S is denoted
by NI (z) (resp. Ng(z)) and is given by Ni'(z) = 0F¢g(z) (resp. Ng(z) =
0Ys(x)) where 9g(x) denotes the indicator function of the set S, i.e., ¥g(x) =0
if x € S and ¥g(x) = 0o, otherwise.
It is also known, for any nonempty closed subset S of H and x € .S, the following
relations hold true

oFds(z) = NE(z)NB and dds(xz) € Ns(z) NB. (2.1)

We say that ¢ : [0,7] x H — H is a Carathéodory function, if (-, x) is mea-
surable for each x € H and ¢(t,-) is continuous for each ¢ € [0,T]. We recall the
definition of subsmoothness concept, introduced in [9].

Definition 2.1. We say that a nonempty closed subset S of H is subsmooth at
xo € H, if, for every e > 0 there exists § > 0 such that, for all z1, 9 € B(xg,d)NS
and all y; € Ng(z1) N B, yo € Ng(z2) N B, we have

(Y1 — y2, 21 — w2) > —€lz1 — 22 (2.2)

The set S is subsmooth, if it is subsmooth at each point of S. We further say that
S is uniformly subsmooth, if, for every € > 0, there exists 6 > 0 such that (2.2)
holds for all 1, zo € S satisfying ||z; —x2|| < d and all y; € Ng(x;)NB (i € {1,2}).

The following result gives us the normal regularity of the subsmooth sets as
well the subdifferential regularity of the distance function (see [26]).

Proposition 2.1. Let S be a closed subset of H. If S is subsmooth at x¢g € S
then
Ns(z0) = N& (x0) and dds (o) = 0¥ dg(zo).
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Next, we give the definition of the equi-uniform subsmoothness for a family of
sets, introduced in [26].

Definition 2.2. Let (S(p))peq be a family of closed sets of H with parameter
p € Q. This family is called equi-uniformly subsmooth, if, for every e > 0, there
exists d > 0 such that, for each p € @, the inequality (2.2) holds, for all x1,x9 €
S(p) satisfying ||z1 — z2|| < d and for all y; € Ng(z;) N B, (i € {1,2}).

The following proposition corresponds to the scalar upper semicontinuous prop-
erty of distance function. For the proof, we refer the reader to [17].

Proposition 2.2. Let {C(t,u) : (t,u) € [0,T] x H} be a family of nonempty
and closed sets of H which is equi-uniformly subsmooth and let p be a positive
real number. Assume that there exist real constants L1, Ly > 0 such that, for any
u,v € H and t,s € [0,T] with s < t.

exc(C(t,u),C(s,v)) < Lilt —s|+ La |Ju—v || .

Then, the following assertions hold

(a) For all (s,u,y) € Gph(C), we have pddc(s.)(y) C pB.

(b) The convex weakly compact set valued mapping (s,u) — Odc (s (y) sat-
isfies the upper semicontinuous property : for any sequence (sy)n in [0, 7]
converging to s, any sequence (uy), converging to u, any sequence (Yn)n
converging to y € C(s,u) with y, € C(sp,un) and any ¢ € H, we have

lim sup U(C7 padC(sn,un) (yn)) < U(C7 padC(s,u) (y))

n—aoo

3. Main result

Let us consider two set valued mappings D : [0,7] x H =% H and G : [0,T] x
H = H with nonempty closed values and a mapping f : [0,7] x H — H such
that we have the following assumptions
(Ap,) The family {D(¢,x); (t,z) € [0,T] x H} is equi-uniformly subsmooth.
(Ap,) Thereexistsareal L1 > 0and 0 < Ly < 1 such that, for every (¢,y), (7,x) €

0,T) x H with 7 < ¢,

exc(D(t,z),D(t,y)) < Li(t — 7) + Lo|jz — y]|.

(Ap,) For every bounded subset A of H, the set D([0,7] x A) is ball compact.

(Ag,) The set valued mapping G(t, -) is scalarly upper semicontinuous (i.e., for
each y € H, the function (t,u) = o(y, G(t,u)) is upper semicontinuous).

(Ag,) For each u € H the mapping Projg(. ,(0) : [0,7] — H is measurable and
there exists a real § > 0, such that

detuy(0) < B(L+[Jull])  for all ¢ € [0,T].
(Ay) fis a Carathéodory function and for some real constant o > 0,
1wl < a4 [lul).

Theorem 3.1. Suppose that assumptions (Ap, ), (Ap,), (Aps), (Ac,), (Ac,)
and (Ay) are satisfied, then for every ug € H with ug € D(0,uq), there exists a
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Lipschitz continuous mapping w : [0,T] — H satisfying (S). Furthermore, for
every t € [0,T]
Li+2(a+B)(1+ A)
1— Lo
& a+p
where A = {||u0H + TM} 1—1Loy,

Proof. For each n € N, we consider the standard partition of I = [0, T,

la(®)]| <

T
Y =ihy, hy = o if i €{0,...,n}, (3.1)
and set

I =1t} ¢ [, for i €{0,...,n—1}.

(2

For each (t,u) € I x H, take g(t,u) the element of minimal norm of the closed
convex set G(t,u) of H defined by g(t,u) := Projg(.)(0) and set h(t,u) =
g(t,u) + f(t,u). Then it follows that

[ 2t w) < (a+ B)(A+ || ). (3.2)

Step 1: Let us construct ug, uf, .., uj_; in H such that, for each i = {0, ...., n}
the following inclusions hold

uityy € D(ty,uy), (3.3)

tn
i+1
uj'yy € Projpen, | um) (U? —/ h(r, U?)d7'> ;
t

with the following inequalities
[uiill < A, (3.4)

and

uiy —ui'll < hy < L, .

Indeed, using the ball compactness of D(t},ug), we can choose
uy € Projpm um) (Uo ftn (1, ug dT) and hence u € D(t}, ug}).
From (Ap,), (3.1) and (3.2), we have
&t
+ [ Intrag)ar
i}

tn
ul — (ug‘ — /tnl h(r, uS’)dT)
iy
<dprum | uo — / h(7,ug)dr | + (¢ — i) (o + B)(1 + [lug])

[uf = ug || <

0
n
tO

tr
< dpgy,up)(ug) + /tn 177, ug)lldT + (87 = t5) (o + B)(1 + [lug [])

0
< exc(D(tg, ug), D(t1, ug)) + 2(¢7 — t5)(a + B)(1 + |lugl]),
which implies that

lut —ugll < (7 = £5) (L1 + 2(a+ B)(1 + [lug 1)), (3.5)
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then
Ly +2(a+ B)(1 + ugl)

1—1Ls ’

luf = ug | < (& = t5)

and hence
Ly +2(a+ B)(1 + [lug])

n
P + g

[ut || < {lut = ugll + llugll < hn

L1+2(O¢+5) (a+,3)

IN

I, +hn1

hoy,
L1+2(04+5) a+f
{yo||+h A }<1+2hn1L2)

lug || + [[ugl

a+f
L1~|—2(a~|—5)}€2T1_L2 _A

<< |ugll +T
< { g+ TEEAS
Suppose now that the points wug,...,u for 0,...,7, with ¢ < n — 1 have been

constructed. Using the ball compactness of the set D(t} |, u;'), ensures that we
can choose uj', | € PI‘OJD(tn (u - ftrf“ h(r,u] )dT)
From (Ap,), (3.1) and (3. ) we get
t’f‘+1
+ [ Int e

i — | v —/ h(r,ul)dT
tn
< doesay (00 = [ Gy ) + (@ = )+ B+ )
t

lur —ui'l] <

k3
2

< dp@r,

t?+1
upy (u') + /tn 1A(7, wif)ldr + (341 — t7*) (@ + B) (1 + [ug'[])
S eXC(D(t?Jrl?uzn): D( ?7 :L 1)) + 2( i+1 t?)(a + ﬁ)(l + HU?H)
< ha(Ly+2(a+ B)(1 + [luf|]) + Laflui — uiy |-

It implies that

Juir = il < hn(Ly 4 2(ec+ B) (1 + [[ui']])) + hnLa(Ly + 2(a + B) (1 + [[ui_q )

2
alluiq — ui ol
Thus, we deduce that

7
lufy = wfll < o Y Ly ™ (L + 2(a+ B) (L + [fup 1) + Lyl — uf]l.

m=1

By (3.5) it follows that

iy = | < by Ly ™ (Lu2(atB) (L[ )+ Lok (Li+2(a+8) (L+|lug )

m=1

< hn Y Ly (L A+ 2(a+ B) (1 + [fup, D)

m=0
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< h (W +2a+8) Y Lémnu:;n) .

m=0

On another hand, for : =0,---,n — 1, we have

(2
lufya | < Nl + D lukyr —uil,

k=0
S0
i k
n n . Li+2(a+p —-m n
Juipall < llugll + 2n(i+ 1)1—(L) + 2hp(a + B) (Z Ly ) [[um |l
2 k=0 \m=0
n . Ly +2(a+ﬁ) : - —-m n
= ol G P2 ooy 30 (30 )
m=0 \k=m
< Ly +2(a+ )

a+ :
H 7T——mmMM = 2h ™.
{2 o £ S )

Using the discrete version of Gronwall’s inequality in [19] we obtain for i =
0,...n—1

Li+92 2T atp
il < gy + 72 E20 O ITET, A
1— Lo
and consequently, we get
L 2 1+ A
lulyy — ul]| < b= F2oatHA+A) hnA. (3.6)

1—1Lo
Step 2 : Construction of (un(+))n, (0n(:))n, (Vn(-))n from I to H. For every
i=0,...,n — 1, we define the sequences 0,,(-), v (-) : I — H by
0. < [t i elr,er ] =48 if te [t el
T if t=0 th="T if t=1T,
and uy, : [0,T] — H, by
n ) t [ A A
un(t) =4 Z.f € Il (3.7)
i if t=T.
Observe first that, for all t €
lim [0,(t) —t| = ngrfoo |7 (t) —t| = 0.

n—+00

We get from (3.3) that
un(0n(t)) € D(0n(t), tn(7n(1)))- (3-8)

Step 3: Let us prove the convergence of uy(-) to some absolutely continuous

mapping u(-).
For all integer n € N by (3.4) and (3.7), we remark that

lun ()] <A forall tel,
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from (3.6), we obtain
var(u = sup E [|uit ul|| < nAh, =nA— =TA.
7’L} +1 1/ n n

According to Theorem 2.1 in [21], there exists a subsequence of (uy)nen, noted
also (up)n, and a function u with bounded variation such that

un(t) — u(t) weakly in H for allt € I. (3.9)
n—oo
Now we will show that wu(-) is Lipschitz continuous. For any p, ¢ € {0, ...,n} and

for all t,s € I, with ¢t < s. Then t € [t}, ¢}, [ and s € [ty, ;[ From (3.6) and
(3.7) we obtain

q—p—1
un(t) — un(s)| = lluy —ugl < Z Uyttt — Upill
k=0
—p+
Z net — bi) S At — 1)
k=0

T
A(t — s[+|s —tg| +[t; —t]) §A(|t—s]—|—2g). (3.10)
Using the weak convergence of u, to u, we get

Jut) = u(s) | < limn it (8) = un(s)]| < A(Jt — 50,

hence, u(-) is Lipschitz continuous on I and we have
la@)|| <A ae. tel. (3.11)

Next we prove that the set A(t) = {u,(t) : n € N} is relatively compact in H.
From (3.8) and (3.4), we get

(un(0n(t)))n € D(I x AB) N AB.
Using the fact that D(I x AB) N AB is relatively compact, then (u,(0,(t)))y is
relatively compact so from (3.10) we have

|un(0n(t)) —un ()] < A (0n(t) —t+ QZ;> —0, as n—oo.

Thus the set {u,(t)}nen is relatively compact in H. According to the equicon-
tinuity obtained by (3.11), we deduce that (uy(t))nen is relatively compact in
¢u(l), then we can extract a subsequence of (up), (that we do not relabel)
which converges uniformly to u.

Step 04: We show now that u(-) is a solution of (S). Note first that, from (3.7)
and (3.9) we have u(0) = ug, and u(t) € D(t,u(t)). Indeed,

Ap(t,u(t)) (Un(On(t))) < exc(D(On(t), un (1 (1)), D(t, u(t)))

< Lie + Lallun(a(6) — (o)
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using the fact that ||u, (v, (t)) — u(t)]| — 0 and since D(t,u(t)) is closed, we
n o

obtain u(t) € D(t,u(t)) for every t e I.
Let us define the mapping v,, : I — H for each i € {0,...,n — 1}, by

t—tn (28 t
vn(t) = ul' + m —Lt” U — Uy —i—/t h(r,u)dr | — /t h(7,u)dr.
7

i+1 i i
Observe that, by the definition of u, and v, and the relations (3.2), (3.4) and
(3.6), we have for all t € [t} ¢}, ]
[on(t) — w(®)]| < floa(t) — un ()] + [Jun(t) — u@)]
t—t7

o ‘
< (u% —al+ [ Ine u?)HdT) + | ) dr+ ) =u(o)]

i+1 %

t—tn L £
< o | luitp —will + (a+8)(1+A) dr
tip1 — b i

t

Ha+A)(1+A) / 0 + un(t) — ()]

2
< (E—17) (A+2(8+ a)(1+ A)) + [[un(t) — u(t)]]
< LA+ 28+ 0)(1+ A)) + fun(6) — u(t)
Since u,, converge uniformly to u then, we conclude that
vp(t) —> u(t) for all t e I.
For every integer n € N, i € {0,...,n — 1}, v,(-) is differentiable on |¢}', ¢} ;[ and
uf g —uj + ﬁt;“ h(s,ul")ds

tn, — o

on(t) + h(t,u) = o
i+1
Now let’s define the mappings &,, ¥, : I — H by

En(t) :=g(t,un(0n(t))) and 9, (t) := f(t,un(d,(t))) forall ¢t e I.
Using (3.2) we get, for all t € T

16O < B+ A) and ||[9,(t)] < a(l+A) forall tel. (3.12)
It follows that
[0 () + 9n(t) + &) <A+ (a+B)(1+A)=1 ae. tel. (3.13)
On another hand, we have
On(t) + In(t) + &n(t) € =ND(0,, (1) un (5,(1))) (Un(On (1)), (3.14)

then
O () + 90 (t) + Enlt) € =ND 0, (8)un (5 (1)) (Un (On(t))) N IB.
According to (2.1), (3.14) and Proposition 2.1, we get
On(t) + In(t) + &n(t) € —10dD(0, (1) un(va (1)) (Un(On(t))) ae. t € I.

From (3.12), by extracting a subsequence if necessary, we conclude that &,(+)
converges weakly in L!(I, H) to a mapping &(-) € LY(I, H) such that ||£(¢)]] <
B(1+ A), and by the continuity assumption on f(-,u(-)), we deduce that J,(-)
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converges to ¥(-) = f(-,u(-)) in L*(I, H).
From (3.13), we have
lon()|| <1+ (a+B)(1+A)ae tel,

which give us the weak convergence in L' (I, H) of (0,,(-)) to some ¢(-) € L*(I, H).
Using the absolute continuity of each v,(+), we obtain

t
vn(t) = v, (0) —I—/ Un(s)ds for all t €1,
0

passing to the limit, we get u(t) = u(0) + fg ©(s)ds, and consequently u(-) = ¢(+)
a.e. on I. This yields that v,(-) — u(-) weakly in L'(I, H). Since, (i, + ¥, +
&, &n)n converge weakly in L'(1, H) to (4 + 9 +€,€), by Mazur’s Lemma , there
is a sequence (A, @y, ), which converges strongly in L1([0,T], H) to (i+9 +&,€)
with A, € co{tp, + O + &n : m > n} and w,, € co{&y, : m > n}.

As a result, for almost all ¢t € [0, T

W) +9(1) +€(1) € 0 c0{om () + Im(t) +Emlt) : m>n},
and )
(t) € 0 Tofém(t) :m > n),
which implies that, for every t € I, n € N, we have
(y(0) + 9(8) + E(0) < b 51D (1,5 (8) + Du(8) + (1)) for ally € H,

and

(y,&(t)) < inf sup (y, &n(t)) for all y € H.
nzomZn

It follows that, for every t € I,
(y, a(t)+0(t)+&(t)) < limsup o (y, —10dp (6, (1) un (va (1)) (Un(On(t)))) for ally € H,

n—-—+00

and

(y,£(t)) < limsup o (y, G(0n(t),un(t))) forally € H.

n—+00
Hence, according to Proposition 2.2, for every t € I,
(o it) + 9(8) + €1)) < o (3, 10 p.uey) (u(t))
using the fact that G(-,) is scalarly upper semicontinuous, we have
(y,£(t)) <o (y,G(t,u(t)) forally e H,
which ensures that
{a(t)+9(t)+&(t)} C eo(—10dpuwy)(u(t))) and &(t) € co(G(t,u(t))) ae.tel,
or equivalently
u(t) +9(t) + £(t) € —10dp(tuy)(u(t)) C —Npu@y(ut)) ae.tel,

and
§(t) € G(t, u(t))-
This completes the proof. O

The corollary below is a direct consequence of Theorem 3.1.
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Corollary 3.1. Let G : [0,T] x R™ == R"™ be a set valued mapping with con-
vex closed values in R™ such that G(t,-) is scalary upper semi continuous on
Hsatisfying (Ag,). Assume that (Ap,), (Ap,)and (Ay) are satisfies. Then for
all ug € H and uy € D(0,up), there exist a Lipschitz mapping u : [0,T] — R"
satisfies (S) with ||u(t)| < %@(HA) a.e.

4. Application to a complementarity problem

In this section, we apply the previous results to prove the existence of solution
to the following nonsmooth dynamical system

u(t) = f(t,u(t)) + g(t,ut)) + [Jh(u(t))]"z(t)
y(t) = h(u(t)) + o(t, u(t))

K >y(t)Lz(t) e K*

u(0) = uo,

where f(-,-) : [0,T] x R® — R™ verifies (Ay); g(t,u(t)) € G(t,u(t)) satisfies
(Ag,), (Ag,); K C R™ is a closed convex cone with dual cone K* = {y €
R™: (v,y) >0, ve K}.o(-):[0,7] x R" — R™ is a Lipschitz function with
constant kg < % such that &’ is a constant to be chosen later, h : R" — R" is
a continuously differentiable function such that the associated Jacobian matrices
Jh is uniformly continuous and satisfies the following assumption

Jk > 0 such that Brn C Jh(u(t))kBgn — K. (4.1)

The notation ” 1.” means orthogonality.

This class of problems is an important class of nonsmooth dynamical systems
that is of use in mechanical and electrical engineering as well as in optimization
and in other fields. It consists of an ordinary differential equation coupled with a
nonlinear complementarity problem in the constraint; for more details, we refer
to [13, 14].

The third relation in (D) can be expressed as (see[24])

—x(t) € Nk (y(t)),

(D)

then
=[Jh(u@®)]"z(t) € [Jh(u(?))]" Nk (h(u(t)) + ¢(t, u(t)))
—f(t,u(t)) — g(t, u(t)) — [Jh(u(t))]"=(t) € [Jh(u(t))]" Nk (h(u(t)) + o(t, u(t)))
—f(t,u(t)) — g(t, u(t)).
According to the first relation in (D) we obtain
a(t) € —[Jh(u(t))]" Nk (h(u(t)) + o(t,u(t))) + f(t,u(t)) + g(t, u(t)).
From Proposition 1 in [18], we get

W(t) € =Np(ue)(u(t)) + [t u(t)) + g(t, u(t))

where D(t,u(t)) = h=(K — ¢(t,u(t))). In order to prove that the set D (¢, u(t)) =
h=Y(K —¢(t,u(t))) is uniformly subsmooth we have used Proposition 3.14 in [20],
therefore it is sufficient to prove that h™1(K — ¢(¢,u(t))) satisfies the uniform
normal cone inverse image property, that is

N(h YK — ¢(t,u(t))), z) NBrn C Jh(z)*|N(K — ¢(t,u(t)),z) N ,BBRH:|,
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for some 8 > 0. it is known that there exists k£ > 0 such that for all x € R™
Bgrn C kJh(z)Bgrn — K,

so by Proposition 3.13 in [20] we get the uniform normal cone inverse image
property with 8 = k and consequently h~! (K —¢(t, u(t))) is uniformly subsmooth.
Let us now prove that D(¢,u(t)) satisfies the hypothesis (Ap,). For this purpose,
we must prove the following result

Proposition 4.1. Let h : Brn — Brnr be a continuously differentiable function
such that Jh is uniformly continuous and let K be a closed convex cone such
that (4.1) is satisfied. Then, the set valued map v = h~ (K —v) is k'— Lipschitz
continuous for every k' > k.

Since K is a cone, then from (4.1) and Proposition 3.13 in [20], for all z € R"
and for all w € R" we have

dp-1(k —v) () < kdig (h(z) +v).
Let v1, vo € R” and 2 € h™'(K — v;). Then,
A1 (K —vp) () < kdg (h(x) + v2) < Kllvg — v1|.
Therefore, for € < k' — k, there exists z. € h™'(K — vp) such that
[ = @l < dp-1(K—vy) () + €llvz — va]],

and thus

|z — 2| < (k+ €)|jva — v1]| < K |lvg — v1]],
there ensues

YK —vy) C h YK — o) + K ||Jvg — vy,
which completes the proof of the proposition.l

Let (1,u), (t,w) € [0, T] x R" with 7 < ¢

eacc(D(T, u),D(t,w)) < ’H( ))
)

= Sup ‘dD Tu)( ) thw)(U ‘
veER™

< K| llé(r,u) - o(t,w)]]
< Wha[(t=7) + Ju— wu}

It follows that (Ap,) is satisfied. Then, according to Corollary 3.1 the problem
(D) has a solution.
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