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ON THE COMPLETENESS OF EIGEN AND ASSOCIATED
VECTORS OF A CLASS OF THIRD ORDER QUASI-ELLIPTIC
OPERATOR PENCILS

SABIR S. MIRZOYEV AND AYDAN T. GAZILOVA

Abstract. In the paper we find sufficient conditions on the coefficients
of a class of third order quasi-elliptic operator pencils providing the
completeness of the part of eigen and associated vectors in a separable
Hilbert space. The completeness of the system of decreasing elementary
solutions of the corresponding homogeneous equation in the space of
solutions of this equation is proved. All these conditions are expressed
by the coefficients of the operator pencil.

1. Introduction

In separable Hilbert space H we consider the operator pencil
P(\) = (AE — A>(A\E + A) + \2A; + A\ A, (1.1)

where ) is a spectral parameter, F is a unit operator in H, the operator coeffi-
cients of the operator pencil (1.1) satisfy the following conditions:
(1) A is a self-adjoint positive-definite operator in H;
(2) The linear operators By = A1A~!, By = A3A~2 are bounded operators
in H.
Note that in the sequel we will denote Py(\) = (AE — A)2(\E + A), P/(\) =
= N2A1+ M2, P(\) = Py(A\)+Pi(\) and P*(\) = (AE—A)2(AE+A)+ A+ \A}
ie. P*(\) = P*(\).
Note that
PA\) = NE — XA - AA2 + A3 + 2\2A; + My = (E+ L(\) A3,
where
L) = AX(By — E)A™' + \}(B; — E)A™2 + \3A73,
If A= is a completely continuous operator in H, then L()\) will be an operator-
valued function with completely continuous coefficients. Considering that L(0) =
0, E+ L(\) is invertible at the point A = 0. Then from the M.V. Keldysh lemma

[9] the operator-function E + L(\) has a discrete spectrum with a unique limit
point at infinity.
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Note that at the points E+ L()\g) is not invertible, Ay will be an eigen-value of
the operator pencil E + L()). Since P(\) = (E + L(\))A3, then the pencil P())
also possesses this property.

Note that if at the point Ag the operator pencil is not invertible, then in the
vicinity of the point Ag the resolvent P~1()) is of the form
Qo Q1 Qm

(/\ — /\0)m+1 + ()\ — Ao)mo Tt A—Xo

PN = +QM0),  (1.2)
where Q()) is a holomorphic operator-function in the vicinity of the point Ag
where Qo, @1, ..., @m are finite dimensional operators.

Denote by H. (v > 0) Hilbert space whose domain of definition is D(A”) with
scalar product (z,y), = (A7, A%y),xz,y € D(AY). For v = 0 we will consider
(x,y)o = (z,y) and Hy = H.

Definition 1.1. If zg € Hs is a nonzero vector and satisfies the equation
P(Xo)xo = 0, then )¢ is said to be an eigen-value of the operator pencil P(\).

If the vectors xg, x1, ..., T, satisfy the equation (z¢ # 0)

P(/\())xo =0
P(Xo)z1 + %P(A)‘)\:)\ z9 =0
1dPA) ....................... 1d2p(>\) ....................... 1d3p(}\) ................... _
P(Xo)xm + 11 T’A:AO Tm—1 o1 T | Fme2 g Ty || Ime3 = 0
(1.3)
then zg, x1, ..., T,, is said to be the system of eigen and associated vectors of the

pencil P()) responding to the eigen value Ag.

Note that the eigen-value Ay can respond to several finite number systems of
eigen and associated vectors.

Expanding P()) in the vicinity of the point Ag in powers (A — )\g) we see that
for any x # 0 the system Quz,Q1z,....,Qnx are eigen and associated vectors
P()) responding to the eigen-value Ag.

Denote by K(II_) all the systems of eigen and associated vectors responding
to eigen-values from the left hand side of the halfplane

II_ = {\: ReX < 0}.

Note that various theorems on the completeness of all systems and their parts
have been studied for example in [2],[5-7],[9], [11-14].

Third order operator pencils with a multiple characteristics of the principle
part of third order

P(\) = (AE+ A)?(\E — A) + \2A; + \Ay (1.4)

and appropriate boundary value problem have been studied in [1-4].
Denote by Lo(R4;H) a Hilbert space of vector-functions determined in
Ry = (0,00) always everywhere with the values in H with the norm

o 1/2
s = ([ I£01a) < oo
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Following [10] we denote
W3(Ry; H) = {u cu® € Ly(Ry; H), APu € Lo(Ry; H)} (1.5)

with the norm

) 1/2
— (|[u® 3]
HUHW§(R+;H) = (H“ ‘ Lo(RoH) +]]4 UHLQ(R+;H)>

It follows from the trace theorem [10] that
W3 (Ry; H;0) = {u:u € W3 (R H),u(0) =0} (1.6)

and
0 3 3 , ”
WalRys H) = {u:u € Wi(Rys H),u(0) =/(0) =u"(0) =0} (1.7)
are complete subspaces of space W3 (R, ; H).
Note that for ¢ € Hs/ and e~ o € WJ(Ry; H) we have the inequalities

1
3 —tA
1A%l iy = 75 Nl (18)
and
—tA
He ! SDHWS(R_HH) < ||(10||5/2 (19)
Indeed, from the spectral expansion, assuming y = A%2p € H
[e.e] [e.e]
A0l gy = [ (A, a0 = [ (a0t ar <
0 0
oo o0 oo o0
< / / pe 2Mdt | d(Buy,y) = / pd(Euy, y) / e dt
0 0 Ho 0
17 1 1
2 2
— 5 [ @B = 511 = 5ol
Ho
—tA

Hence it follows that He QDH?,VQ;;(R+;H) =2 }|A3€_MSOHZ(R+;H) < H‘P”g/z‘

Note that for R = (—00,00) the spaces La(Ry; H) and W3 (Ry; H) are deter-
mined in the same way.
We will use some facts from the book [10].

19, Theorem on intermediate' derivatives.
If u € W3(Ry; H), then A3 7ul) € Ly(R,; H) and

HA?’*ju(j)‘ < const HuHW§<R+;H> ,j=1,2 (1.10)

La(Ry;H)

20, The trace theorem '
If u € WJ(Ry; H), then ul9)(0) € Hs_;_1/, and

ool

< const |[ul|lwsp,.iy .0 = 1,2 1.11
e el e,sm (111)

30, The class D(R; H) of infinitely differentiable functions with values in H
with compact supports in R is everywhere dense in W3(R; H).
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Note that the principal part of the operator pencil P())
Py(\) = (AE — A*(\E + A) (1.12)

has spectra in the right and left semi-axes, but the power is an odd number,
therefore, the pencil (1.1) is said to be a third order quasi-elliptic operator.

Since the characteristic polynomial has one root from the left half plane, we
will study boundary value problems in one condition at the point 0.

Definition 1.2. Let zg, 1, ...,z be the system of eigen and associated vectors
responding to the eigen-value \g, then the vector-functions

th th—1
up(t) = erot <h‘$0 +

—_— = 1.1
(h—l)!xl—i_ +xh>,h 0,m (1.13)

are called elementary solutions of P(d/dt)u(t) = 0.

For Re)y < 0 they are said to be decreasing elementary solutions.

The equalities P(d/dt)up(t) = 0 are verified by using the definition of eigen
and associate vectors. Thus, for Relg < 0 the elementary solutions uy(t) €
W3(R,; H). Let us associate the operator pencil P()\) with the boundary value

problem
Pl = (& - a) (& +a)uo + 4200,

dt dt dt?
+A2d1;(:) = f(t),t € R4 (1.14)
u(0) = 0. (1.15)

Definition 1.3. If for f(t) € Lao(Ry; H) there exists a vector-function u(t) €
€ W3(R,; H) satisfying the equation (1.14) almost everywhere in R, = (0,
then wu(t) it is said to be a regular solution of equation (1.14)

Definition 1.4. If for any f(t) € La(R4+; H) there exists regular solution u(t) of
the equation (1.14), boundary conditions (1.15) in the sense of convergence

lim t =
Jm [u(@)ll5/2 =0
and we have the estimations

|’uHW§’(R+;H) < const Hf||L2(R+;H)
then problem (1.14), (1.15) is said to be regularly solvable.

2. On the norms of intermediate derivatives and regular
solvability conditions of a boundary value problem

Denote
Pou = Po(d/dt)u = (d/dt — A)? (d/dt + A)u(t), ue W3(R.;H;0)
2 d
Pru = Py(d/dt)u = Alﬁj n AQdiZ and Pu = Pou + Pru, u € W3(Ry; H;0)

acting from W3 (R H;0) to the space La(Ry; H). The boundedness of the opera-
tors Py, P1 and P follows from conditions 1), 2) and the theorem on intermediate
derivatives [10].
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The following theorem is valid.

Theorem 2.1. The operator Py isomorphically maps the space W23(R+H; 0) onto
the space Lo(R4; H)

Proof. Let us show that the equation Pou = f has a solution for all f € Lo(R1; H).
Introduce the function fi(t) € La2(R; H) in the following way: fi(t) = f(¢), for
t e R+, f]_(t) == 0, for t € R/R+ ObViOUSly, ||fl||L2(R,H) = ||f||L2(R+,H) .
Consider in R the equation
Py(d/dt)v(t) = f1(t), t€ R=(—00,00).
After Fourier transformation we obtain

0(§) = Py (i) f1(6), €€ R
where 9(¢) and f1(€) are Fourier transformations of the functions v(t) and f;(¢),
respectively. Obviously,

N 2
142617, gy = | A2P5 F1(©))

2

< sup }|A2P(;1(i§)H2 Hfl(é)H

Lo(RH) ~ ¢cR Lo(R,H)

From the spectral theory of self-adjoint operators we obtain

|42 () = sup [o?(i — o) 2 +0) Y = sup |o¥(€? 4022 <1
o€o(A) o€o(A)

i.e. A%0(€) € Lo(R, H). It is similarly proved that (i€)391(¢) € La(R, H). Then
o(t) € W3 (R 1) and [|o(8) gy < const 1 (8) Ly oy < const 1l -
Denote by ug(t) contraction of the function v(t) on [0, c0).

Then ug(t) € W3(R4; H) is a regular solution of (1.14) and we will look for the

solution in the form

u(t) = ug(t) +e g,

where ¢ € Hj/y is an unknown vector. Then it follows from u(0) = 0 condition

that ¢ = —uo(0). Since v(0) = uo(0) and by the theorem on traces |[vo(0)||5/, <

const [vllys gy < const | fill pyry = const|fllp,r,.my - then ¢ = —ug(0) €

Hs /5. On the other hand,

—tA

HUHW22(R+;H) < HUOHW22(R+;H) + He UO(O)HWQ(R+;H) < const ”f”LQ(R+;H)

Then, by the Banach bounded inverse theorem the inverse operator P, L exists

and is bounded. The theorem is proved.
O

If follows from this theorem that the norms Hu||W23(R;H) and [[Poul|,(p.p) are
equivalent in the space W3 (Ry; H,0). Then the following norms are finite

N:(Ry;0) = sup HA?’_ju(j)’ Poull7 Y . i=1,2, (2.1
i ) 0AuEWS (R4 s H,0) Lo(Ry;H) 1P ”LQ(RJHH) J (2.1)
and
]if‘ Ry) = u HA?’_ju(j)‘ Poul|7. R J =12
i(Ry) fgp Lo(Ry:H) | OUHLz( +3H) 0 J

0#£uEW o (R y;H)
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These norms N;(R4;0) are very important for finding the conditions of regular
solvability of problem (1.14), (1.15) .

Let dj = (%)]/3 (3’?)3)3], j = 1,2 and the parameter 8 € (O,dj_g). Let us
determine the following operator pencils
Pj(X; B; A) = Po(A\; A)Po(—A, A) — B(iN)7 A, j=1,2 (2:2)
We have
Theorem 2.2. For 3 € (O,dj_?’) the operator pencil P;(X; 5; A) has no spectrum
on the imaginary axis, and Pj(\; B; A) is represented in the form:
Pi(X; B; A) = Fi(X; B A)Pj(=; B; A) (2.3)
where
Fj(A; 8; A) = (AE —wi(B)A) (AE — w2(B)A) (AE — w3(B)A) = )
=N+ agj(B)NA + a1 jAA% + 1 20
where Rewy(B) <0,k =1,2,3 and az;(8) >0, a1;(B) >0, j =1,2.
Proof. Let 0 € 0(A). Then for A = i€, £ € R we obtain
Py(i€, B; 0) = Po(i€, o) Po(—i€, B) — BEX5=2 = (€2 4 o2)3 — Be2iq=2 =
— (€2 + 02)3 — BE2gS% = (€2 4 o2)3 (1 — BEU S (E2 + 02)73) >

> (€% + 0%} (1 = Bsup p/ (14 p)°) =
p>0
= (&2 +02)3(1-pdd) >0, j=1.2

Hence it follows that P;(i&, 8;0) has no root on the imaginary axis.

Since Pj(\, B;0) = Pj(—A, B;0) and Pj(\, B;0) is a polynomial with real coef-
ficients, and if A is a root of the polynomial P;(X, 3;0), then —A and X also are
roots of P;(X,B;0). Therefore, three of the roots lie on the left half-plane and
three of them lie on the right half-plane. Then assuming

Fj(A, By0) = (AE — w1 j(B)A)(AE — wa,;(B)A)(AE — ws,;(B)A)

where Rewy, ;(8) <0 (k= 1,2,3), we obtain
Fi(\ B:0) = asj(B)N + as; (B)A\20 + ay;(B)Ac? + ao ;(B)
Note that ag j(8) = 1, and from the Wiett theorem it follows that
a1,5(B) = —(wi(B) + w2(B) + w3(B) > 0,
a2,;(8) = w1,;(B)wa,;(B) + w1,;(B)ws,;(8) + ws,;(B)ws,;(B) > 0,
ao(B) = —w1,;(B)wa,;(B)ws,;(8) > 0,

since if wg(8) < 0, (k = 1,2, 3) this is obvious, if one the roots is complex, then

its complex conjugate is also a root of the polynomial and again Rewy(5) < 0.
On the other and, from the equality

P]'(AMB;O'):FJ(AMB;U)F}()"B;U) (25)
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comparing the coefficients for the powers A we get ag g (B) = 1, since QOJ( B) >0,
ag;(B) =1,j=1,2. For j =1 we have

ao1(B) = az1(B) =1, a5,(B) —2a11(8) =3, ai1(B) — 2a1,1(B) =3 — B (2.6)

For j = 2 we have

ao2(B) = as2(B) =1, a35(B) — 2a12(8) =3 — B, ai5(B) — 2a22(8) =3 (2.7)

In what follows, using spectral expansion of the operator A from equality (2.5) ,
we obtain the validity of formula (2.3) The theorem has been proved. O

Theorem 2.3. For any R we have the equality

2 (a2
1Poull 7y (ry iy — 52}|A3 WO\ oy = s
- HF(d/dt’ BA)UHLQ(RJF;H) + (R](ﬁ)asﬁ’ SZ))HQ, 7=12

where ¢ = ( gl ) , @5 = A3 1240)(0), j=1,2, H?>=H x H,
2

_ [ a1;(Blaz;(B) —1 a1;(B) +1 .
By(B) = ( 1 al,j(é) +1 az,;(6) +1 >’ 7=

Proof. Let u € W3 (Ry; H;0)(u(0) = 0). Then

||Fj(d/dt§B;A)UH;(R%H) = HU(3) + ag,j(B) AU + a1 j(B) A%/ +A3uHi2(R+;H) =
= H“(?’)Hig(m;m + a3 ;(8) [ Au"|[7, g,y + 03 5(B) “AQU“ig(R+;H) +
+ (|43}, oy + 025 (B)2Re (u®), Au”) |+
+a15(8)2Re (u®, A) ey F 2Re(ul®, A%) 1y (R )
—I-agJ(ﬁ)al,j(ﬁ)QRe(Au”,A2u/)L2(R+;H)+
+az,;(B)2Re( AW, A*u) 1,y .my + a1(8)2Re(A%d u®) 1, gy (2.9)
After integrating by parts we obtain

(3) A2,/ — 2 3) 22,7\ —
2Re (u , A%y >L2(R+;H) o217, 2Re (u A u)

= —2Re(p2, 1) — 2 || Au” ,2Re (u(3), A3u> =

2
HL2(R+;H) La(R+;H)

= H(PlH%h 2Re (Au”v A2UI)L2(R+;H) = ||901||2

2
2Re (Aullv As“) Lo(RyH — —2 HAZU/HLQ(R+;H) :

Considering this equality in (2.9), we obtain

1B (@t B; AYull? oy = (4PN o T 358 1AW IT iy +
+03 5 (8) [ 4% |11, oy — a25(B) lp2l® — 2a1,5(8) Re (02, 1)~
—2aD ) Au"|13 gy + lonl® — ari (B)az i (B) llon | -

—2az,;(B) || A%/

3 2
Izom,om) = Hu(3)HL2(R+;H) +
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A e + (6358) — 201508 AWy +
+(af ;(8) — 2a1,5(8)) | A/ |, g, 1y — a1 (B)azi (B) len|” —
—a1;(B) |e2ll* — 2a1,5(B)Re(p2, p1)-

It follows from equality (2.10) that

||901H2=<<(1) 8><5i><£§>>m’
o= ((13)(2)(2)),

2 2
|F5(d/dts B5 A)ull} ) = \\U“”)\\LQ(R+;H) 1A% oy +

(2.10)

2

Hady(9) = 20,00 [A4u" [ (@]08) = 20250 |4

a1,5(B) - az2;(8) =1 a1,;(B)
- ‘757 95 .
a1,;(B) az,;(B3) 12
In the same way we obtain:

2 2

1Poull?, i) = Hu(:a) a2y _Agu,JrAsu‘

e
La(Ry5H)

Ly(Ry;H)

|2 9 1112 0 1 1 1
+3HAU HLQ(R+;H) +3HA " HL2(R+;H) * <( L1 > ( ¥2 > < 2 )>H2

Hence we obtain
”Fj(d/dt; B; A)U"iZ(R+;H) + (Rj(‘P)@a 85)1-12 =

= HPOU||%2(R+;H) +(a3;(8) — 2a1,5(8) — 3)x

2
" 2 / 2 N
. HA“ Loy T (@14(8) — 2a2,(8) = 3) 1A oy 2 = 1,2
Taking into account equalities (2.6) and (2.7) in the last equality, we complete
the proof of the theorem. O

In [8] it is proved that
Nj(R) = sup HA?’_ju(j)‘
0£uEWS (R;H)

Then from the density of D(R; H) in W3 (R; H) it follows that there exists the
vector-function v, (t) € D(R; H) with such a support in the interval [—n,n] that
vp(t) — wv(t) in the norm of the space W3 (R; H). Then the vector-function

o 3
un(t) = v(t —n) € Wo(Ry; H) and [Jun ()l (g, ;i) = lvn(®)llwg gy - Then for
any € > 0 there exists ng such that

-1 3/2 .
i PO/ AU Ly = 47, G = 1,2

no

H A3=7,0)

-1 3/2
L2(R+;H) HPOU/”OHLQ(RJF;H) > dj/ — €
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0 :
On the other hand, it follows from Theorem 2.3 that for all u € W (R; H)(u)(0) =
2
0,j=1,2,3)

>0

2 _ 3—7,,(7)
IPovlly gy ) ﬁHA u ’LZ(R+;H) >

Passing to the limit as 5 — dj_3 we obtain, consequently ]if j(Ry) < d?/ 2, it follows

o o3
from N;(Ry) = d3/2,j = 1,2 that Wo(R4+; H) C Wa(R4; H;0) consequently,

Nj(Ry30) > d)*(j = 1,2) (2.11)

Now we show that when N;(R4;0) = d?/z(j =1,2).

Theorem 2.4. For N;j(R1;0) = d?/Q(j = 1,2) it is necessary and sufficient that

forall B € (0, dj73) the matriz R;(8) > 0, where the matriz R;(3) was determined
from Theorem 2.3.

Proof. Let N;j(R4;0) = d?/Q. Then for any 5 € (O,d;?’) for any ¢ € H?, the
Cauchy problem

Fj(d/dt; B : A)u(t) = 0,u(0) = 0, u'(0) = A= 20;, u"(0) = A~y
has the solution u(t) from W3 (R4; H). This follows from the form of Fj(); 8; A).
Then for any ¢ € H? we have

(R(B)®, B) iz = | Poull Ly, oy — B HAgiju(j)HLg(RJr;H) =

2 i 2 )

= \|7’0uH§2(R+;H) <1 - B HA3 ]u(])HLQ(R_HH)ZHPOUHL2(R+§H) =

> [Poull Ly, o) (1 = BNF(Re50)) = [PoullLy (s, oy (1 — B5) > 0.
Consequently, R;(3) > 0. On the other hand, if R;(5) > 0, then if follows from
Theorem 2.3 that for all 8 € (0,d;*) and W5 (Ry; H;0)

2

1Pl s, ) — 8| 4770 > 0.

Ly (Ry;H)
For 5 — d;?’ we have

a3

HAgfju(j)H 1Poul iy, ) <

La(Ry;H)

ie. N;j(R4;0 < dj-’/ ?. On the other hand, it follows from inequality (2.11) that

Nj(R4;0) > d)*. Then Nj(R+;0) = d)/”

i The theorem is proved. O

For N;(R4;0) > d§/2 finding N;(R4;0) we prove the following theorem.

Theorem 2.5. Let N;j(Ry; H) > dj’/2 , then Nj_2(R+; 0) is the least root of the
equation det R;j(3) = 0 from the interval (0, d;?’).

Proof. Obviously, N;(R4+;0) € (O,d;?’). Then for 8 € (O,N]-*2(R+;O)), for any
¢ € H?, the Cauchy problem

F(d/dt; B; A)u = 0, u(0) = 0, u/(0) = A2y, u"(0) = A2y
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has a unique solution ug(t) € W3 (R, ; H;0). This follows from the representation
of F(X\;;A) in (2.4).
Then for any ¢ € H?, it follows from the inequality that

(R(B)#, %) > [Poull?,q, .o (1= B+ N7 (Ry50)) > 0,8 € (0,N; *(Ry;0)).

Thus, the first eigenvalue A\1(8) > 0, for 8 € (0, NJ-*Q; (R4;0)).
From the definition of N;(R;0) it follows that for 8 > N JfQ(RﬂL; 0) there exists
such vector-function ug(t) € W3 (Ry; H;0) that

2 . 3—j, (4) 2

¥2,8
Y8 = Ag_ﬂ/zu(ﬁj)(O),j = 1,2. Thus, we obtain that the first eigenvalue of
the matrix R;(3) for 8 > N]fQ(R+;0) is negative, i.e. A\ (B) < 0 for g €
(N ]72(R+;0),dj_3). Then it follows from the continuity of A;(f3) with respect
to 8 that Ay(N; *(Ry;0)) = 0.
Consequently, det R(N;?(R4;0)) = 0. Since A;(8) > 0 for all

B e (N]'_2<R+; 0), dj_?’), we have [y = Nj_2(R+; 0) is the least root of the equation
det R;j(f) = 0 from the interval (0, dj_3)(j = 1,2). The theorem is proved. O

Then it follows from Theorem 2.3 that (R(8)@g, ¢5) < 0, where ¢g = < Y1 ) ,

Using Theorems 2.4 and 2.5, we can find Ni(R1;0) and No(R4;0) . We have

1/2
Theorem 2.6. The norm Ni(R4;0) = (%) .

Proof. To find N1(R4;0), we will solve the system of equations:

(a1(B)a21(B) — 1)(a21(B) + 1) = (a1;(B) + 1)2
a%,l(ﬁ) —2a21(8)=3—-p0
a%,l(ﬁ) —2a11(8) =3

For simplicity we omit the argument S and the second index

a1a3 — az + ajay — 1 = af 4+ 2a1 + 1 = a1(2a1 + 3) —az + ajag — 1 =
=ai+2a +1=af+a1—a+aja; ~2=0= (a1 —1)(a1 +az +2) = 0.

Since a1 + az +2 > 0, a; = 1. Then ay = v/5. Consequently from the equation

1—2v5=3— g it follows that 3 =2(v5+1) € (0,%) i.e.8p =2 (v5+1) and
_ 1/2
Ni(Ry:0) =8 = (%) ' =

Theorem 2.7. The norm N2(R4;0) = 50_1/2, where By is a positive Toot of the
equation

483 — 118 — 208 — 16 = 0.
Proof. We must solve the system

(a1a2 — 1)(a2 + 1) = (a1 + 1)2
a3 —2ay =3
a3 —2a; =3 - p3
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From the equality (ajas — 1)(ag + 1) = (a1 +1)? = (a103 — az + ajag — 1) =

:(a1+1)2éa1(2a1—|—3—6)—a2—a1a2—1:a%+2a1+1:>

:>a%+a1—ﬁal—a2+a1a2:O:>1+a1+a2+a1a2—6a1 =0
i.e.
1+ai1+as+ aras = Bag (2.12)
Multiplying the equality by the number a;, we obtain
a1 + a2 + ajas + a2as = Bat = a1 + 2az + 3 + aras + ax(2as + 3) =

= B(2a2 + 3) = (1 + a1 + az + araz) + (a2 + 2 + 2a3 + 3az) =
= 2Bas + 30 = PBai + 4az + 4a1 + 8 — 23 = 2[as + 35

and finally
(44 pB)as + (4 —208)ag =55 — 8 (2.13)
Then, considering a? — 1 = 2(az + 1), we obtain the equality
(a1a2 — 1)(&1 — 1) = 2(&1 + 1) = a%ag —a1+1—aia0 =2a1 +2 =
= (2a2 +3)ag — a1 —ajaz — 1 =2a; = Qa% + 4ao—

—(a2+a1+a1a2+1) =2a; =
= 4da1 + 6 — 28 + 4as — Bar = 2aq

ie.
(2 — B)ay + 4ay = 28 — 6 (2.14)
From the equations (2.13), and (2.14) we obtain
26% — 4
= 2.15
M A6 (2.15)

It follows from equation (2.14) that
2a% + (2 - B)ar = 288

Considering in this equation the value a; from (2.15) with respect to 8 we obtain
an equation with respect to 5. After simple calculations we obtain the equation

48% — 1182 —208—16=0

By the Descartes theorem this equation has a unique real root Gy from the interval
(0, %) and No(Ry;0) = 0_1/2 . The theorem is proved. O

We now prove a theorem on regular solvability of problem (1.14),(1.15)
Theorem 2.8. Let conditions 1), 2) be fulfilled, and the condition
q = No(Ry;0) [ Bi| + Ni(R4;0) | Bof| <1

be fulfilled, where the numbers N1(R4+;0) and Nao(R4;0) were determined from
Theorem 2.6 and 2.7. Then the problem (1.14),(1.15) is regularly solvable.

Proof. We write problem (1.14),(1.15) in the operator form
Pu = Pou + Pru = f,
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where f € La(Ry;0), f € WJ(Ry;0). After replacing Pou = w we obtain the
equation (E + 731730’1)@; = f. We now estimate the norm of the operator P1P51.
We can write that

—1
lepo uHLg(R+;H) = ||P1u||L2(R+;H) < ”BlH ||Au”||L2(R+;H) +
+ B2l 1AW | 1y gy ooy < (N2 1Bl | + Nu | Bell) 1Poull 1y, 1y =
= (N2 [ Bul[| + N | Bal)) lwll £y sy = @l Ly iy » (@ < 1)
Consequently, subject to the theorem, the operator £ + PP, s invertible in
Ls(R4;0) . Hence we obtain
lullwz (g, < const | fll g, m

The theorem is proved O

3. Theorem on the completeness of the system K (II_) and the
system of decreasing elementary solutions of homogeneous
equation

In [6], M.G. Gasymov shows that for studying the completeness of the system
K(II_) it suffices to prove the existence of regular solutions of the problem

P(d/dtyu(t) =0 t e Ry = (0,0) (3.1)
u(0) =, @€ Hs)y (3.2)

and some analytic properties of the resolvent P~1()).

Definition 3.1. If for any ¢ € Hj/, there exists a regular solution of equation
(3.1), satisfying the boundary condition in the sense

Jim [[u(t) = ol = 0

and
||UHW22(R+;H) < const H‘P||5/2,
then the problem (3.1) and (3.2) is said to be regularly solvable.
We have

Theorem 3.1. Let all the conditions of Theorem 2.8 be fulfilled. Then the prob-
lem (3.1), (8,2) is regularly solvable.

Proof. We make substitution u(t) = v(t) + e "¢, where v(t) € W3(R; H;0)

and ¢ € Hy/p. Then the problem (3.1

),(3.2) can be written in the following form:
P(d/dt)v(t) =g(t) te€ R+ (3.3)
v(0) =0 (3.4)

where g(t) € Lo(R; H). Indeed g(t) = — A1 A2e Ao+ Ay Ae~'4 ¢ and considering
(1.8) we have:

19O Ly(ry = HAlAZ@_tA‘P}|L2(R+;H) + HA2A€_M¢HL2(R+;H) S

< IBU A% 0| iy + 1Bell [ 4% < const ¢l

S"HLQ(RJF;H)
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Then problem (3.3), (3.4) subject to the conditions of the theorem has a regular
solution, and

Jim [[0(8) 55 = i [lu(®) = el = 0

the following estimation holds

0@ lwz g, m) < constllg@) L, g, ) < const [[@lls

Using the inequality (1.9) we obtain:

—tA
lullwzir, .y < 0llwar, o + [le7 4l weim,.m < constllells o
3 (Ry;H) 3 (Ry:H) F(Ry3H) /

The theorem is proved g

We now study some properties of the resolvent P~1()\).
Let T be some completely continuous operator in H. The eigenvalue of the
operator |T'| = (T*T)'/? is called s— numbers of the operator 7. We will consider

§1 >89 2 ... 2 8p > ...

If for p > 0,

o

p
E 8), < 00,
k=1

then we say that T' € o,(H). For T' € 0,(H) the operators BT and TB € 0,(H),
for any bounded operator B. If A = A* > puoE, o > 0, and A~! is a completely
continuous operator, and A\ < Ao < ... < A\, < ... are eigenvalues of the operator
A, then we say that

[e.e]
—p
Z AT < oo
k=1
Note that if up(t) is an elementary solution of the homogeneous equation, then
up(0) = xp.
We have

Lemma 3.1. Let conditions 1), 2) be fulfilled. Then for any o € (0,7 /4] subject
to the inequality

e
[B1ll + |1 B2l < V24732 sin 5

)1/2, on the rays I'ryq = {)\ A = rel(TE) s 0} there
) and for large |\| we have the estimations

where d = d; = dy = (%
exists a resolvent P~1(\
HP_l()\)H < const |\ 2.

Proof. Let A € Triq. Then from the representation P(\) = (E+Pi(A\) Py 1) Po())
for the invertibility of P()), we estimate the norms ||Py(A)Fy 1()\)H on the rays
I';4+a . Obviously,

[PL NP V|| < BN ARG N + (| Bafl |32 AP ()
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On the rays I';+, from the spectral expansion of A we obtain:
H)\QAP[;l()\)H = sup ’TQU(Tei(Wia) - U)_Z(rei(”io‘) — U)_l} =
c€o(A)
= sup |r?o(r®+ 0%+ 2rocosa) ! (r? 4+ 02 — 2ro cos a)*l/Q‘ <
o€o(A)
< sup ’7‘20(7“2 + 02)=3/2271/2 5in ! %‘ < @322/ 2gin~! -
c€a(A)

In a similar way we obtain
AP V)| < d¥/227 2 sin ! S
Then for A € I';4, and subject to the condition of the theorem
[PLOVP ]| < 227 sin™ S (IB1] + |1 Ball) < 1.

Subject to the condition of the theorem, we obtain HPl(/\)Po_l()\)H <1
for A € T'z4q therefore P~1()\) exists and for large || we have the estimations

HP_l()\)H < const HPo_l()\)H < const\)\\_g.

The following corollary holds.
Corollary 3.1. If conditions 1), 2) are fulfilled and the inequality
e
Na(R;0)||Bi]| + Ni(Ry4;0) | Bs|| < V2sin 5

holds then P~Y(\)exists on all the rays and for large A\ € Triq we have the
estimations |[P~1(\)|| < const |\ .

Here the numbers Ni(R4;0) and Nay(R4;0) were determined from Theorems
2.6 and 2.7.

Proof. Since, No(R4;0) > d3? and Ny(Ry;0) > d®?, then No(Ry;0)-d=3/2 > 1
Ni(R4;0)-d=3/2 > 1. From the condition of the corollary we obtain

— — .«
I1B1]| + (| B2l < d™*(Na(R:0) || Bul| + N1 (R+30) || Bz|)) < d 3/2xf2sm§.

Therefore, by Lemma 3.1 P~1(\) exists, and HP‘I()\)H < const |\|7* . The corol-
lary is proved. O

We now prove a theorem on the completeness of the system K (II_) in space
Hs o

Theorem 3.2. Let conditions 1), 2) be fulfilled, A~' € 0,(H) (0 < p < c0) and
the following inequality hold:

Na(Ry;0) || Bl + Ni(Ry50) || Be| <{ V2sin o5 p € [1,00)
p’ ’

Then the system K(I1_) is complete in Hs /o
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Proof. Let p € (0,1] an opening between the angles (—ico, 0) and (0, i00) be equal
to m; on these rays subject to the inequality

No(Ry;0) | Byl + N1(R4;0) || Bs|| < 1

there exists a regular solution of problem (3.1) and (3.2), and P~1(])) is invertible
on the imaginary axis (see Corollary 3.1 for a = § ) . For p € [1,00) on the rays
I'ir /2, subject to the condition

.
No(R;0) || Bill + Ni(Ry;0) || Ba|| < v2sin 1

the solution of the problem (3.1), (3.2) wu(t) exists and a resolvent also exists.
Since

P\ = (MAB 4By - BE)A2 4+ \(By — BE)A™! + E) A®

and A~ € 0,(H), A= € 09,(H),A™3 € 03,(H), by M. G. Gasymov’s lemma [5]
P~Y()\) is represented with respect to two entire functions at most order p, and
for the order p these functions are of minimum type. On the other hand, after
the Laplace transformation this solution u(t) can be represented in the form

u(t) = Z;t ZQ,,u ) (0)eMdA (3.5)

where the polynominal @, (\)(v = 0, 3) has at most two orders. Using the behav-
ior of the resolvent P~'(\) on the imaginary axis, we can represent the integral
(3.5) in the form:

u(t) = 271m / ZQ 0)eMdA (3.6)

where I'g for sufficiently small 8 coincides with the rays I';_g and I'; 9. Note that

u(t) € W3(Ry; H), and therefore its Laplace transform is an analytic function in

the right half plane, is bounded and has finite values on the imaginary axis.
From (3.6) it follows that for ¢ > 0

2
(u(t), p)5/2 = L <A5/2P‘1()\) ZQ(VA)U(J')(O),AE)/?@) M —
Ty

21 =

2m

(ZQ@ G)(0), (472 P~ ()\))*A5/2g0) eMdA.
0

It follows from M.G. Gasymov’s [5,6] theorem that the system K (II_) is complete
in Hsoif and only if the function v(\) = (A5/2P_1(X))* A5/2¢ is analytic in the
left hand plane II_, it follows that ¢ = 0. Assume ¢ # 0 and v(\) is an analytic
function in the left half plane II_. Then for ¢ > 0 from the representation of the
solution u(t) we obtain:

(u(t), p)s/2 = Tm (Z Qu™ ) eMd\
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and the function n(\) = (Z Q MNu®) (0 (0), ()\)> will be an analytic function in

the TI_, n(\) grows at infinity no rapidly than |)\|3, since

WO)H <
< const |A]*, and
lo)] < [|472P )| | 45726 < const | 4%/ ()| | 4%/2 | < const 2.

Thus, applying the Phragmen-Lindelof theorem for p € (0,1] we obtain that
n(\) is a polynomial of degree not more than three. For p € (1,00) the function
n(A), by the Phragmen-Lindelof theorem, is an analytic function in the sector

Ajarg A — 7| < Qip} . It follows from Lemma 3.1 that subject to the conditions

of the theorem in the sector where the sides are the rays I'; /5, and I'3;/9,, by
the Phragmen-Lindelof theorem, n(\) is an analytic function. Continuing this
process, we obtain that subject to the condition of the theorem, n(\) is an entire
function. Since n(A) is an entire function and grows no rapidly than ])\]2, we have
2
=> A by € CiE=0,1,2.
k=0
Fort >0

k) Mgy
(u(t), )50 = i (Z hiA ) ed\ =0,

since

/ MNeeMdx =0,k =0,1,2.
Ty

Thus for ¢ > 0 we have (u(t), )5/, = 0.
Passing to the limit as ¢t — 0 we obtain

Jim (u(0), 0)s = (0,0)5/2 = gl = 0
i.e. o =0. We get a contradiction, which proves the theorem. O

From the completeness of the system K(II_) in Hy /2 and regular solvability of
problem (3.1), (3.2) we obtain a theorem on the completeness of the system of de-
creasing elementary solutions in the space of regular solutions of the homogeneous
equation.

Theorem 3.3. Let all the conditions of theorem 3.2 be fulfilled . Then the system
of decreasing elementary solutions of the homogeneous equations is complete in
the space of all reqular solutions of the homogeneous equation.

Proof. Let €1 > 0 be any number. Then there exist a number N > 0, numbers
cijn(e) and a system of eigen and associated vectors \; responding to the eigen
values Re)\; < 0, (the index shows that the number \; can respond to several
systems of eigen and associated vectors) such that

Z Z Cij, h -Tz,] Rl <€1.

’Ll]h
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Since x; j () = u;4(0) and ¢ = u(0), the regular solvability of the problem
(3.1), (3.2) yields

M=

u(t)

<
W3 (R4 ;H)

> Cijatijn(t)
1(j,h)

i

< const < ep,const = ¢

N
EDIDY Ci,j,h(e)l‘i,j,h‘

i=1(j.h)

where € is any positive number. The theorem has been proved. O
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