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MIXED PROBLEM FOR THE NEGATIVE ORDER MODIFIED

KORTEWEG-DE VRIES–COSINE GORDON EQUATION

AKNAZAR KHASANOV, DOSTONBEK BAYMUROTOV,
AND RAYKHONBEK ESHBEKOV

Abstract. In this paper, the negative order modified Korteweg-de Vries–
cosine Gordon equation (nmKdV–coshG) in the class of periodic infinite-
gap functions is integrated using the inverse spectral problem method.
It is demonstrated that the Cauchy problem for the infinite Dubrovin
differential equation system is solvable in the class of twice continuously
differentiable periodic infinite-gap functions. It is demonstrated that the
mKdV–coshG equation is satisfied by the sum of the uniformly conver-
gent functional series constructed by solving the Dubrovin differential
equation system. Furthermore, it is demonstrated that a global solu-
tion to the mixed problem for the negative order modified Korteweg-de
Vries–cosine Gordon equation exists for sufficiently smooth initial data.

1. Introduction and Statement of the Problem

In this work, we consider a mixed problem for the negative order modified
Korteweg-de Vries–cosine Gordon equation (nmKdV–coshG) of the form{

a(t) (uxt − cosh(2u))− b(t) (uxxxt − (2uxµxt)x) = 0,

µxx = u2x,
(1.1)

with the conditions
u(x, t)|t=0 = u0(x), u0(x+ π) = u0(x) ∈ C5(R),
u(x, t)|x=0 = α(t), µx(x, t)|x=0 = β(t),

[uxt(x, t)− µxt(x, t)]|x=0 = ζ(t),

(1.2)

in the class of real infinite-gap π periodic with respect to x functions satisfying
the smoothness conditions

u(x, t) ∈ C4,1
x,t (t > 0) ∩ C(t ≥ 0), µ(x, t) ∈ C2,1

x,t (t > 0) ∩ C(t ≥ 0). (1.3)

Here a(t), b(t) ∈ C[0;∞) and α(t), β(t), ζ(t) ∈ C1(t > 0) ∩ C(t ≥ 0) are given
continuously differentiable bounded functions.
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Note that if in equation (1.1) the coefficients a(t) = 1, b(t) = 0, then (1.1)
takes the form of the hyperbolic cosine Gordon equation popular in the literature
( [23]):

uxt = cosh(2u), u = u(x, t), x ∈ R, t > 0.

From equation (1.1) for the case a(t) = 0, b(t) = 1, we obtain the negative
order modified Korteweg-de Vries (nmKdV) equation of the form ( [53]):{

uxxxt − (2uxµxt)x = 0,

µxx = u2x.

For simplicity, we study the equation (1.1), in the case a(t) = 1, b(t) ̸= 0,
B1 ≤ b(t) ≤ B2, B1 > 0, t ≥ 0.

In this paper, we propose an algorithm for constructing periodic infinite-gap
solutions u(x, t), µx(x, t), x ∈ R, t > 0 of the mixed problem (1.1)–(1.3) by reduc-
ing it to an inverse spectral problem for a self-adjoint periodic Dirac operator of
the form:

L(τ, t)y ≡ B
dy

dx
+Ω(x+ τ, t)y = λy, x, τ ∈ R, t > 0, (1.4)

where

B =

(
0 1
−1 0

)
, Ω(x, t) =

(
P (x, t) Q(x, t)
Q(x, t) −P (x, t)

)
, y =

(
y1(x)
y2(x)

)
,

P (x, t) = 0, Q(x, t) = u′x(x, t).

Inverse spectral problems play a significant role in integrating some important
evolution equations of mathematical physics and are one of the most important
achievements of the last century. An important breakthrough was made in the
paper by Gardner, Green, Kruskal and Miura [13] in 1967, where they discovered
a deep connection between the well-known nonlinear Korteweg-de Vries (KdV)
equation

qt = 6qqx − qxxx, q(x, t)|t=0 = q0(x), x ∈ R, t > 0,

and the spectral theory of the Sturm–Liouville operator

L(t)y ≡ −y′′ + q(x, t)y = λy, x ∈ R, t > 0.

The authors of [13] succeeded in finding a global solution to the Cauchy problem
for the KdV equation by reducing it to the inverse scattering problem. The inverse
scattering problem for the Sturm–Liouville operator on the entire axis was studied
in the works of Faddeev [11], Levitan [41], Marchenko [44] and others. In [38], Lax
proved the universality of the inverse scattering method (ISM) and generalized
the KdV equation by introducing the concept of a higher KdV equation. In their
work [57], Zakharov and Shabat showed that the nonlinear Schrodinger equation
(NLS)

iut ± 2|u|2u+ uxx = 0,

can also be included in the ISM formalism. Using a technique suggested by Lax,
they found a solution to the NLS equation for given initial functions u(x, 0) that
decay sufficiently rapidly as |x| → ∞. Soon Wadati [54], using the ideas of
Zakharov and Shabat, proposed a method for solving the Cauchy problem for
the modified KdV equation (mKdV):

ut ± 6u2ux + uxxx = 0, ut ± 6|u|2ux + uxxx = 0.
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Combining the focusing nonlinear Schrodinger equation (FNLS) and the com-
plex modified Korteweg-de Vries equation (cmKdV), Hirota [16] proposed a method
for finding exact solution to the equation titled “Hirota equation”:

iqt + α
(
qxx + 2|q|2q

)
+ iβ

(
qxxx + 6|q|2qx

)
= 0, α, β ∈ R, x ∈ R, t > 0.

Ablowitz, Kaup, Newell, Sigur [1] and Zakharov, Takhtadzhyan, Faddeev [58]
showed that the ISM can also be applied to the solution of the sine-Gordon (sG)
equation:

uxt = sinu, u = u(x, t), x ∈ R, t > 0.

It should be noted that in the works [35], [51], [55], the modified Korteweg-de
Vries–sine Gordon (mKdV–sG) equation of the form

uxt + a

{
3

2
u2xuxx + uxxxx

}
= b sinu,

where a, b = const, was integrated by a direct method in the class of rapidly
decreasing functions.

The application of the ISM to the NLS, mKdV, sG, FNLS–cmKdV and mKdV–
sG equations is based on the scattering problem for the Dirac operator on the
entire axis:

L = i

(
d
dx −q(x)

r(x) − d
dx

)
, x ∈ R.

The inverse scattering problem for the Dirac operator L on the entire axis was
studied in [12]. It is known that the operator L is not self-adjoint, in the “rapidly
decreasing”case it has a finite number of multiple complex eigenvalues and can
have spectral singularities that lie in the continuous spectrum. The scattering
data of a non-self-adjoint Dirac operator, in addition to the characteristics of the
continuous spectrum, include a discrete spectrum and spectral singularities. In
papers [1], [16], [28]– [30], such nonlinear evolution equations were integrated in
the case when all eigenvalues of the corresponding Dirac operator L are simple
and without spectral singularities. In this regard, the search for a solution to
nonlinear evolution equations without a source and with a self-consistent source
corresponding to multiple eigenvalues of the Dirac operator L is relevant. These
problems are discussed in papers [28] and [33].

Using the method of the inverse spectral problem for the Sturm–Liouville oper-
ator with a periodic potential, when the spectrum contains only a finite number of
nontrivial gaps, in the works of Dubrovin–Novikov [9], Its [19], Its–Kotlyarov [20],
Its–Matveev [21], Matveev–Smirnov [46]– [47], Smirnov [52], the complete inte-
grability of the KdV, NLS, mKdV, sG, FNLS–cmKdV equations in the class of
finite-gap periodic and quasiperiodic functions was established. In addition, an
explicit formula in terms of Riemann theta functions was derived for finite-gap
solutions of such nonlinear evolution equations. In these papers, the solvability
of the Cauchy problem for nonlinear evolution equations for any finite-gap initial
data was proved. This theory is presented in more detail in monographs [14], [56],
as well as in papers [4], [45].

It is well known that finding an explicit formula for solving a nonlinear evo-
lution equation in the class of periodic functions depends significantly on the
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number of nontrivial gaps in the spectrum of the periodic Sturm–Liouville oper-
ator and the Dirac operator. In this regard, it is convenient to split the class of
periodic functions into two sets:

1) the class of periodic finite-gap functions;
2) the class of periodic infinite-gap functions.
The following n–gap periodic Lame–Ince potentials are introduced in [2] and

[18]:
qn(x) = n(n+ 1)℘(x), n ∈ N

where ℘(x) is the Weierstrass elliptic function.
It is known from [17] that if q(x) = 2a cos 2x, a ̸= 0, then in the spectrum

of the Sturm–Liouville operator Ly ≡ −y′′ + q(x)y, x ∈ R, all gaps are open, in
other words, q(x) is a periodic infinite-gap potential. Similar examples exist for
the periodic Dirac operator [8].

Using the ideas of [16], in papers [10], [26,27], a method for constructing exact
solutions of the Cauchy problem for equations composed of a combination of the
defocusing nonlinear Schrodinger equation and the complex modified Korteweg-
de Vries equation (DNLS–cmKdV) of the following forms is proposed

iut + b(t)
(
uxx − 2|u|2u

)
− ia(t)

(
uxxx − 6|u|2ux

)
= 0,

iut + b(t)
(
uxx − 2

(
|u|2 − ρ2

)
u
)
− ia(t)

(
uxxx − 6

(
|u|2 − ρ2

)
ux
)
= 0,

iut + b(t)
(
uxx − 2|u|2u

)
− ia(t)

(
uxxx − 6|u|2ux

)
− ic(t)ux − d(t)u = 0,

0 ≤ ρ < ∞, u(x, t) = q(x, t)− ip(x, t), x ∈ R, t > 0.

in the class π – periodic infinite-gap functions. Based on the ideas of the above
works, in [31, 32] the solvability of the Cauchy problem was established for non-
linear mKdV–coshG, Liouville(L) and mKdV–L equations in the class of real
infinite-gap π – periodic in x functions.

Note that the KdV and mKdV equations of negative order, as well as their
hierarchies, were studied in [22]. The integrability of the negative order mKdV–
Liouville equation in the class of periodic infinite-gap functions was proved in [24].
In addition, the Cauchy problem in the class of periodic, almost periodic infinite-
gap functions for nonlinear evolution equations without and with a self-consistent
source, as well as with an additional term in various settings was studied in [3],
[25], [29, 30], [34], [39, 40].

2. Fundamental concepts of a Dirac Operator

Let us denote by c(x, λ, τ, t) = (c1(x, λ, τ, t), c2(x, λ, τ, t))
T and s(x, λ, τ, t) =

(s1(x, λ, τ, t), s2(x, λ, τ, t))
T solutions of the equation (1.4) with initial condi-

tions c(0, λ, τ, t) = (1, 0)T and s(0, λ, τ, t) = (0, 1)T , respectively. The func-
tion ∆(λ, τ, t) = c1(π, λ, τ, t)+ s2(π, λ, τ, t) is called the Lyapunov function for
equation (1.4). The spectrum of the Dirac operator L(τ, t) in (1.4) is purely
continuous:

σ(L) = {λ ∈ R : |∆(λ)| ≤ 2} = R\

(
+∞⋃

n=−∞
(λ2n−1, λ2n)

)
.

The intervals (λ2n−1, λ2n) , n ∈ Z\{0}, are called gaps, where λn are the roots
of the equation ∆(λ)∓ 2 = 0. They coincide with the eigenvalues of the periodic
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or antiperiodic (y(0, τ, t) = ±y(π, τ, t)) problem for equation (1.4). It is easy to
prove that λ−1 = λ0 = 0, that is, λ = 0 is a double eigenvalue of the periodic
problem for equation (1.4).

The roots of the equation s1(π, λ, τ, t) = 0 are denoted by ξn(τ, t), n ∈ Z\{0},
while ξn(τ, t) ∈ [λ2n−1, λ2n] , n ∈ Z\{0}. They coincide with the eigenvalues of
the Dirichlet problem for system (1.4) with boundary conditions y1(0, τ, t) =
0, y1(π, τ, t) = 0.

Definition 2.1. Numbers ξn(τ, t), n ∈ Z\{0}, and signs
σn(τ, t) = sgn {s2 (π, ξn, τ, t)− c1 (π, ξn, τ, t)} = ±1, n ∈ Z\{0} are called the
spectral parameters of the operator L(τ, t). The spectral parameters ξn(τ, t),
σn(τ, t) = ±1, n ∈ Z\{0}, and the spectral boundaries λn(τ, t), n ∈ Z\{0}, are
called the spectral data of the Dirac operator L(τ, t).

Definition 2.2. The problem of reconstructing the coefficient Ω(x, t) of the op-
erator L(τ, t) from the spectral data is called the inverse problem.

If we construct the Dirac operator L(τ, 0) using the initial function u0(x+ τ),
x, τ ∈ R, we will see that the boundaries of the spectrum λn(τ), n ∈ Z of the
resulting problem do not depend on the parameter τ ∈ R, that is, λn(τ) = λn, n ∈
Z, and the spectral parameters depend on the parameter τ : ξ0n = ξ0n(τ), σ

0
n =

σ0
n(τ) = ±1, n ∈ Z, and are periodic functions:

ξ0n(τ + π) = ξ0n(τ), σ
0
n(τ + π) = σ0

n(τ), τ ∈ R.

Solving the direct spectral problem, we find the spectral data{
λn, ξ

0
n(τ), σ

0
n(τ) = ±1, n ∈ Z\{0}

}
of the operator L(τ, 0).

Definition 2.3. The coefficients P (x, t) ≡ 0, Q(x, t) = u′x(x, t) of the periodic
Dirac operator L(τ, t) are called infinite-gap functions if the boundaries of the
gap (λ2n−1, λ2n) , n ∈ Z, satisfy the conditions

. . . < λ−3 ≤ ξ−1 ≤ λ−2 < λ−1 ≤ ξ0 ≤ λ0 < λ1 ≤ ξ1 ≤ λ2 < . . .

where λ−1 = λ0 = ξ0 = 0.

Definition 2.4. The coefficients P (x, t) ≡ 0, Q(x, t) = u′x(x, t) of the periodic
Dirac operator L(τ, t) are called finite-gap functions if there exists a finite number
N such that for all |n| > N the equalities λ2n−1 = λ2n = ξn, n = N+1, N+2, . . .
hold.

Inverse problems for the Dirac operator of the form

Ly ≡
(

0 1
−1 0

)(
y′1
y′2

)
+

(
p(x) q(x)
q(x) −p(x)

)(
y1
y2

)
= λ

(
y1
y2

)
, x ∈ R

with periodic coefficients p(x + π) = p(x), q(x + π) = q(x), x ∈ R in various
formulations are studied in the works [5–8], [15], [36, 37], [42], [48–50].

3. Main result

The main result of this paper is contained in the following theorem.
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Theorem 3.1. Let u(x, t), µx(x, t), x ∈ R, t > 0 be solutions of the mixed problem
(1.1)–(1.3). Then the boundaries of the spectrum λn(τ, t), n ∈ Z\{0}, of the
operator L(τ, t) do not depend on parameters τ and t, that is, λn(τ, t) = λn, n ∈
Z\{0}, and the spectral parameters ξn(τ, t), σn(τ, t) = ±1, n ∈ Z\{0}, satisfy the
first and second systems of Dubrovin differential equations, respectively:

1.
∂ξn(τ, t)

∂τ
= 2(−1)n−1σn(τ, t)hn(ξ(τ, t))ξn(τ, t), n ∈ Z\{0}, (3.1)

2.
∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)hn(ξ(τ, t))gn(ξ(τ, t)), n ∈ Z\{0}. (3.2)

In addition, the following initial conditions are satisfied:

ξn(τ, t)|t=0 = ξ0n(τ), σn(τ, t)|t=0 = σ0
n(τ), n ∈ Z\{0}, (3.3)

where ξ0n(τ), σ
0
n(τ) = ±1, n ∈ Z\{0} are the spectral parameters of the Dirac

operator L(τ, 0).
The sequences hn(ξ) and gn(ξ), n ∈ Z\{0}, in equation (3.2) are defined by the

formulas:

hn(ξ) =
√

(ξn(τ, t)− λ2n−1) (λ2n − ξn(τ, t)) · fn(ξ),

fn(ξ) =

√√√√√ ∞∏
k=−∞
k ̸=n

(λ2k−1 − ξn(τ, t)) (λ2k − ξn(τ, t))

(ξk(τ, t)− ξn(τ, t))
2 ,

gn(ξ) =
1

1 + 4b(t)ξ2n(τ, t)

[
e2u

2ξn(τ, t)
+ 2b(t)ξn(τ, t) (uτt + µτt)

]
, (3.4)

where ξ ≡ ξ(τ, t) = (. . . , ξ−1(τ, t), ξ1(τ, t), . . .) , σ ≡ σ(τ, t) = (. . . , σ−1(τ, t), σ1(τ, t), . . .) .

Proof. Let π periodic in x functions u(x, t), µx(x, t), x ∈ R, t > 0 satisfy the equa-

tion (1.1). Denote by yn = (yn,1(x, τ, t), yn,2(x, τ, t))
T , n ∈ Z, the orthonormal

eigenvector functions of the operator L(τ, t), considered on the interval [0;π] with
Dirichlet boundary conditions y1(0, τ, t) = 0, y1(π, τ, t) = 0 corresponding to the
eigenvalues ξn = ξn(τ, t), n ∈ Z\{0}. Differentiating with respect to the variable
t, the identity

ξn(τ, t) = (L(τ, t)yn, yn) , n ∈ Z\{0},
and using the symmetry of the operator L(τ, t), we have

∂ξn(τ, t)

∂t
=

(
∂Ω(x+ τ, t)

∂t
yn, yn

)
, n ∈ Z\{0}. (3.5)

Using the explicit form of the scalar product, we write the equality (3.5) in the
form

∂ξn(τ, t)

∂t
= 2

∫ π

0
[yn,1yn,2uxt] dx. (3.6)

Substituting (1.1) into (3.6), we obtain

∂ξn(τ, t)

∂t
= 2

∫ π

0
yn,1yn,2 (cosh(2u) + b(t) (uxxt − 2uxµxt)x) dx. (3.7)
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Using the following identities

u(π, t) = u(0, t), µ(π, t) = µ(0, t),
yn,1(π, τ, t) = yn,1(0, τ, t) = 0,
y′n,1 = uxyn,1 − ξnyn,2, y′n,2 = −uxyn,2 + ξnyn,1,

(yn,1yn,2)
′ = ξn

(
y2n,1 − y2n,2

)
,(

y2n,1 − y2n,2
)′
= 2ux

(
y2n,1 + y2n,2

)
− 4ξnyn,1yn,2,(

y2n,1 + y2n,2
)′
= 2ux

(
y2n,1 − y2n,2

)
and taking into account

µxxt = 2uxuxt,

it is easy to derive the equality

2

∫ π

0
yn,1yn,2 (cosh(2u) + b(t) (uxxt − 2uxµxt)x) dx =

∫ π

0
yn,1yn,2e

2udx+

+

∫ π

0
yn,1yn,2e

−2udx+ 2b(t)

∫ π

0
yn,1yn,2d (uxxt − 2uxµxt) =

=
1

2ξn

∫ π

0
2yn,2

(
y′n,2 + uxyn,2

)
e2udx+

1

2ξn

∫ π

0
2yn,1

(
−y′n,1 + uxyn,1

)
e−2udx−

− 2b(t)ξn

∫ π

0
(uxxt − 2uxµxt)

(
y2n,1 − y2n,2

)
dx =

1

2ξn

∫ π

0

(
y2n,2e

2u
)′
dx−

− 1

2ξn

∫ π

0

(
y2n,1e

−2u
)′
dx− 2b(t)ξn

∫ π

0
uxxt

(
y2n,1 − y2n,2

)
dx+

+ 2b(t)ξn

∫ π

0
2ux

(
y2n,1 − y2u,2

)
µxtdx =

e2u

2ξn
y2n,2

∣∣∣∣x=π

x=0

− e−2u

2ξn
y2n,1

∣∣∣∣x=π

x=0

−

− 2b(t)ξn

∫ π

0

(
y2n,1 − y2n,2

)
duxt + 2b(t)ξn

∫ π

0
µxtd

(
y2n,1 + y2n,2

)
=

=
1

2ξn
e2uy2n,2

∣∣∣∣x=π

x=0

+ 2b(t)ξnuxty
2
n,2

∣∣x=π

x=0
+ 2b(t)ξn

∫ π

0
2uxuxt

(
y2n,1 + y2n,2

)
dx−

− 4b(t)ξ2n

∫ π

0
2yn,1yn,2uxtdx+ 2b(t)ξnµxty

2
n,2

∣∣x=π

x=0
−

− 2b(t)ξn

∫ π

0
µxxt

(
y2n,1 + y2n,2

)
dx =

(
e2u

2ξn
+ 2b(t)ξn (uxt + µxt)

)
y2n,2

∣∣∣∣x=π

x=0

−

− 4b(t)ξ2n

∫ π

a
2yn,1yn,2uxtdx.

Thus, we have

2

∫ π

0
yn,1yn,2uxtdx =

1

1 + 4b(t)ξ2n

[
e2u

2ξn
+ 2b(t)ξn (uxt + µxt)

]
y2n,2

∣∣∣∣x=π

x=0

. (3.8)

Substituting (3.8) into the identity (3.7), we have

∂ξn(τ, t)

∂t
=

(2ξn)
−1 e2u + 2b(t)ξn (uxt + µxt)

1 + 4b(t)ξ2n

[
y2n,2(π, τ, t)− y2n,2(0, τ, t)

]
. (3.9)

In [28], the following equality is proved:

y2n,2(π, τ, t)− y2n,2(0, τ, t) = 2(−1)nσn(τ, t)hn(ξ(τ, t)).
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Substituting this expression into the identity (3.9), we obtain (3.2). Similarly, we
can prove (3.1).

If we replace the Dirichlet boundary conditions with periodic (y(0, τ, t) =
y(π, τ, t)) or with antiperiodic (y(0, τ, t) = −y(π, τ, t)) boundary conditions, then
instead of the equation (3.9), we obtain

∂λn(τ, t)

∂t
= 0, λn(τ, t) = λn(τ, 0).

Now in the equation L(τ, t)νn = λn(τ, t)νn, n ∈ Z, we get t = 0. Since the
eigenvalues λn(τ) = λn(τ, 0), n ∈ Z, do not depend on the parameter τ ∈ R, we
have λn(τ, t) = λn(τ) = λn, n ∈ Z.

The theorem is proved. □

Now taking into account the conditions (1.2) and integrating the equalities

uτ (τ, t) =

+∞∑
k=−∞

(−1)k−1σk(τ, t)hk(ξ(τ, t)), (3.10)

µττ (τ, t) = u2τ (τ, t),

we have

u(τ, t) = α(t) +

∫ τ

0

{
+∞∑

k=−∞
(−1)k−1σk(s, t)hk(ξ(s, t))

}
ds, (3.11)

µτ (τ, t) = β(t) +

∫ τ

0
u2τ (s, t)ds. (3.12)

Lemma 3.1. The following formulas hold:

w(τ, t) ≡ uτt(τ, t) + µτt(τ, t) = exp

{∫ τ

0
A(s, t)ds

}
×

×
(
ζ(t) +

∫ τ

0
B(s, t) exp

{
2u(s, t)−

∫ s

0
A(y, t)dy

}
ds

}
,

(3.13)

where

A(τ, t) =
+∞∑

k=−∞

8(−1)k−1b(t)σk(τ, t)hk(ξ(τ, t))ξ
2
k(τ, t)

1 + 4b(t)ξ2k(τ, t)
,

B(τ, t) =
+∞∑

k=−∞

2(−1)k−1σk(τ, t)hk(ξ(τ, t))

1 + 4b(t)ξ2k(τ, t)
.

(3.14)

Proof. If differentiating with respect to t the second trace formula

µττ (τ, t) + uττ (τ, t) =

+∞∑
k=−∞

(
λ2
2k−1 + λ2

2k

2
− ξ2k(τ, t)

)
,
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and using the system of Dubrovin differential equations (3.2), then with respect
to the function w(τ, t) we obtain the linear differential equations:

(uτt + µτt)τ =
+∞∑

k=−∞,
k ̸=0

−2ξk
∂ξk
∂t

=
+∞∑

k=−∞,
k ̸=0

4(−1)k−1σk(τ, t)hk(ξ)ξk
1 + 4b(t)ξ2k

×

×
(
e2u

2ξk
+ 2b(t)ξk (uτt + µτt)

)
= e2u

+∞∑
k=−∞

2(−1)k−1σk(τ, t)hk(ξ)

1 + 4b(t)ξ2k
+

+ (uτt + µτt)
+∞∑

k=−∞

8(−1)k−1b(t)σk(τ, t)hk(ξ)ξ
2
k

1 + 4b(t)ξ2k
,

that is,

wτ (τ, t)−A(τ, t)w(τ, t) = B(τ, t)e2u. (3.15)

Solving the linear equation (3.15), we obtain (3.13).
The lemma is proved □

Next, taking into account formulas (3.11) and (3.13), the system of differential
equations (3.2) can be written in closed form:

∂ξn(τ, t)

∂t
= 2(−1)nσn(τ, t)

√
(ξn(τ, t)− λ2n−1) (λ2n − ξn(τ, t))fn(ξ)gn(ξ),

ξn(τ, t)|t=0 = ξ0n(τ), σn(τ, t)|t=0 = σ0
n(τ), n ∈ Z\{0},

(3.16)

where

gn(ξ) =
1

2ξn (1 + 4b(t)ξ2n)
· exp

{
2α(t) + 2

∫ τ

0

(
+∞∑

k=−∞
(−1)k−1σk(s, t)hk(ξ)

)
ds

}

+
2b(t)ξn exp

{∫ τ
0 A(s, t)ds

}
1 + 4b(t)ξ2n

·
(
ζ(t) +

∫ τ

0
B(s, t) exp{2α(t)+

+2

∫ s

0

(
+∞∑

k=−∞
(−1)k−1σk(y, t)hk(ξ)−

1

2
A(y, t)

)
dy

}
ds

)
,

ξ ≡ ξ(τ, t) = (. . . , ξ−1(τ, t), ξ1(τ, t), . . .) ,

σ ≡ σ(τ, t) = (. . . , σ−1(τ, t), σ1(τ, t), . . .) .

As a result of the change of variables

ξn(τ, t) = λ2n−1 + (λ2n − λ2n−1) sin
2 xn(τ, t), n ∈ Z\{0}, (3.17)

the Cauchy problem (3.16) can be written as a single equation in the Banach
space K :

dx(τ, t)

dt
= H(x(τ, t)), x(τ, t)|t=0 = x0(τ) ∈ K, (3.18)



116 A. KHASANOV, D. BAYMUROTOV, AND R. ESHBEKOV

where

K = {x = (. . . , x−1(τ, t), x1(τ, t), . . .) :

∥x(τ, t)∥ =

+∞∑
n=−∞,
n̸=0

(λ2n − λ2n−1)

(
1

|n|2
+ 1

)
|xn(τ, t)| < ∞

 .

H(x) = (. . . , H−1(x), H1(x), . . .) , Hn(x) = (−1)nσ0
n(τ)fn(x(τ, t))gn(x(τ, t)).

It is known that if u0(x+π) = u0(x) ∈ C5(R), then u′0(x) ∈ C4(R). Therefore,
for the length of the gaps of the operator L(τ, 0) the following estimate holds
(see [48]):

γk ≡ λ2k − λ2k−1 =

∣∣q42k∣∣
23|k|4

+
δk
|k|5

. (3.19)

Here

λ2k = k +
4∑

j=1

cjk
−j + 2−4|k|−4

∣∣q42k∣∣+ |k|−5ε+k ,

λ2k−1 = k +
4∑

j=1

cjk
−j − 2−4|k|−4

∣∣q42k∣∣+ |k|−5ε−k ,

+∞∑
k=−∞

∣∣q42k∣∣2 < ∞,

+∞∑
k=−∞

(
ε±k
)2

< ∞, δk = ε+k − ε−k .

(3.20)

From here, taking into account ξn(τ, t) ∈ [λ2n−1, λ2n], we obtain

inf
k ̸=n

|ξn(τ, t)− ξk(τ, t)| ≥ a1, a2|n| ≤ ξn(τ, t) ≤ a3|n|, ai > 0, i = 1, 2, 3.

Lemma 3.2. The following estimates hold:

C1 ≤ |fn(x(τ, t))| ≤ C2,

∣∣∣∣∂fn(x(τ, t))∂xm

∣∣∣∣ ≤ C3γm, (3.21)

|gn(x(τ, t))| ≤
C4

|n|
,

∣∣∣∣∂gn(x(τ, t))∂xm

∣∣∣∣ ≤ C5γm
|n|

(
1

|m|2
+ 1

)
, (3.22)

where Cj > 0, j = 1, 5, do not depend on the parameters m and n.

Proof. Estimates (3.21) are proved in the paper [43], so we prove (3.22). Since
the functions α(t), β(t), ζ(t) are bounded, there exist numbers Mj > 0, j = 1, 3,
such that the following inequalities hold:

|α(t)| ≤ M1, |β(t)| ≤ M2, |ζ(t)| ≤ M3.
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Now, using the closed form system of differential equations (3.2), the change of
variables (3.17) and the estimates (3.19)–(3.21), we obtain

1. |A(τ, t)| =

=

∣∣∣∣∣
+∞∑

k=−∞

4(−1)k−1b(t)σ0
k(τ)γk sin 2xk(τ, t)fk(x)

(
λ2k−1 + γk sin

2 xk(τ, t)
)2

1 + 4b(t)
(
λ2k−1 + γk sin

2 xk(τ, t)
)2

∣∣∣∣∣ ≤
≤

+∞∑
k=−∞,
k ̸=0

4|b(t)|γk |sin 2xk(τ, t)| |fk(x)|
∣∣λ2k−1 + γk sin

2 xk(τ, t)
∣∣2

4|b(t)|
∣∣λ2k−1 + γk sin

2 xk(τ, t)
∣∣2 ≤

≤
+∞∑

k=−∞
γk |fk(x)| = A1;

2. |B(τ, t)| =

∣∣∣∣∣
+∞∑

k=−∞

(−1)k−1σ0
k(τ)γk sin 2xk(τ, t)fk(x)

1 + 4b(t)
(
λ2k−1 + γk sin

2 xk(τ, t)
)2
∣∣∣∣∣ ≤

≤
+∞∑

k=−∞,
k ̸=0

γk |sin 2xk(τ, t)| |fk(x)|
|b(t)|

≤
+∞∑

k=−∞

C2γk
4B1a2|k|2

= A2;

3.

∣∣∣∣∣
+∞∑

k=−∞
(−1)k−1σ0

k(τ)γk sin 2xk(τ, t)fk(x)

∣∣∣∣∣ ≤
+∞∑

k=−∞
γk |fk(x)| ≤

≤ C2

+∞∑
k=−∞

γk = A3;

4.

∣∣∣∣∣
+∞∑

k=−∞
(−1)k−1σ0

k(τ)γk sin 2xk(τ, t)
∂fk(x)

∂xm

∣∣∣∣∣ ≤
+∞∑

k=−∞
γk

∣∣∣∣∂fk(x)∂xm

∣∣∣∣ ≤
≤ C3γm

+∞∑
k=−∞

γk ≤ A4γm;

5.
∂A(τ, t)

∂xm
=

8(−1)m−1b(t)σ0
m(τ)γmfm(x)

(
λ2m−1 + γm sin2 xm(τ, t)

)[
1 + 4b(t)

(
λ2m−1 + γm sin2 xm(τ, t)

)2]2 ×

×
[
4b(t) cos 2xm(τ, t)

(
λ2m−1 + γm sin2 xm(τ, t)

)3
+

+cos 2xm(τ, t)
(
λ2m−1 + γm sin2 xm(τ, t)

)
+ γm sin2 2xm(τ, t)

]
+

+

+∞∑
k=−∞

4(−1)k−1b(t)σ0
k(τ)γk sin 2xk(τ, t)

∂fk(x)
∂xm

(
λ2k−1 + γk sin

2 xk(τ, t)
)2

1 + 4b(t)
(
λ2k−1 + γk sin

2 xk(τ, t)
)2 ,

that is,∣∣∣∣∂A(τ, t)∂xm

∣∣∣∣ ≤ A5γm

(
1

|m|2
+ 1

)
;

6.
∂B(τ, t)

∂xm
= (−1)m−1σ0

m(τ)γmfm(x)

[
2 cos 2xm(τ, t)

1 + 4b(t)
(
λ2m−1 + γm sin2 xm(τ, t)

)2−
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−
8b(t) sin2 2xm(τ, t)γm

(
λ2m−1 + γm sin2 xm(τ, t)

)[
1 + 4b(t)

(
λ2m−1 + γm sin2 xm(τ, t)

)2]2
+

+
+∞∑

k=−∞

(−1)k−1σ0
k(τ)γk sin 2xk(τ, t)

∂fk(x)
∂xm

1 + 4b(t)
(
λ2k−1 + γk sin

2 xk(τ, t)
)2 ,

that is,∣∣∣∣∂B(τ, t)

∂xm

∣∣∣∣ ≤ A6γm

(
1

|m|2
+ 1

)
;

7. |gn(x(τ, t))| ≤

≤

∣∣∣∣∣∣ exp
{
2α(t) +

∫ τ
0

(∑+∞
k=−∞(−1)k−1σ0

k(s)γk sin 2xk(s, t)fk(x)
)
ds
}

2
(
λ2n−1 + γn sin

2 xn(τ, t)
) (

1 + 4b(t)
(
λ2n−1 + γn sin

2 xn(τ, t)
)2)

∣∣∣∣∣∣+
+

∣∣∣∣∣ 2b(t)
(
λ2n−1 + γn sin

2 xn(τ, t)
)

1 + 4b(t)
(
λ2n−1 + γn sin

2 xn(τ, t)
)2
∣∣∣∣∣ · exp

{∫ τ

0
A(s, t)ds

}
· |ζ(t)+

+

∫ τ

0
B(s, t) · exp {2α(t)+

+

∫ s

0

(
+∞∑

k=−∞
(−1)k−1σ0

k(y)γk sin 2xk(y, t)fk(x)−A(y, t)

)
dy

}
ds

∣∣∣∣∣ ≤
≤ C4

|n|
;

8.
∂gn(x(τ, t))

∂xm
=

=
exp

{
2α(t) +

∫ τ
0

[∑+∞
k=−∞(−1)k−1σ0

k(s)γk sin 2xk(s, t)fk(x)
]
ds
}

2
(
λ2n−1 + γn sin

2 xn(τ, t)
) (

1 + 4b(t)
(
λ2n−1 + γn sin

2 xn(τ, t)
)2)×

×
∫ τ

0
2(−1)m−1σ0

m(s)γm cos 2xm(s, t)fm(x)ds+

+

∫ τ

0

(
+∞∑

k=−∞
(−1)k−1σ0

k(s)γk sin 2xk(s, t)
∂fk(x)

∂xm

)
ds+

+
2b(t)

(
λ2n−1 + γn sin

2 xn(τ, t)
)

1 + 4b(t)
(
λ2n−1 + γn sin

2 xn(τ, t)
)2 · exp

{∫ τ

0
A(s, t)ds

}
×

×
(∫ τ

0

∂A(s, t)

∂xm
ds

)
· [ζ(t) +

∫ τ

0
B(s, t) exp {2α(t)+

+

∫ s

0

(
+∞∑

k=−∞
(−1)k−1σ0

k(y)γk sin 2xk(y, t)fk(x)−A(y, t)

)
dy

}
ds

]
+

+
2b(t)

(
λ2n−1 + γn sin

2 xn(τ, t)
)

1 + 4b(t)
(
λ2n−1 + γn sin

2 xn(τ, t)
)2 · exp

{∫ τ

0
A(s, t)ds

}
×
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×
[∫ τ

0

∂B(s, t)

∂xm
· exp {2α(t)+

+

∫ s

0

(
+∞∑

k=−∞
(−1)k−1σ0

k(y)γk sin 2xk(y, t)fk(x)−A(y, t)

)
dy

}
ds+

+

∫ τ

0
B(s, t) · exp {2α(t)+

+

∫ s

0

(
+∞∑

k=−∞
(−1)k−1σ0

k(y)γk sin 2xk(y, t)fk(x)−A(y, t)

)
dy

}
×

×
(∫ s

0

(
2(−1)m−1σ0

m(y)γm cos 2xm(y, t)fm(x)+

+
+∞∑

k=−∞
(−1)k−1σ0

k(y)γk sin 2xk(y, t)
∂fk(x)

∂xm
− ∂A(y, t)

∂xm

)
dy

)
ds

]
.

Thus, ∣∣∣∣∂gn(x(τ, t))∂xm

∣∣∣∣ ≤ A7
γm
|n|3

+A8
γm
|n|

(
1

|m|2
+ 1

)
≤ C5γm

|n|

(
1

|m|2
+ 1

)
.

Here Ai = const,i = 1, 8.
The lemma is proved. □

Lemma 3.3. If a periodic infinite-gap function u0(x) satisfies the condition
u0(x + π) = u0(x) ∈ C2(R) and α(t), β(t), ζ(t) ∈ C([0;∞)) are continuously
differentiable bounded functions, then the vector function H(x(τ, t)) satisfies the
Lipschitz condition in the Banach space K, that is, there exists a constant L1 > 0
such that for arbitrary elements x(τ, t), y(τ, t) ∈ K1, the following inequality holds

||H(x(τ, t))−H(y(τ, t))|| ≤ L1||x(τ, t)− y(τ, t)||,
where

L1 = C

+∞∑
n=−∞,
n̸=0

γn
|n|

(
1

|n|2
+ 1

)
< ∞. (3.23)

Proof. First, using Lemma (3.2), we estimate the derivative of the function
Fn(x) = fn(x)gn(x), n ∈ Z\{0} :∣∣∣∣∂Fn(x)

∂xm

∣∣∣∣ ≤ ∣∣∣∣∂fn(x)∂xm

∣∣∣∣ |gn(x)|+ |fn(x)|
∣∣∣∣∂gn(x)∂xm

∣∣∣∣ ≤ C3γm
C4

|n|
+

+ C2
C5γm
|n|

(
1

|m|2
+ 1

)
≤ C3γm

C4

|n|

(
1

|m|2
+ 1

)
+ C2

C5γm
|n|

(
1

|m|2
+ 1

)
≤

≤ C
γm
|n|

(
1

|m|2
+ 1

)
,

where the positive constant C = C3C4 + C2C5 do not depend on m and n.
Further, using the expression

Hn(x(τ, t)) = (−1)nσ0
n(τ)Fn(x(τ, t)), n ∈ Z\{0},
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we obtain

|Hn(x(τ, t))−Hn(y(τ, t))| = |Fn(x(τ, t))− Fn(y(τ, t))| .
Now let us apply Mean Value Theorem on the segment t ∈ [0, 1] to the function

φ(t) = Fn(y + t(x− y)) and obtain φ(1)− φ(0) = φ′ (t∗), that is,

Fn(x)− Fn(y) =
+∞∑

m=−∞,
m̸=0

∂Fn(θ)

∂xm
(xm(τ, t)− ym(τ, t)) ,

where θ = y + t∗(x− y). It follows that

|Hn(x(τ, t))−Hn(y(τ, t))| = |Fn(x(τ, t))− Fn(y(τ, t))| ≤

≤
+∞∑

m=−∞,
m̸=0

∣∣∣∣∂Fn(θ)

∂xm

∣∣∣∣ |xm(τ, t)− ym(τ, t)| ≤

≤ C

|n|

+∞∑
m=−∞,
m̸=0

γm

(
1

|m|2
+ 1

)
|xm(τ, t)− ym(τ, t)| = C

|n|
∥x− y∥.

Next we estimate the norm:

∥H(x)−H(y)∥ =
+∞∑

n=−∞,
n̸=0

γn

(
1

|n|2
+ 1

)
|Hn(x)−Hn(y)| ≤

≤
+∞∑

n=−∞,
n̸=0

γn

(
1

|n|2
+ 1

)
C

|n|
∥x− y∥ = L1∥x− y∥.

Here

L = C
+∞∑

n=−∞,
n̸=0

γn
|n|

(
1

|n|2
+ 1

)
.

Since u0(x) ∈ C2(R) and u′0(x) ∈ C1(R) the estimates (3.19) have the following
form:

γn ≡ λ2n − λ2n−1 =

∣∣q12n∣∣
|n|

+
δn
|n|2

.

Thus, L < ∞, that is, the Lipschitz condition is satisfied. Therefore, the
solution of the Cauchy problem (3.2), (3.3) for all t > 0 and τ ∈ R exists and is
unique.

The lemma is proved. □

In the same way as above, the following theorem is proved on the existence
of a solution of the Cauchy problem for the first system of Dubrovin differential
equations, that is, the Cauchy problem (3.1), (3.3).

Lemma 3.4. If a periodic infinite-gap function u0(x) satisfies the condition
u0(x + π) = u0(x) ∈ C3(R) and α(t), β(t), ζ(t) ∈ C([0;∞)) are continuously
differentiable bounded functions, then the solution of the Cauchy problem (3.1),
(3.3) for all t > 0 and τ ∈ R exists and is unique.
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Remark 3.1. Theorem (3.1), Lemma (3.3) and Lemma (3.4) give an algorithm
for finding a solution of the mixed problem (1.1)–(1.3):

1. First, we find the spectral data λn, ξ
0
n(τ), σ

0
n(τ) = ±1, n ∈ Z\{0}, of the

Dirac operator L(τ, 0). Let us denote the spectral data of the operator L(τ, t) by
λn, ξn(τ, t), σn(τ, t) = ±1, n ∈ Z\{0};

2. Now, having solved the Cauchy problem (3.16) for an arbitrary value of τ ,
we find ξn(τ, t), σn(τ, t), n ∈ Z\{0};

3. From the formula (3.10)–(3.12) we define the functions u(τ, t), µτ (τ, t), τ ∈
R, t > 0, that is, solutions of the mixed problem (1.1)–(1.3).

So far we have assumed that the Cauchy problem (1.1)–(1.3) has a solution.
It is easy to directly verifying that the functions u(τ, t), µτ (τ, t), τ ∈ R, t > 0
obtained in this way, satisfy equation (1.1).

Lemma 3.5. The functions u(τ, t), µτ (τ, t), τ ∈ R, t > 0, constructed using the
system of Dubrovin differential equations (3.2), (3.3) and formula (3.10)–(3.12)
satisfy equation (1.1).

Proof. In this case, we will also use the Dubrovin equation system (3.1), as well
as formula (3.4). Then from (3.2), we obtain

2ξn(τ, t)
(
1 + 4b(t)ξ2n(τ, t)

) ∂ξn(τ, t)
∂t

= 2(−1)nσn(τ, t)hn(ξ)e
2u+

+ 8(−1)nb(t)σn(τ, t)hn(ξ)ξ
2
n(τ, t) (uτt + µτt) ,

2ξn(τ, t)
∂ξn(τ, t)

∂t
+ 8b(t)ξ3n(τ, t)

∂ξn(τ, t)

∂t
=

= 2(−1)nσn(τ, t)hn(ξ(τ, t))e
2u − 4b(t)ξn(τ, t)

∂ξn(τ, t)

∂τ
(uτt + µτt) .

Thus,

∂ξ2n(τ, t)

∂t
+ 2b(t)

∂ξ4n(τ, t)

∂t
=

= 2(−1)nσn(τ, t)hn(ξ(τ, t))e
2u − 2b(t)

∂ξ2n(τ, t)

∂τ
(uτt(τ, t) + µτt(τ, t)) .

Summing both parts of this equality, we have

+∞∑
k=−∞,
k ̸=0

∂ξ2k(τ, t)

∂t
+ 2b(t)

+∞∑
k=−∞,
k ̸=0

∂ξ4k(τ, t)

∂t
=

= −2e2u
+∞∑

k=−∞,
k ̸=0

(−1)k−1σk(τ, t)hk(ξ(τ, t))−

− 2b(t) (uτt(τ, t) + µτt(τ, t))

+∞∑
k=−∞,
k ̸=0

∂ξ2k(τ, t)

∂τ
.
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Now we use the trace formula (3.10). Then we obtain the following equality:

+∞∑
k=−∞,
k ̸=0

∂ξ2k(τ, t)

∂t
+ 2b(t)

+∞∑
k=−∞,
k ̸=0

∂ξ4k(τ, t)

∂t
=

= −2e2uuτ (τ, t)− 2b(t) (uτt(τ, t) + µτt(τ, t))
+∞∑

k=−∞,
k ̸=0

∂ξ2k(τ, t)

∂τ
. (3.24)

Then, differentiating trace formulas:

u2τ + uττ =
+∞∑

k=−∞

(
λ2
2k−1 + λ2

2k

2
− ξ2k

)
,

−uττττ − 2uτuτττ + 4uττu
2
τ + 2u4τ = 2

+∞∑
k=−∞

(
λ4
2k−1 + λ4

2k

2
− ξ4k

)
,

with respect to τ and t, respectively, we have

− (2uτuττ + uτττ ) =
+∞∑

k=−∞

∂ξ2k(τ, t)

∂τ
, (3.25)

− (2uτuτt + uττt) =
+∞∑

k=−∞,
k ̸=0

∂ξ2k(τ, t)

∂t
, (3.26)

− uττττt − 2uτtuτττ − 2uτuτττt + 4u2τuττt + 8uτuττuτt + 8u3τuτt =

= −2

∞∑
k=−∞
k ̸=0

∂ξ4k(τ, t)

∂t
. (3.27)

Using (3.25)–(3.27), we can write formula (3.24) as follows:

uττt + 2uτuτt =

= b(t)
(
uττττt + 2uτtuτττ + 2uτuτττt − 4u2τuττt − 8uτuττuτt − 8u3τuτt

)
−

− b(t) (4uτuττuτt + 2uτtuτττ + 4µτtuτuττ + 2µτtuτττ ) + 2e2uuτ .

If we take the substitution

z(τ, t) = uτt(τ, t), (3.28)

then, with respect to z(τ, t) we obtain a linear equation

zτ + 2uτz = b(t)
(
uττττt + 2uτuτττt − 4u2τuττt − 12uτuττuτt − 8u3τuτt−

−4µτtuτuττ − 2µτtuτττ ) + 2e2uuτ . (3.29)

It is easy to verify that the function

z(τ, t) = b(t) (uτττt − (2uτµτt)τ ) + c(t)
(
e2u + e−2u

)
is a solution of the linear equation (3.29). Choosing c(t) = 1

2 , we have

z(τ, t) = b(t) (uτττt − (2uτµτt)τ ) + cosh(2u).
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From here and from the notation (3.28), when a(t) = 1, we obtain the equation
(1.1):

uτt = b(t) (uτττt − (2uτµτt)τ ) + cosh(2u).

The lemma is proved.

Remark 3.2. It is directly verified that if the estimates (3.19), (3.20) are satisfied,
that is, u0(x) ∈ C5(R), then the series on the right-hand side of equality (3.27)
will be uniformly convergent. In addition, the uniform convergence of the series
in (3.10), (3.14) and (3.23) follows from equalities (3.19), (3.20) and estimate
(3.21).

Thus, we have proved the following theorem.

Theorem 3.2. If a periodic infinite-gap function u0(x) satisfies the condition

u0(x+ π) = u0(x) ∈ C5(R),

and α(t), β(t), ζ(t) ∈ C1(t > 0)
⋂
C(t ≥ 0) are bounded functions, then there

exists a uniquely determined global solution u(x, t), µx(x, t), x ∈ R, t > 0, of the
mixed problem (1.1)–(1.3), which is determined by the formulas (3.11) and (3.12),
respectively, and belongs to the smoothness class (1.3).

□

4. Conclusion.

The inverse spectral problem method is applied to integrate the nonlinear
negative modified Korteweg-de Vries–cosine Gordon equation (nmKdV–coshG)
in the class of periodic infinite-gap functions. The solvability of the Cauchy
problem for the first and second infinite system of Dubrovin differential equations
is proved in the class of three and two times continuously differentiable periodic
infinite-gap functions, respectively. The solvability of the Cauchy problem for
the nmKdV–coshG equation in the class of five times continuously differentiable
periodic infinite-gap functions is established.
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