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UNIFORM CONVERGENCE OF EXPANSIONS IN THE
FOURIER SERIES IN THE SYSTEM OF ROOT FUNCTIONS
OF SOME FOURTH-ORDER SPECTRAL PROBLEM

VUQAR A. MEHRABOV

Abstract. In this paper we consider an eigenvalue problem for ordi-
nary differential equations of fourth order with a spectral parameter in
three of the boundary conditions. This problem describes small bending
vibrations of a homogeneous Euler-Bernoulli beam of constant rigidity,
in the cross sections of which a longitudinal force acts, at the left end
of which a load is concentrated, and at the right end an inertial load
is concentrated. Sufficient conditions are established for the uniform
convergence of expansions in the Fourier series in the system of root
functions of this spectral problem.

1. Introduction

We consider the following eigenvalue problem

Uy)(z) = yW(x) — (ql2)y (2)) = My(z), 0 <z <1, (1.1)
Ui(\y) =4"(0) =0, (1.2)

Uz(A,y) =Ty(0) — ary(0) =0 (1.3)

Us(A\y) =y"(1) = bAy/'(1) = 0, (1.4)

Us(A,y) =Ty(1) —cAy(1) =0 (1.5)

where A € C is a spectral parameter, Ty = 3" — qy/, q is a positive absolutely
continuous function on [0, 1], a, b, ¢ are real constants such that abc # 0.

This problem arises when applying the method of separation of variables to a
boundary value problem for partial differential equations describing small bending
vibrations of a homogeneous Euler-Bernoulli beam of constant rigidity, in the
sections of which a longitudinal force acts. In addition, at the left end of which
either the load is concentrated, or a tracking force acts, and at the right end
either the inertial load is concentrated, or a tracking force acts, and to this
end a load is attached by means of a weightless rod, held in equilibrium by
means of an elastic spring (see, e.g., [7, 22]). Note that in order to justify this
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method in the boundary value problem for partial differential equations, it is
necessary to study the convergence expansions in the Fourier series in the system
of root functions of problem (1.1)-(1.5) in various functional spaces, for example,
in L,(0,1), 1 <p < o0, or C[0,1].

The convergence expansions in the Fourier series in the system of root functions
of eigenvalue problems for ordinary differential equations of second and fourth
order in L,, 1 < p < oo, was studied in papers [1-3, 5, 6, 8, 10, 17-19]. Uni-
form convergence of spectral expansions in the system of root functions of such
problems was studied in papers [2, 4, 9, 11, 12, 14-16, 21] (see also bibliography
therein).

Problem (1.1)-(1.5) for @ > 0, b > 0 and ¢ < 0 was studied in [5], and for a > 0,
b>0and ¢ > 0in [19]. In the case of a > 0, b > 0 and ¢ < 0 the eigenvalues
of problem (1.1)-(1.5) are nonnegative, simple and forms an infinitely increasing
sequence, in the case @ > 0, b > 0 and ¢ > 0 the eigenvalues of this problem are
real, simple, with except, for the case ¢ > 1 and a = ¢ — 1, when the eigenvalue
A = 0 which has algebraic multiplicity 2, and form an unboundedly nondecreasing
sequence. In [5] and [19] the authors establish sufficient conditions for the system
of root functions of problem (1.1)-(1.5) after removing three functions from this
system, to form a basis in the space L,, 1 < p < oco. However, the uniform
convergence of expansions in Fourier series for the system of root functions of
problem (1.1)-(1.5) has not yet been studied.

Note that in [2, 4, 9, 11-15, 19] sufficient conditions were established for the
uniform convergence of the expansion of continuous functions in the subsystem
of root functions of the problems considered there.

The rest of the article is organized as follows. In Section 2, we first refine
the asymptotic formulas for the eigenvalues and eigenfunctions of the fourth-
order spectral problem without the presence of a potential at the first derivative
and with asymptotic boundary conditions. Then we obtain refined asymptotic
formulas for the eigenvalues and eigenfunctions of problem (1.1)-(1.5). In Section
3 using these asymptotic formulas we find sufficient conditions for the uniform
convergence of expansions in the Fourier series of continuous functions in the
system of root functions of problem (1.1)-(1.5) after removing three functions.

2. Refined asymptotic formulas for eigenvalues and
eigenfunctions of problem (1.1)-(1.5) and an auxiliary problem

Recall that problem (1.1)-(1.5) in the case of @ > 0, b > 0 and ¢ > 0 was
considered in [18], where it was shown that the eigenvalues of problem (1.1)-(1.5)
are real, simple, with except, for the case ¢ > 1 and a = ¢—1, when the eigenvalue
0 which has algebraic multiplicity 2, and form an unbounded sequence {A;}7°,
such that

AMS <A3< ool <A< e,

and are located on the real axis in the following order:
M<0=MX for c<landec>1, a>c—1,
AM=0=X forc>1landa=c—1,
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M=0< X forec>1landa<c—1.

Along with the boundary value problem (1.1)-(1.5), we consider the following
spectral problem

y () = y(z), 0 <z < 1, (2.1)

Vi(y) = 47(0) = 0, Va(y) = y(0) =0, (2.2)

Va(y) =y'(1) =0, Va(y) =y(1) =0, '
the eigenvalue of which are positive and simple and form an unboundedly increas-
ing sequence {y}7°, (see [13]). Moreover, it follows from [13, Theorem 3.1] one
has the following asymptotic formulas

m:<k+1>w+0<;>, (2.3)
Ii(x) = sin (k+ 1) ma — (~1)F 2 (+2)70=2) L 0 (1) (2.4)

where relation (2.3) holds uniformly for = € [0, 1].
Theorem 2.1. The following asymptotic formulas hold

m:<k+i>w+0<6;r>, (2.5)
Op(z) =sin (k+ 1) 7o — (—1)’“? e(k+i)m(1-2) 4 o (ek%r) , (2.6)

where relation (2.6) holds uniformly for x € [0, 1].
Proof. In Eq. (2.1) let A = p*, p > 0. Note that Eq. (2.1) has the four linearly
independent solutions

Gj(z,p) = ei® j =12 3, 4, (2.7)
where
w1 =—1, wo=—1, w3 =1, wg = 1.
By (2.7) we have
0\ (2, p) = (pwy)*ePi®, j=1,2,3,4, s=0,1,2, 3,
which implies that

6(0,p) = (pw;)®, (1, 0) = (ewy)*e®, j=1,2,3,4, s=0,1,2,3. (28)
By (2.8) it follows from (2.2) that

(2.9)
Vv3(¢]) = (b;(l)p) = pwjepwjv V4(¢]) = ¢](1ap) = epwja ] = 11 27 31 4.

It is obvious that the eigenvalues of problem (2.1), (2.2) are the zeros of char-
acteristic determinant

ok v v
BoN) = | V(o) Valda) Valds) Valon) (2.10)
Vi(p1) Va(da) Va(és) Va(éa)
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Taking (2.8) and (2.9) into account from (2.10) we get

1 -1 -1 1
1 1 1 1
_ 3 —
AO()‘) =p e P e~ et er | T
—eP —ge P et eP
. . 1
2p3eP {(1 —i)e” —(1+1i)e ™+ 0 <p> } .
e
Therefore, the eigenvalues of (2.1), (2.2) are the roots of the equation
~ 1
2ip __ -
e —z+0<6p>. (2.11)
In view of (2.3) we get
1
Pk = ik = <k+4>w+€k, (2.12)

where e, = O (). Then it follows from (2.11) that

62ipk:7:€2i€k:i—|—0<1>’

P

e =0 (%) : (2.13)

Taking into account (2.13) in (2.12) we obtain (2.5).
By (2.5) we have the following relations

’“f(1+z‘)+0<e;r>,e—i@k =(—1)k\f(1—i)+0< ! > (2.14)

and consequently,

tor — (1 _—
eios = (~1) -

Note that the eigenfunction 9(z, ¢) corresponding to the eigenvalue A = p* of
problem (2.1), (2.2) has the following representation

¢‘;(Zc¢;p)k) <Z>‘2/(@p)k) qi;((rzp)k) ?ﬁ((x(l;[;k)
Wem) = Bol oo Vales) Valgs) Vale |0 (219

Va(o1)  Va(e2)  Va(gs)  Va(ga)
where By, = B, is a nonzero constant depending on py.
By (2.7)-(2.9) it follows from (2.15) that

_ _ —P
’l9k($) :19(]:7pk) — B 2 0k 1 1 1 e Pk

orPkC 111 e |
- Bpkp%epk
ef(lﬁ»i)mvefi (k+i)ﬂ$ ei (k+i)ﬂ'([ e(kJri)ﬂ(w*l)
1 -1 -1 0 1
1 1 1 0 +0 <ek7r> -
V2

0 (—1)FE(1—i) (-1 +10) 1
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= 4iB,, p? e* {sm (mi) Tz — (-1 )k‘[ (kt)m(e— 1>+o<61 )} (2.16)

In view of (2.4) we choose the constant B, as follows:
1
4iB,, pr.elk

Then we have
1 1
Ik (x) = sin <k+4> mr— (=1 )k\[ (k+3)m(z— 1)+O<ekﬂ>.

The proof of this theorem is complete.
It follows from (2.6) by a straightforward computation that

1
1
0013 = [ otrar =140 (). (217)
0

Let
vi(z) = Ox(@)[[04ll3 ", k € N.
Then, by (2.6) and (2.17), we obtain

Yr(z) =sin (k+ ) 7z — (-1 )k‘[ G 1)—1—0( ). (2.18)
We introduce the following notation:
1 T 1
i = [ att)dt, o) = [ a(t)dt and an(o) = [ att)at
0 0 T

Now we demonstrate the refined asymptotic formulas for eigenvalues and eigen-
functions of problem (1.1)-(1.5).
Theorem 2.2. One has the following asymptotic formulas

m:<k—n>w+W+O<;>, (2.19)

4

11

yk(ﬂﬁ):Sin( 4)7Tx (—1 )k"'l\[ ( Tl)“(x_l)+

% sin (k — 1) mx + (qo+2/af4/cik:v;(qo(z)+2/a) cos (k — L) ma—

(2.20)

% e (k—%)ﬂ':c _ (71)k+1§ e(k—%)ﬂ'(x—l)x

(q0+2/a—4/c) (@=1) + 2/atd/c=qi(x) | (1%2) )

km

where relation (2.20) holds uniformly for x € [0, 1].

Proof. In Eq. (1.1) let A = ¢*, where o > 0. By [20, Ch. 2, §4.5, Theorem 1] this
equation has four linearly independent solutions ¢;(x, ), j = 1, 2, 3, 4, which
are regular in ¢ (for sufficiently large |o|) and satisfy the following relations

(s) e0W;T q0(x) 1 s
?; (0%1)2 égw) o (E) =t asa )
s = ) Y 9y *

where w1 = —1, wo = — 1, wg =7 and wyg = 1.
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In view of (2.21), by boundary conditions (1.2)-(1.5) we obtain

Ur(A ) =140 <@%) ’

Uahi) = —ag* (1- 55 +0 (%)), (22
Us(\, @) = — bo’wj e (1 + 7, T O (é)) : |
Uilhg) = —coters (14 4250+ 0 (), =123, 4.

Let A = p? is an eigenvalue of the spectral problem (1.1)-(1.5). Then p is a
zero of the characteristic determinant

U ()‘7 901) Uy ()‘7 902) Ul()‘a 903) Uy ()‘7 ‘104)
Ua(X,01) Ua(X,02) Ua(X @3) Uz(A, ¢4)
AN) = ’ ’ ’ . 2.23
M =1 Ty 1) Us(ga) Us(hrs) Us(h ) (2.23)
Us(X, 1) Us(N,02) Us(N,03) Us(N, 04)
By (2.22) it follows from (2.23) that
—4
A(N) = — abcp'®e? (1 + qo/c>
4o
1 -1 -1 0
1 1 1
1 + ?g 1 + @ ' - @ 0 O 1
0 —ie(1- o ie (14 4 1|t 2) (=
0 eir (1 _ qo—4iic[51+i)) eip (1 + q0—4£i0p(1—i)) 1
—4
— 2abcp'de? (1 + qO/C)
40
1+ 2Z{w(1+i) 1 — 535 (1 —4) 0
L . 1
—ie p(l—fﬁ—.op) zep(l—i—fl—.op)A 1 +O<g2> _
P (1 _ qo—4iicl§1+l)> x7 (1 + %—44251—1)) 1
—4
2abcp'de? (1 + qo/c>
4o
’1+2i29(1+i) ‘1—21.{19(1—2') +0<1) _
e=iP(1 + 1) (1 _ qo;@_i/c) (1 — 4) (1 I qo4—i;1)/<:> 22
2abcp™e? (1 + qo—4/c)
40
< ) 1 . qo—4/c W . 1 .
(1 —4)(1 1 1+ ——— ) —e*(1 1-— 1-—
{era - gy (14 22— P - i)

(-25") o (@)}
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Then it follows from the last relation that the zeros of the characteristic deter-
minant are the roots of the equation

e (1 —4)(1+ 2Z.}19(1 +1)) (1 + qo‘“i/c) e=iP(1+ i) (1 — 2mg(l —1))x

(2.24)

4/c

(1-252)+0 (%) =0
From (2.24) we obtain
20 _ ; _q0+2/a_4/c i 29

e z(l 5 +0 7 ) (2.25)

By [5, formula (3.13)] we have

11

ok = V= <k - 4) T + €k, (2.26)

where e, = O (%)
In view of (2.26), by (2.25) we get

2Pk = j e®iek = i (1 + 2iey, + o(2)) = i (1 - 2/1'277 /C> o (k2>

whence implies that

Ak k2
Now (2.26) and (2.27) yield (2.19).
By (2.19) we have the following relations

eigk:(_l)kﬂé(l-i-i) (1_w+0< ));

_ Q@ +2/a —4/c 10 (1> - (2.27)

o o (2.28)
e ok — (_1)k+1§ (1 — 1) (1 i qo+i{2¢k 4fe L o (%)) .

The eigenfunction y(x, o) corresponding to the eigenvalue A = Qi of the spec-
tral problem (1.1)-(1.5) has the following form

ye(z) = y(z, 0) =
é1(x, ox) ¢2(x, ox) 3(3? oK) P4(, ok)
Ur(Mgs 01) UMk, ¢2)  Un(Ag, ¢3)  Un(Ag, ¢4) (2.29)
Uz (Mg, é1) UQ()\lm ¢2)  Ua(Ap,¢3)  Ua(Mp,d4) |
Us(Ak, 1) Us(Ag,¢2)  Us(Ak,03)  Us(Ak, da)
where Cj, = C,, is a nonzero constant depending on gy,.

We define the numbers 7, k& € N, and the functions ¢; (), € [0,1], i =
1,2, 3,4, k € N, as follows:

Ck

T = (-1 )k\[(l—l—z) ql,k(x):l—q;i(;), qg,k(:z:):l—(fi(;)
i) =1+ B, gy o) =149y epo

Then, by (2.21), (2.22) and (2.28), from (2.29) we get

y(z, 0k) = abg,lgleg’c (1 + QO> Ch,
4oy
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e PR 1 (z) e PR () P ggp(z) e gy ()

1 —1 —1 0
s _ 1 +
DL S
a— (& a— 4
0 (1+ ke e (12 m

1 qo
o= = 2aborte®C <1 + ) X
<9i>} o o 4oy,

1 q0() 1 A\
- PkT __ 1 _ 2N 7 1 - 1 _ 1PET
{awk ‘ ( dioy 2aigr - 1)

qo()
1+ 1
<1 + 4104 ) < 2azgk +1 )
(—1)k+t 22(1+q°(x>_q°> ( 2/a+4/c> (z=1) +O<12>}—
4p; Ox

4iabo}te C,, (1 + 4@k> X

10KT

COS O T—
Pk 4pg

{Sm@kl‘—(— )kﬂf ok (v 1)+i/a ' _ 9(2) +2/a

2/a o CkT _ (1)k+1\f 2/a ‘“i/gck_ 0 (x) e (=1 4 0 <Qlk> } . (2.30)

In view of (2.19) we can choose C,, as follows:

(1—qo/4pr)o;, e o
diab ’

Cop =
Then it follows from (2.30) that

y(x, o) = sin gz — (—1)’““@ eor(=1) 4 % sin ppx — qo(fl)’%z/a COS O} —

2 z/a — €T 2 2/a+4/c— r—

(2.31)
By (2.19) we have the following relations

11) - (go+2/a—4/c)x o (k !

4 Akt 4

)
C0S o = Cos <k—141> o W0 tYazdjgz o <k— 11>m~+0<1>,
(

sin gpx = sin (k: —

4km
oot _ = (k=Y )ra {1 (@0 +2/a- 4/c>:c} .

4km

O
eok(@=1) — (k=1 )m(z—1) {1 + (90 +2/a ;]j/c) (z—1) } +0
T
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Using these relations from (2.31) we obtain
yr(z) =

sin (k — L) mz — (-1 )kﬂ‘[( i)l U—i—iéism(/@ Wy rz+

(2.32)

(QO+2/G—4/CZL:»‘W—(QO(x)'i‘Q/a) COS (ki 141) i % e (k——) T

(_l)kJrl@ (k=4 )m(@—1) (a0+2/a—4/c) (17411)“? @2/atd/e=aq1(z)) 4 (1%2) )

The proof of this theorem is complete.

3. The uniform convergence of expansions in the root functions
system of the spectral problem (1.1)-(1.5)

Asymptotic formulas (2.6) and (2.20) show that for & > 4 the following relation
holds:
yk(w) = P s(7) + Hesin (k- ) mz+

(QO+2/a_4/Cil:7r_(QO($)+2/a) cos (k} 141) T — % e~ (k——) ™ (31)

(1)1 o2 (k=) mle) (ant2/a=1/0) e=D+ ot dfe @) 4 o (1)

It follows from (2.18), (2.20) and [4, estimate (8.3)] that
(1) = 0 (=), 9u(0) = —zh= + O (%),

ye(1) =0 (32), vp(1) = 0 (%) -

Moreover, following the corresponding reasoning on pp. 282-284 of [4] we can
show that

(3.2)

1
Il =1+0 (3. (5.3
where || - ||2 is the norm in Ly(0,1).
Let
0 = |lyl13 + ay(0) + byp” (1) — cyp(1), k€N, k> 2. (3.4)

Then it follows from [19, Lemma 8] that
0 #0, ke N, k> 2.

We introduce the notations:

vp(z) = 0 'y (2), = €[0,1], sk =0, 'ayr(0), tp =, byl (1),
(3.5)
rr=—0; teyr(1), k€N, k> 2.



12 VUQAR A. MEHRABOV

Let i, j, [, be arbitrary different fixed positive integers such that ¢, j,» > 3 and

Si S5 81
Ai,j,l =1t tj tr |- (36)

Ty TyoT
It follows from [19, Theorem 3] that if A; ; ; # 0, then the system {y;}32, ktil
of root functions of problem (1.1)-(1.5) forms a basis in L,(0,1), 1 < p < oo,
which is an unconditional basis for p = 2. In this case by [1, Theorem 3.1] (see
formula (3.8) in [1]) each element of the system {uy}p2, 4, ;; conjugate to the

system {yx}pZ; j ;1S determined as follows:

1
W= Vk = A {vili g1 — vjArag +vilriy)- (3.7)
17]7
By (3.2)-(3.4) we get
1
So=140 <k2) . (3.8)
In view of (3.5) we have
Si Sj S ys(o) yj(o) yl(o)
ANjjai=|ti tj i |=—06"6"6""abc| yi(1) y;(1) (1) (3.9)
Ty T T vi(1) y; (1) w(1)

Let

)
) | (3.10)

ur(z) = ye(z) — A7 {yi(‘r)Ak,j,l — yj (@) A + yl(@Am,j‘} +

(3.11)
O (%) = (@) —ur(0) A7 Ay a(2) + O (3)
where
i yi(z)  yi(x)  wle)
i) = yi) gl (1) (3.12)
yi(1)

If A; ;1 # 0, then by (3.9) and (3.12) it follows from
any function f € C[0,1] the Fourier series expansion

bove arguments that for

o0

fl@y =Y (fru)y(@), (3.13)

k=1, ks,

of this function in the system {yx}32; ; ., ;, of root functions of problem (1.1)-
(1.5) converges in space Ly (0,1), 1 < p < oo, which converges unconditionally
for p = 2.
We introduce notation:
_ (fvyz) (f:yj) (f7yl)
o= ) gy |,
yi(1)  y(1) (1)
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where (-, -) is a scalar product in Ly(0,1).

The following theorem is the main result of this paper.
Theorem 3.1. Let i, j, I, be arbitrary different fixed positive integers such that
1,7,7 > 3 and Ai,j,l # 0. Moreover, let the Fourier series expansion of a function
f(xz) € C[0,1] in the system {94}72, of eigenfunctions of problem (2.1), (2.2)
uniformly converges on the interval [0,1]. If AZ]’J # 0, then the series (3.13)
uniformly converges on the interval [0,7| for each T € (0,1), and if A;"j’l =0,
then the series (3.13) uniformly converges on the interval [0,1].

The proof of this theorem is similar to that of [4, Theorem 8.1] with the use
of Theorems 2.1 and 2.2.
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