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INERTIAL TSENG METHOD WITH NONDECREASING
ADAPTIVE STEPSIZE FOR VARIATIONAL INEQUALITY ON
HADAMARD MANIFOLDS

HAMMED A. ABASS AND OLAWALE K. OYEWOLE

Abstract. In this article, we propose an inertial and a viscosity iter-
ative method for solving variational inequality problem on Hadamard
manifolds. The iterative algorithm is inspired by Tseng’s extragradient
method with a self-adaptive procedure which generates dynamic step-
sizes converging to a positive constant. The proposed method does not
require the knowledge of the Lipschitz constant as well as the sequential
weak continuity of the corresponding operator. Under a pseudomono-
tone assumption on the underlying vector field, we establish a conver-
gence result for solving a pseudomonotone variational inequality and
fixed point problems of nonexpansive mapping under some mild assump-
tions. Finally, we present some fundamental experiment to illustrate the
numerical behavior of our proposed method. The result discussed in this
article extends and complements many related results in the literature.

1. Introduction

Variational inequality problems (in short, VIP) were initially studied by Stam-
pacchia [29] in 1964. Since its inception, many kinds of variational inequalities
have been studied and generalized in several directions using novel and innovative
techniques ( see [8, 35, 36] and the references therein). The theory of variational
inequalities has been studied quite extensively and has emerged as an important
tool in the study of a wide class of problems from mechanics, optimization, en-
gineering, science and social sciences. Many problems in applied fields can be
formulated as variational inequalities or boundary value problems on manifolds,
which are nonlinear in general. It is well-known that the generalization of op-
timization methods from Euclidean spaces to Riemannian manifolds has some
important advantages. For instance, constrained optimization problems can be
seen as unconstrained ones from the Riemannian geometry point of view. An-
other important advantage of doing this is that optimization problems with non
convex objective functions become convex through the introduction of an appro-
priate Riemannian metric (see [10, 26]). Therefore, the study and approximation
of solutions to variational inequalities on the Riemannian manifolds is natural.

2010 Mathematics Subject Classification. 47TH09, 49J25, 656K10, 90C25.
Key words and phrases. variational inequality problem; Tseng’s method; Hadamard mani-
fold; self-adaptive method; Riemannian manifold.
178



INERTIAL TSENG METHOD WITH NONDECREASING ADAPTIVE STEPSIZE ... 179

In 2003, Németh [21] introduced the variational inequality problem on Hadamard
manifolds: find v € C such that

(F(u),exp,tv) >0, YveC, (1.1)

where C' is a nonempty, closed and convex subset of Hadamard manifold M, F':
C — TM is a vector field, that is, F'(u) € T,M for some u € C, and exp~! is the
inverse of exponential map. If M = R,,, then the vector field F reduces to the
operator F' : C' — R,, and problem (1.1) reduces to the one introduced by [29]
defined by: find v € C' such that

(F(u),v—u) >0, VveC.

We denote the solution set of (1.1) by VIP(C, F).

The extragradient method developed by Korpelevich [17] in 1976 is one of the
most widely used techniques for resolving VIP (1.1). It is important to say
that the extragradient method is not efficient in the case where the feasible set
does not have a closed form expression, which makes projection onto it very
difficult. It is also important to note that the mapping in the extragradient
method requires knowledge of the Lipschitz constant. Lipschitz constants are
regrettably, frequently unknown or challenging to accurately estimate. Many
researchers have paid close attention to extragradient method and have greatly
improved it in various ways.

Recently, Tseng [33] introduced a single projection extragradient method for
solving variational inequalities in real Hilbert spaces. A typical disadvantage of
Tseng’s algorithm and many other algorithm is the assumption that the Lipschitz
constant of the monotone operator can be estimated. Recently, Thong and Vuong
[32] proposed a modified Tseng extragradient method in which the operator is
pseudomonotone and there is no requirement for a prior estimate of the Lipschitz
constant of the cost operator. In the setting of Hadamard manifolds, Tang [31]
introduced the Korpelevich’s method for solving variational inequality problem.
Using the idea in [31], Chen et al. proposed the following Tseng extragradient
method with new step size which does not require the knowledge of the Lipschitz

constant for solving pseudomonotone variational inequality problem as follows:
Algorithm 1.1. Modified Tseng’s extragradient method.
Initialization: Choose Ao > 0, 1,0 € (0,1) and let zy € M be arbitrary starting

points.
Step 1: Given the current iterate x,, compute

yn = Po(exp,, (=M F'(2n)), (1.2)

If 2, = yn, then stop: x, is a solution. Otherwise
Step 2: Compute

Tn+1 = €XPy,, APy iz F(T0) — F(yn)) (1.3)
and

min :ud(l‘nayn) ; .
v = L G RS R e ) £ F),

Ans otherwise.

(1.4)

Stopping criterion Set n :=n + 1 and return to step 1.
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They proved that the sequence generated by their method converges to a solu-
tion to variational inequality problem. We observed that very little research have
been carried out on variational inequality problem in the settings of Hadamard
manifolds. Due to this, we introduce a new iterative method for approximating
the solution of VIP((1.5)) in the setting of Hadamard manifolds using an inertial
and viscosity method.

One of the best ways to speed up the convergence rate of iterative algorithms
is to combine the iterative scheme with the inertial term. This term is repre-
sented by 6, (x, — x,—1) and is a remarkable tool for improving the performance
of algorithms and it is known to have some nice convergence characteristics. For
growing interests in this direction (see [1, 2, 4, 22]). The idea of inertial extrapo-
lation method was first introduced by Polyak [25] and was inspired by an implicit
discretization of a second-order-in-time dissipative dynamical system, so -called
”"Heavy Ball with Friction”

VI(t) + () + VF(0(t) =0, (1.5)

where v > 0 and f : R" — R is differentiable. System (1.5) is discretized so that,
having the terms z,_; and x,, the next term x,41 can be determined using

1—2 _ — Ty
J
where j is the step-size. Equation (1.6) yields the following iterative algorithm:
Tpil = Ty + 5(1371 - 137171) - OéVf(iL'n), n > 1a (17)

where 8 =1 —v;,a = 4% and B(x, — x,_1) is called the inertial extrapolation
term which is intended to speed up the convergence of the sequence generated by
(1.7).

Motivated by the result of Korpelevich method of [17], Tseng’s extragradient
method of [33] and viscosity method of [11], we introduce an Inertial Tseng
extragradient method for solving variational inequality and fixed point problem.
While we still require the operator to be Lipschitz continuous, the prior knowledge
of the Lipschitz constant is not necessary. Moreover, we introduce a self-adaptive
procedure which generates a sequence of stepsizes converging monotonically to
a constant. We establish that the sequence generated by our proposed method
converges to a common solution of pseudomonotone variational inequality and
fixed point of a nonexpansive mapping.

We highlight some of the contributions of our result as follows:

(i) We employ the inertial method as introduced by Polyak [25], which is
quite different from the ones in [1, 3] as this lacks essential direction to
move objects to their possible destination (see [13]).

oo
(ii) We were able to dispense with the condition » ,d(z, — z,-1) < 00 a
n=1
strong condition which has been used for instance (see [15]).

(iii) The method in this article requires a self-adaptive procedure which gen-
erates dynamic step-sizes and is allowed to increase from iteration to iter-
ation unlike the method of [31] which requires the knowledge of Lipschitz
constant to be imposed on the operator.
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(iv) The result discussed in this article extends and generalizes the results of
[1, 7,9, 18, 22, 23, 24] from linear to nonlinear spaces.

2. Preliminaries

Let M be an m-dimensional manifold, let z € M and let T;M be the tangent space
of M at # € M. We denote by TM = |J,cp; T-M the tangent bundle of M. An
inner product R(-,-) is called a Riemannian metric on M if (-, ), : T,M x T, M —
R is an inner product for all z € M. The corresponding norm induced by the
inner product Ry(-,-) on T;M is denoted by || - ||;. We will drop the subscript
x and adopt || - || for the corresponding norm induced by the inner product. A
differentiable manifold M endowed with a Riemannian metric R(,-) is called a
Riemannian manifold. In what follows, we denote the Riemannian metric R (-, -)
by (-,-) when no confusion arises. Given a piecewise smooth curve v : [a, b] — M
joining x to y (that is, y(a) = = and v(b) = y), we define the length I(v) of v
by I(y) == f: |17/ (¢)||dt. The Riemannian distance d(x,y) is the minimal length
over the set of all such curves joining = to y. The metric topology induced by
d coincides with the original topology on M. We denote by V the Levi-Civita
connection associated with the Riemannian metric [28].

Let v be a smooth curve in M. A vector field X along ~ is said to be parallel if
V., X = 0, where 0 is the zero tangent vector. If 4 itself is parallel along ~, then
we say that 7 is a geodesic and ||7/|| is a constant. If ||7/|| = 1, then the geodesic
v is said to be normalized. A geodesic joining x to y in M is called a minimizing
geodesic if its length equals d(z,y). A Riemannian manifold M equipped with a
Riemannian distance d is a metric space (M, d). A Riemannian manifold M is
said to be complete if for all x € M, all geodesics emanating from x are defined
for all t € R. The Hopf-Rinow theorem [28], posits that if M is complete, then
any pair of points in M can be joined by a minimizing geodesic. Moreover, if
(M, d) is a complete metric space, then every bounded and closed subset of M
is compact. If M is a complete Riemannian manifold, then the exponential map
exp, : 1xM — M at © € M is defined by

exp, v = Y, (1,2) Vv € T,M,

where v, (-, x) is the geodesic starting from x with velocity v (that is, v,(0,z) = z
and 7, (0,2) = v). Then, for any ¢, we have exp,tv = 7,(t,z) and exp, 0 =
Y(0,2) = x. Note that the mapping exp, is differentiable on T, M for every
x € M. The exponential map exp, has an inverse exp, 1'-M — T,M. For any
x,y € M, we have d(z,y) = || (—:-Xp;1 z| = ||exp; !yl (see [28] for more details).
The parallel transport P, ) ~(a) @ Ty(@)M — T4 M on the tangent bundle TM

along 7 : [a,b] — R with respect to V is defined by
P%ﬂ/(b),,y(a)v = F(’}/(b)), VabeR and v € TV(G)M’

where F' is the unique vector field such that V. v = 0 for all ¢ € [a,b] and
F(vy(a)) = v. If v is a minimizing geodesic joining z to y, then we write P, ,
instead of P, , .. Note that for every a,b,r,s € R, we have

-1
Py6)4(r) © Pyr) @) = Prs)ata) and P gy ) = Pya) 4(0)-
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Also, Pv(b)w(a). is an isometry from 7', )M to T’ ;, M, that is, the parallel transport
preserves the inner product

{Py6)1(0) (1)s Py) (0) (0))r(0) = {8, V)y(a)y VU0 € TyM. - (2.1)
We now give some examples of Hadamard manifolds.
Space 1: Let Ry; = {x € R: 2z > 0} and M = (R;4, (-,-)) be the Riemannian
manifold equipped with the inner product (x,y) = zy V x,y € R. Since the
sectional curvature of M is zero [5], M is an Hadamard manifold. Let z,y € M
and v € T,M with |[v|ls = 1. Then d(z,y) = |lnz — Iny|, exp,tv = ze'r,

€ (0,+00), and exp; 'y = zlny — xInz.

Space 2: Let R, be the product space R, := {(z1,22, - ,2m) @ & €
Ryy, i=1,2,---,m}. Let M = ((R)++, (-, ) be the m-dimensional Hadamard
manifold with the Riemannian metric (p,q) = p’q and the distance d(x,y) =

m
llnx|—\ln2$1] where z,y € M with = {z;}/", and y = {y; }I";.

A subset K C M is said to be convex if for any two points x,y € K, the geodesic
~ joining z to y is contained in K. That is, if v : [a,b] — M is a geodesic such
that x = v(a) and y = 7(b), then y((1 — t)a + tb) € K for all t € [0,1]. A com-
plete simply connected Riemannian manifold of non-positive sectional curvature
is called an Hadamard manifold. We denote by M a finite dimensional Hadamard
manifold. Henceforth, unless otherwise stated, we represent by K a nonempty,
closed and convex subset of M.

Definition 2.1. Let X (M) be the set of all single-valued vector fields V : M —
TM such that V(x) € T,M for each z € M and the domain D(V') of V' be defined
by D(V) ={z e M: V(x) # 0}. Let V € X(M). We say that V is
(i) pseudomonotone, if for any z,y € D(V),
(V(2),exp; ' y) 2 0= (V(y),exp, ' ) <O0.
(ii) Lipschitz continuous, if there exists a constant L > 0 such that

||Py7xv($) - V(y)H < Ld(l‘,y), v T,y € M.
Definition 2.2. A mapping S : K — K is said to be

(i) contractive, if there exits a constant k € (0,1) such that
d(Sz,Sy) < kd(z,y),V z,y € K. (2.2)
If k=1 1n (2.2), then S is said to be nonexpansive.

We now collect some results and definitions which we shall use in the next section.
Proposition 2.1. [28]. Let 2 € M. The exponential mapping exp,, : T,M — M is
a diffeomorphism. For any two points x,y € M, there exists a unique normalized
geodesic joining x to y, which is given by

v(t) = exp, texp, ly ¥V t € [0,1].
A geodesic triangle A(p, q,r) of a Riemannian manifold M is a set containing

three points p, ¢, 7 and three minimizing geodesics joining these points.
Proposition 2.2. [28]. Let A(p,q,r) be a geodesic triangle in M. Then

d*(p,q) + d*(q,7) — 2{exp, ' p,exp, ' r) < d*(r,q) (2.3)
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and
d*(p,q) < (exp, ' r,exp,* q) + (exp, ' r,exp, ' p). (2.4)
Moreover, if 0 is the angle at p, then we have
<exp1;1 q, exp;I ry =d(q,p)d(p,r) cosb. (2.5)
Also,
lexp,* ql|” = (exp, " q,exp, " q) = d*(p, q). (2.6)

Remark 2.1. [19] If ,y € M and v € T;,M, then
(v, — expzj1 z) = (v, Py pexp, 't y) = (Pryv,exp, ' y). (2.7)
Remark 2.2. From (2.4) and Remark 2.1, let v € T,M, we have
(v, exp;1 q) < (v, exp;1 ) + (v, Py exp, ' q). (2.8)

For any * € M and K C M, there exists a unique point y € K such that
d(xz,y) < d(z,z) for all z € K. This unique point y is called the nearest point
projection of z onto the closed and convex set K and is denoted Pg(x).

Lemma 2.1. [34]. For any x € M, there exists a unique nearest point projection
y = Px(z). Furthermore, the following inequality holds:

<exp;1x,expgjlz> <0VzeK.

Lemma 2.2. [19] Let g € M and {z,} C M with x,, — xo. Then the following
assertions hold:
(i) For any y € M, we have expg;n1 y— exp;o1 Ty, and exp;1 Ty — exp;l xo,
(i) If v, € T,,M and v, — vo, then vy € Ty M,
(iii) Given up,v, € Ty, M and ug,vo € TyoM, if uyp — ug, then (uy,v,) —
<U0, U0>7
(iv) For any u € Ty M, the function F' : M — TM, defined by F(x) = Py z,u
for each © € M is continuous on M.

The next lemma presents the relationship between triangles in R? and geodesic
triangles in Riemannian manifolds (see [6]).

Lemma 2.3. [6]. Let A(x1,x9,23) be a geodesic triangle in M. Then there ex-
ists a triangle A(Z1,Z2,T3) corresponding to A(x1,x2,x3) such that d(x;,x;11) =
|Z; — ZTit1|| with the indices taken modulo 3. This triangle is unique up to isome-
tries of R2.

The triangle A(Zy, T2, Z3) in Lemma 2.3 is said to be the comparison triangle for
A(xy,z2,23) C M. The points Z1, T2 and T3 are called comparison points to the
points x1, x9 and z3 in M.

A function h : M — R is said to be geodesic if for any geodesic v € M, the
composition h o~ : [u,v] — R is convex, that is,

hoy(Au+ (1 —X)v) < Ahovy(u)+ (1 —ANhovy(v), u,v € R, X € [0,1].

Lemma 2.4. [19] Let A(p,q,r) be a geodesic triangle in a Hadamard manifold
M and A(p',q ,r) be its comparison triangle.
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(i) Let a, B, (resp. o', ,7") be the angles of A(p,q,r) (resp. A(p,q 7))
at the vertices p,q,r (resp. p/, ql, 'r/). Then, the following inequalities hold:
o >a, B >89 >,
(ii) Let z be a point in the geodesic joining p to q and 2 its comparison point in
the interval [p', q']. Suppose that d(z,p) = ||2'—p'|| and d(2',q¢') = ||z —¢|.
Then the following inequality holds:
d(z,r) < || =7
Lemma 2.5. [19] Let xg € M and {z,} C M be such that x,, — xo. Then, for
any y € M, we have exp;n1 y — exp;o1 y and exp;l Ty — exp;l xo;

The following propositions (see [12]) are very useful in our convergence analysis:
Proposition 2.3. Let M be an Hadamard manifold and d : M x M :— R be
the distance function. Then the function d is convex with respect to the product
Riemannian metric. In other words, given any pair of geodesics v; : [0,1] — M
and 2 : [0,1] — M, then for all ¢ € [0, 1], we have

d(71(t),72(t)) < (1 —t)d(71(0),72(0)) + td(71(1),72(1))-

In particular, for each y € M, the function d(-,y) : M — R is a convex function.
Proposition 2.4. Let M be a Hadamard manifold and x € M. The map
®, = d?*(x,y) satisfying the following:

(1) ®, is convex. Indeed, for any geodesic v : [0,1] — M, the following
inequality holds for all ¢ € [0, 1] :

d*(2,y(t)) < (1= )d*(2,7(0)) + td*(z,~(1)) — (1 = £)d*((0),¥(1)).
(2) ®, is smooth. Moreover, 9%, (y) = —2exp, ' .
Proposition 2.5. Let M be an Hadamard manifold and x € M. Let p,(y) =
%d2($, y). Then p,(y) is strictly convex and its gradient at y is given by
0pz(y) = — exp;1 T.
Lemma 2.6. [30] Let u,v € K and A € [0,1]. Then the following relations hold
on K.

() f[Au (1 - )\)v||22 = Alful® + (1 S MvI? = A1 = Nl —v]%;
(i) flu £ ol = |[ul]* + 2(u, v) + [|v[|%;
(i) Jlu+l* < flull® + 2(v,u+v).
Lemma 2.7. [27] Let {uy} be a sequence of nonnegative real numbers, {ay} be a
o
sequence of real numbers in (0,1) such that " a, = 0o and {v,} be a sequence
n=1
of real numbers. Assume that

Unt1 < (1 — ap)up + apvy, Von > 1.

If limsup vy, <0 for every subsequence {uy, } of {u,} satisfying the condition
k—o00

lim inf(wp, 41 — wp, ) > 0,
k—o0

then lim u, = 0.
n—oo
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3. Main result

In this section, we propose a viscosity iterative method for solving pseudomono-
tone variational inequality problem and fixed point problem of nonexpansive map-
ping in Hadamard manifolds which is based on Tseng’s extragradient method.
We give the following assumptions:

Assumption 3.1.

(B1) Let C be a nonempty, closed and convex subset of a Hadamard manifold
ML

(B2) Let f : C — C be a contraction mapping with constant & € (0,1) and
S : C — C be a nonexpansive mapping such that F(S) # 0.

(B3) The mapping F' : C — TM is pseudomonotone and L-Lipschitz continu-
ous. However, the execution of our method does not require the knowledge
of Lipschitz constant.

(B4) The solution set 2 := F(S) N VI(C, F) is nonempty.

Assumption 3.2.

D1) {e,} is a positive sequence such that €, = o(3,), that is, # =0,

lim
n—oo ~Fn
D2) Let 3, € (0,1) such that ILm Brn=0and > B, = o0,

n—00 n=1

(

(D2)

(D3) 6, € (0,1) and 0 < liminf d,, <limsupd, < 1,
)

o0
(D4) {n,} is a nonnegative real numbers sequence such that > 7, < cc.
n=1
Algorithm 3.1. Modified Tseng’s method for solving solving VIP with nonde-
creasing stepsize.
Initialization: Choose ag > 0, u,0 € (0,1) and let 29,21 € C be arbitrary

starting points.
Iterative step: Given x,_1, =, and oy, choose 6,, € [0, 6] where

. €n .
3 T\ 9 9 f -1
9, — mm{d(a:n,xn_l) } if @n 7 Tn-t (3.1)
0, otherwise.
Calculate x,11 and a4 for each n > 1 as follows:
Step 1: Compute
Wn = eszn(*en exp;nl $n,1) (3 2)
Yn = PC(eXpwn(_anF(wn))a
Step 2: Calculate
Zn = €XPy, Py, F(wn) = F(yn)) (3.3)
Step 3: Calculate
up = exp, (1 —0dp) expz_n1 T(zpn) (3.4)

Step 4: Calculate z, 11 and ay,41 by

Tnt1 = €XPy(z,) (1 — Bn) exp;(lxn) U, (3.5)
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and

: pd(wn, yn) } :
min , o+ if F(wn) £ F(Qﬂ)?
04n+1 - { HPyn,wnF(wn) - F(yn)H

Oy, + M, otherwise.

(3.6)

Stopping criterion If 2,41 = u, = w, = y, for some n > 1 then stop. Other-
wise set n :=n + 1 and return to Iterative step 1.

Lemma 3.1. Let {a,} be the sequence generated by Algorithm 3.1. Then we

[ee]

have that lim o, = o and o € min{%, ao},ao —1—77], where n = > Np.

n—00 n=0
Proof. Since F' is Lipschitz-continuous with constant L > 0, then in the case of
Py, w, (F(wy) — F(yn)) # 0, we get

1Py, B (wn) — F(yn)|| = Ld(wn,yn) L

By the definition of au,41 in Algorithm 3.1 and mathematical induction, we have
that the sequence {a;, } has upper bound of o+ 7 and lower bound min {%, ao}.
The rest of the proof is similar to Lemma 3.1 in [20], so we omit it.

Remark 3.1. It is obvious that the stepsize in Algorithm 3.1 is allowed to increase

from iteration to iteration and so Algorithm 3.1 reduces the dependence on the

initial stepsize . Also, since {7,} is summable, we obtain li_>m Nn = 0. Thus
n oo

the stepsize a,, may be non-increasing when n is large. If i, = 0, the step size in
Algorithm 3.1 reduces to the one in [9].

Lemma 3.2. Let {z,}, {wn} and {yn} be the sequences generated by Algorithm
3.1, then
2
@ (zn,p) < d*(wa,p) = (1= 0 —5—)d(yn, wy).
n+1

Proof. Let p € Q, then by applying Lemma 2.1, step 1 of Algorithm 3.1 and
Yn = Po(exp,, (—anF(wy))), we have
(expy, expy,, (—anF(wy)), expy, ' p) = (expy," wn — anPy, w, F(wy),exp, ' p) <0,
that is,

(expy, wn, exp, ! p) < an(Py, w, F(wn), exp, ' p). (3.8)
Since p € 2, we obtain that (F(p),exp, Y4,) > 0. Using the pseudomonotone
property of F', we obtain that (F(y,), exp;n1 p) < 0. Thus,

(F(yn) = Pyow, F(wn), expy ! p) = (F(yn), expy, p) = (Py, w, F(wn), expy, ! p)
S _<Pyn7wnF(wn)7expgjﬂ1 p> (39)

By considering the geodesic triangle A(wp,y,,p) and its comparison triangle
A(w,,,y,,p ). It follows from Lemma 2.3, that d(w,,p) = |w,, — p ||, d(yn,p) =

Iy, — 2|l and d(wn,yn) = |Jw, — y,|. From Algorithm 3.1, we have z, =
expy,. n(Py, w, F'(wn) — F(y,)). Thus the comparison point of z, is Z, =y, +
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an(F(w,) — F(y,)) € R% Suppose that d(z,,y.) = ||z, — ¥y, then apply-
ing the diffeomorphism of the exp map, we obtain ||F'(yn) — Py, w,F(wn)| =

(a)d(zns y0) = (G120 — Yl = [1F (y) — F(w,)]l
By applying Lemma 2.4 (ii), we have

A (2n,p) < ||z — P ||
= llyn + o (F(w,) — F(y,)) — pl|

= llyn — P > + Q2| F(w,) — F(y,)II* + 200 (F(w,,) — F(Y): 4 — )
= llyn — Wl + [lwy, — 9 I + 2y, — wp,w, — p) + Q2| F(w,) — F(y,)|
+ 200 (F(w,) = F(Y), 4 — P
= llw, =2 I” + Iy, — woll* = 20y, — Wy, Uy — wy) + 24, — Wy, Yy — P)
+ a2 ||F (wy,) — F(yn)|I* + 200 (F(w,) — F(y,), 5, — p)
= [lw, = P'II* = llyn — wall* + a2l F (y) = Fw)|* + (2, — 2w,
+ 200 F(w,) — 20mF (4,), Yy, — P )
= d(wn,p) = d*(yn, wn) + 2| F (yn) = Py, F(wn) |12

+ (2w, — 2y, + 200 F(y,) = 200 F (w0,), 9~ y,). (3.10)
Set x = 2exp, ! wy + 200, (F(yn) — Py, w, F(wn)) € T,M. Let v = exp,, x, hence
the comparison point of v is v’ = 2w, — v, + 2a,F(y,) — 20, F(w,). Now

consider the geodesic triangle A(b, p, y,) and its comparison triangle A(b, p’, y;l)
Let ¥, ¢ be the angles of the vertices v, and y,/l respectively. By Lemma 2.4 (i),
we get ¥ > ©. Therefore, we obtain from Lemma 2.3 and (2.5), we have

!

(0 = YD =) = IV =gl P =yl cos?’
= d(v, yn)d(p, yn) cos
< d(v,yn)d(p, yn) cos
= (exp,, v,exp, p).
Thus, we obtain
(2w, = 2y, + 200 F (y) = 200 F (wy), 0 — ) < (2expy, ! wy + 200 (F (yn)
— Py, w, F(wy)),exp, ! p). (3.11)
It follows from (3.10) and (3.11) that
& (2, p) < d*(wn,p) = d* (Y, wn) + Ll F (yn) — Py, F(wn) |
+ (2w, — 2y, + 20, F (y,) — 200 F(w,,),p — yy,)
< @ (wn, p) = (Yo, wn) + G| F (yn) = Py, F(ws)|?
+ (2 eXp;n1 W, + 200, (F(yn) — Py, wa F(wn)), expy_n1 D)
= d*(wn, p) = d*(yn, wn) + Al | F(yn) = Py, F(wy) |
+ 2<exp;n1 W, exp;nl p)
+ 200, (F (yn) — Py, w, F (W), exp;n1 D). (3.12)



188 HAMMED A. ABASS AND OLAWALE K. OYEWOLE

On substituting (3.8) and (3.9) into (3.12), we obtain
d* (20, p) < d*(wn,p) = d*(Yn, wn) + QL[| F (yn) — Py, F(wi) ||
+ 20, (Py,, w0, F(wy), expyf D) — 20, (Py,, w, F(wp), exp;n1 D)
= d*(wp, p) = d*(yn, wn) + A | Py, F(wn) = Flya)|. (3.13)
By applying (3.6) in (3.13), we get

2
@ (zn.p) < & (wn,p) + 0 (o wn) — &y, wi)

n+1
2 2 I 2
< d*(wp,p) — (1 — an—3 )d* (Yn, wn) (3.14)
n+1
< d(w,,p). (3.15)
Hence, the proof complete. ]

Lemma 3.3. Let {x,} be a sequence generated by Algorithm 3.1, then the se-
quence {x,} is bounded.

Proof. Let p € Q, 4} :[0,1] — M and ~2 : [0,1] — M be geodesic spaces such

that v:(0) = f(xn),y:(1) = u, and 42(0) = 2,,72(1) = Tz,. Then, we have
from Algorithm 3.1 that

d(un,p) = d('%%(l — 0n)

2

D
Y (

)
< (1= 6,)d(75(0),p) + 6nd(v5(1), p)
< (1= 6n)d(2n,p) + 6,d(T(2y), Tp)
< (1= 08,)d(zn,p) + 0nd(2n, D)
= d(zp,p). (3.16)

Similarly, since 2,11 = YA (1 — ,), we get

d(Zn1, ):d(’Y}L( — Bn), D)
<6n( 2(0),0) + (1 = B
< d(f(xn),p) + (1 = Bp)d

)d(7, (1), )
(un,p)
< Buld(f(zn), f(p)) +d(f(p),p)] + (1 — Bn)d(2n, p)
< ulkd(zn,p) + d(f(0).p)] + (L Bu)d(wn,p).  (3.17)
By considering the geodesic triangles A(wy, zp,p) and A(zy, zp—1,p) with their
respective comparison triangle A(w;l, a:/n, pl) C R?%. Then by Lemma 2.3, we have
d(wp, n) = |Jw, = x|, d(wn,p) = [[w, = p'|| and d(@n, 2p—1) = [z, — 24 ]-
Now, by applying step 1 of Algorithm 3.1, we have
d(wn, p) = [[w, —p'|
= (|2 + On (2, — 1) =1 |
<l =2l + Ballzy, = 2
On \

=l — 2 - (3.18)

= llzn =Pl + 8- 5=
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Since Z—ZH:U;L—JJ;LAH = %d(:cn, Zn—1) — 0 asn — oo, then there exists a constant
Ny > 0 such that g—zd(wn,xn_l) < Njp. Thus, we obtain from (3.18) that
d(wy, p) < d(xp,p) + BplN1. (3.19)

Observe that,
d&*(wn, p) = [[w, —p'|
<y = |l + iy, — 2,4l
= |z = 0 [ + 2001, — 2| 2, — 2|l + 62l — 2y |
= [z = P [I” + Onllzy, — 2y || 201 — 'l + Onllzy, — 2 ]]]. - (3:20)

It then follows that 2|z, — p'|| + 0|z, — x,, 1| = 2d(xn, p) + Opd(zn, Tr_1) < No
for some constant No > 0. Thus, we obtain from (3.20), that

d?(wy,p) < d*(2p, p) + Opd(xn, Tr_1)No. (3.21)
On substituting (3.19) into (3.17), we obtain

= (1= Bu(1 = k))d(2n,p) + Bn [(1 — k)d(f(p)’p) ks Nl}

1—k

d(f(p),p) +N1}_

< max {d(xrwp)? 1_ &

By induction, we obtain that

d(f(p),p) + M
1—k ’

Hence, the sequence {z,} is bounded. Consequently, the sequences {wy}, {yn},

{zn}, {un} and {T'z,} are bounded. O

Theorem 3.1. Let f : C — C be a contraction with constant k € (0,1) and
assume conditions (D1)-(D4) holds. Then the sequence {x,} generated by Al-
gorithm 3.1 converges to p € Q, where p = Pqf(p) and Pq is the nearest point
projection of C onto ).

d(xn-‘rlvp) S max {d(ﬂ?l,p),

Proof. Let p € €, then using Proposition 2, we obtain
d*(un, p) = d(7i(1 = 6,),p)
< (1= 6,)d*(72(0),p) + dnd*(v5(1), p)
= 8a(1 = 6,)d?(77(0),72(1))
< (1= 6,)d*(2n, p) + 6nd>(T(2p), Tp)
— 60 (1 = 6,)d* (2, Tz)
< (1= 6,)d%(2n,p) + 60d2(2n, p)
— 8n(1 = 8,)d? (2, Tz)
= (2, p) — (1 — 60)d2 (20, T2). (3.22)
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By substituting (3.14) and (3.21) into (3.22), we have

2
d2(un>p) < d2(wn7p) - (1 - a?z l; )dQ(yn,wn) - 5n(1 - 5n)d2(zn7TZn)
n+1

2

< dz(a:n,p) + Hnd(xna xn—l)N2 - (1 — 04721 I; )d2(yna wn)
an—i—l
— 0n(1 = 6,)d* (2, T2). (3.23)

Fix n > 1 and let v = f(z,),u = u, and w = f(p). Consider the follow-
ing geodesic triangles with their respective comparison triangles A(v,u,w) and
AW ', w'), A(w,u,v) and A(w’,u',v"), A(w,u,p) and A(w',u',p). Applying
Lemma 2.3, we get d(v,u) = |[v — |, d(v,w) = |v" — w'|,d(v,p) = |v" —
pl,d(u,w) = |u’ —w'|| and d(w,p) = ||w" — p'||. From Algorithm 3.1, we have
Tpi1 = exp,(1 — B,)exp, ! u. The comparison point of z,,1 € R? is x;ﬁl =
Bt 4+ (1—Bn)u’. Let ¢ and ¢ denote the angle and comparison angle at p and p’
in the triangles A(w, z,41,p) and A(y', z, 15 p') respectively. Therefore, ¢ < ¢’
and cos gb/ < cos .

By applying Lemma 2.4 and the property of f, we obtain

d*(n11,p) < |y —p |12
= [Ba(v" =)+ (1= Ba) (@ —p)|”
< B0 —w) + (1= Ba)(u = P>+ 2Bu(wpy —p 0w —p)
< (1= Bl = I>+ Ballv” = w'|* + 2Bullan 1 — P lllw" = p'l| cos ¢’
< (1= Bp)d?*(u,p) + Bnd®(v,w) + 2Bnd(xpyi1, p)d(w, p) cos ¢

=(1- ﬁn)dZ(un,p) + ﬁnd2(f(l"n)a f(p)) + 2Bnd(Tpi1, p)d(w, p) cos ¢.
(3.24)

It is obvious that d(zn41,p)d(f(p),p)cos¢ = (exp,* f(p),exp, ! T,11), then by
substituting (3.23) into (3.24), we obtain

&*(2py1,0) < (1= Bn)d (un, ) + Bnd?(f(zn), f(p)) + 2Bnlexp, ™ f(p), exp, ' Tni1)
< (1 - ﬁn)dQ(xnyp) + (1 - /Bn)and(xm$n—1)N2

2
— (1= Ba)(1 = a2 —5—)d (g wn)

Qg
+ Bud®(f(2n), f(p)) + 2Bn{exp, ' f(p), exp, ' Tnt1)
= (1= Bn)on(1 - )d2(znaTZn)
= (1= Ba(1 = k))d*(an, p)
%d(xna Tn-1)N2 + 2<eXP;71 f(p), engl Tnt1)
(1—Fk)

+ 571(1 - k)

2
— (1= Bu) (1 = @2 =5—)d (g wn) = (1 = B)ou(L = 6)d% (20, Tz)

" (3.25)
= (1= Bu(1 = k))d*(@n,p) + Bu(1 = k) Zn, (3.26)
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where

gﬁd(ﬂ?m Zn—1)Na + 2(exp, ! f(p), exp,* Tni1)
(1—k)
12

—(1=8u)1 - 05721 o2 )dz(yna wp)
n+1

— (1= B)0n(1 = 6,)d* (20, T2).

Ly =

From (3.25), we obtain

(1= B)(1 = a2 )y, w00)
an—l—l

— (1= B)0n(1 = 8,)d% (2, T2)

S d2(mn7p) - d2($n+1,p)
+ Bn(1 — k)N, (3.27)

where N3 := sup Z,.
neN
To show that d(z,,p) — 0 as n — oo. Let a, = d(xy,p) and d,, = Bp(1 — k). It

is very easy to see that the inequality (3.26) satisfies
an+1 < (1 —dp)ay + dyby,.

In view of Lemma 2.7, we claim that limsup Z,, <0 for a subsequence {ay, } of
k—o0

{an} satisfying

linrr_1>ioréf(an,wrl —ap,) > 0.

Now, from (3.27), we get

2
lim sup [(1 - Bnk) (1 - O‘nk'u> dz(ynmwnk)

k—oc0 Onyp+1

+ (1 - Bnk)énde(an’T(znk))}

é lim sup [dz(l‘ﬂkap) - d2($nk+lap) + /Bnk(l - k)N3]

k—o0
= likrgiC)I;f(dQ(JUnkJrl,p) - d2(xnk’p))
<0. (3.28)
By applying the condition on f3,,,d,, and the fact that
2
lim (1—ap,—— | =1-p%>0,

thus, we obtain that

im d(yn,,wn,) =0 = lim d(zp,,T(zn,))- (3.29)

k—o0 k—o00



192 HAMMED A. ABASS AND OLAWALE K. OYEWOLE

From Algorithm 3.1 and replacing x,, with p in (3.18), it is clear that

lim d(’wnk,xnk) < hm /Bnk ' ﬂHxnk - x’/ﬂk—l”

k—o0 —00 i
< lim B, - Hﬂd(:r Tpp—1)
~ k—oo " Bnk 7 T
=0. (3.30)

The following are easy to establish from Algorithm 3.1, (3.29) and (3.30):
( hm d(tn,,, 2n,) = 0,

hrn d(xn, +1,Un,) =0,

hm d(zng, Yny,) =0,

(3.31)

hm d xnkJrlaynk) = Oa

hm d(xpy+1,wn,) =0,

hm d(Yn,,, Tn,) =0,

k—o0

(
(
(
hrn d(mnk+1,znk) =0,
(
(
(
(

hm d(xp,+1,%n,) = 0.

Since {zp, } and {yp, } are bounded, there exist subsequences {mnkl} and {ynk,}
which converge to z*. Using the fact that yn, = Po(expwnk (—an,, F(wn,,)) and
l
by Lemma 2.1, we get
1 —1
<expynkil eXPy, (foznle(wnkl ), eXpy,, x)
~1
= (eXPynkl Wny, = QOny Pynkl ’w”kzF(w"kl)’
exp, ) <0. (3.32)
7lkl
Using Remark 2.2 and (2.1), the inequality (3.32) becomes
—1 -1
0= <eXpynkl Wny, = Ony, Py”kl ’w”kzF(w"kz)’ expynkl z)
_ ~1 ~1
= <expynkl Wny, , €XPy, x)

— o, (P

ynkl 9 wnkl F(wnkl

—1 —
Z <eXpy"kl wnkl ) eXpynkl x

— any, (P,

Yny,, » Wni, F(wn,

)
)
)
— Quy, <Py”kl s Woy, F(wny, ), Py"kl s Wy, exp;ikl x)
)
)
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In view of Lemma 2.2, the Lipschitz continuity of F' and llim Oy, = 0 > 0, it
—00
follows that

(F(z%),explz) >0, VaeC.

Hence, z* € VIP(C,F). Also, by applying (3.29), we have that «* € F(T).
Therefore, we conclude that x* € €.
Next, we claim that limsup Z,,, < 0. To establish this, we need to show that

k—o0

lim sup(exp; ! £(p), expy" Ty 41) < 0.
k—o00

Since {an, } is bounded, there exists a subsequence {zn, } of {zn,} which con-
verges to z* € M such that

lim <e§><:p];1 f(p), exp][j1 xnkl> = lim sup(exp;1 f(p), exp]g1 T, )
l—o0 k—o00

= (exp, ' f(p), exp, ' z*)
<0. (3.33)

By substituting (3.33) into (3.26) and applying Lemma 2.7, we conclude that
{zp} converges to p € Q. O

4. Numerical example

In this section, we present two numerical examples in the framework of Hadamard
manifolds to illustrate the performance of our iterative method. Let M := RT+ =
{u€eR:u>0}and (RT1,(.,,.)) be the Riemannian manifold with the Riemann-
ian metric (.,.) defined by

(,y) = %xy, (4.1)

for all vectors x,y € T,M, where T;,M is the tangent space at x € M. For v € M,
the tangent space T,M at u equals R. Also, the parallel transport is known as
the identity mapping. The Riemannian distance (see 35) d : M x M — R™ is
defined by

d(z,y) = |ln§],Vm,y€M. (4.2)

Then (R, (.,.)) is an Hadamard manifold, and the unique geodesic w : R — M
with initial value w(0) = = with v = w'(0) € T,M is defined by w(t) := ze(3). In
addition, the inverse exponential map is defined by
1
exp,ly = w'(0) = a2y (4.3)
x
Example 4.1. Let C = [1,2] be a geodesic convex subset of RT and F : C' — R

be a single-valued vector field defined by

2
Fr:=—-zln—,eC (4.4)
x



194 HAMMED A. ABASS AND OLAWALE K. OYEWOLE
Now, let 2,y € C and (Fz,exp, ! y) > 0. Then we get

(Fy, expy_1 x) < (Fy, exp;1 z) 4 (Fz,exp, ' y)

= (o) (o)« (o) ()
= (=5 ()= (3) ()

- In2ln? —|—lnylnE —ln2lng—i—lngulng
Y Y z

T

:lnylnf—i—lnxlng
J x

=(nzlny—In’y+Inzny —In?2)

=—In?Z= :1:
Yy
< 0. (4.5)

Hence, we conclude that F' is pseudomonotone and 1-Lipschitz continuous. There-
fore, the variational inequality problem has a unique solution, i.e

_ 1 2 Y
Fp,exp;ty :<—pln> (pln)
< p V) p? P P

2
— _mZm? >0,VyeC
p P
S p=2. (4.6)

We deduce that VIP(F,C) = {2}, therefore Q # (. Let f be a continuous
mapping and T be a nonexpansive mapping defined by f(x) = %x and T'(x) =

for all x € C'. Choose 7, = +110)(21 7+ Bn = n+1>5 = %H, uw=0.5 ¢ = (%)"
and a, = § — — g for Khammahawong et al. [16, Algorithm 1]. The termination
criterion is d(xp,xn4+1) < €. For this numerical experiment we take zyp = 1,

r1 = 1.1 and compare our algorithm with [16, Algorithm 1] with ¢ = 1072 and
e=10""%

Example 4.2. Let C = [1,10] be a geodesic convex subset of Rt and F : C' — R
be a single-valued vector field defined by

Fx=zlnz,Ve el (4.7)

Now let ,y € C and (Fx,exp,'y) > 0. Then we have

(Fy,exp, ' z) < (Fy,exp, ' ) + (Fa,exp; ' y)

1 1
= ?-ylny'ylnngﬁ ~$ln$-xln%
—(lny — Inx)?
:—ln2g
x

<0.
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FIGURE 1. Numerical report for Example 4.1.

Hence, F' is pseudomonotone.

unique solution i.e

(Fp,exp, ' q) =

r " kK
¥Rk k%

—<— Algorithm 3.3
—%—— Khammahawong et al. Alg

. .
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195

Also, the variational inequality problem has a

(4.8)
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Thus, © # (). For this example, choose 7, = n+110(21 75 Bn = 100n+1’5 = 5=,
w=0.5 ¢, = (%)” and oy, = % — n%r?) for Khammahawong et al. [16, Algorithm

1]. The termination criterion is d(xy, Tp4+1) < €. For this numerical experiment
we take e = 107% and compare our algorithm with Khammahawong et al. [16,
Algorithm 1] with varying initial points 2y and z7. It can be seen from figures
that our iterative method converges faster that of Khammahawong et al. [16].

—&— Algorithm 3.3
—¥— Khammahawong et al. Alg

Vs B N e N
4 L * 3 *
4 5 6 7 8
Number of iterations
4
—&— Algorithm 3.3

—*— Khammahawong et al. Alg

0 5 10 15 20 25 30
Number of iterations

FIGURE 2. Numerical report for Example 4.2. Left: zg = 0.8 and
x1 = 0.5; Right: g = 1.2 and 7 = 0.9.
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5. Conclusion

In this article, we considered an inertial extrapolation method which is known
to speed up the rate of convergence of iterative method together with a Tseng’s
method to solve variational inequality problem involving pseudomonotone func-
tion and fixed point of a nonexpansive mapping in the settings of a Hadamard
manifold. We employed a self-adaptive procedure which generates dynamic step-
sizes converging to a positive constant. Several examples were illustrated and
compared with the result of [16].

To generalize problem (1.1) in our future research, we will consider VIP involving
quasi-monotone function together with a projection and contraction method in
the setting of Hadamard manifolds.
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