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ON THE APPLICATION OF ANALOGUES OF THE
KOROVKIN THEOREM TO THE CONVERGENCE OF
CERTAIN CLASSES OF SEQUENCES OF CONVOLUTION
OPERATORS

MIGDAD I. ISMAILOV AND CHINARA M. HASANOVA

Abstract. This paper establishes conditions on the Young function ®
and the summability exponent p(-) that ensure the validity of analogues
of Korovkin’s theorem for sequences of positive convolution operators in
Orlicz spaces L? and Lebesgue spaces LP(-) with a variable summabil-
ity exponent. The results obtained in the space L® are applied to the
convergence of a sequence of Fejer and Poisson operators. Also, using
the obtained result, the convergence of the family of Fejer and Steklov
operators to the unit operator in the space LP(-) is established.

1. Introduction

It is well known that one of the important tools in approximation theory is
Korovkin’s theorem ([19]) on the convergence of a sequence of linear positive
operators. This theorem states that if a sequence of linear positive operators
L, : C([0,1]) — C([0,1]), n € N, satisfies the condition

Jim ([ Ln(g:) = gillse = 0,95(t) = 1, = 0,1,2,
then for any f € C([0,1]) it holds
Jim |[L,(f) = fllo = O

Note that a linear operator L : F(X) — F(Y) is called positive if for Vf €
F(X) satisfying f > 0, we have L(f) > 0, where X and Y are metric spaces,
F(X) is a linear space of functions f : X — R. In [2], applications of Korovkin’s
theorem are given for a sequence of linear positive operators generated by the
polynomials of Bernstein, Kantorovich, and others. These results contribute to
obtaining analogues of theorems of Korovkin type and their statistical variants
in LP spaces. Note that the concept of statistical convergence was introduced
by J.A. Fridy in [11]. Statistical convergence in arbitrary metric and uniformly
topological spaces was studied by B.T. Bilalov, T. Nazarova in [4]. Korovkin-type
theorems in Lebesgue spaces have been studied in [9, 12, 23]. The convergence
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of a sequence of operators generated by Kantorovich polynomials in Morrey-type
spaces was studied in [8]. Korovkin-type theorems and their statistical variants
in grand Lebesgue spaces were considered in [29]. Convergence of sequences of
operators to an identity operator in Lebesgue spaces with a variable summability
exponent was studied in [14, 26]. It should be noted that in [26] the uniform
boundedness of the family of convolution operators is proved and its applications
to the convergence of the sequence of Fejer and Poisson operators to the identity
operator are given. In [14], it is proved that a sequence of convolution operators
with an approximative kernel converges to an identity operator in the Lebesgue
space with a variable summability exponent. Analogues of Korovkin’s theorems
in general function spaces were studied in [3, 13, 30].

This paper is devoted to the study of the convergence of a sequence of posi-
tive convolution operators to an identity operator in Orlicz spaces and in spaces
with a variable summability exponent. It is established that in the reflexive Or-
licz space, the family of convolution operators with a positive kernel is uniformly
bounded. The obtained result is used to prove an analogue of Korovkin’s theorem
in Orlicz spaces. This question is also studied in the Lebesgue space with a vari-
able summability exponent. The results obtained are applied to the convergence
of convolution operators with Fejer and Poisson kernels in Orlicz spaces, Fejer
and Steklov operators in Lebesgue spaces with variable summability exponent.

2. Preliminary concepts and facts

Let us give some standard notations: R is the set of real numbers; N is the
set of natural numbers; X* is the conjugate space to the Banach space X; B(X)
is the Banach space of linear bounded operators acting from X to X. Let () :
[0,+00) — R be the Young function, i.e. is a convex, continuous function such
that ®(0) = 0,®(¢t) > 0, t > 0, and the following conditions are satisfied

By specifying the Young function ®(¢), the function is determined
U(t) =sup{ts — ®(s)},t > 0.
s>0
Function ¥(t) is also a Young function and is called a complementary function
to function ®(¢). Complementary to ¥(¢) is the function ®(¢).

Definition 2.1. The Young function ®() is said to satisfy the Ag-condition, and
write ® € Ao, if there exist k > 0 and ¢y > 0 such that

®(2t) < k®(t),t > to.

Denote by L®(—m,7) the Orlicz space of measurable on [—n, 7] functions f :
[—m, 7] — C for which there exists a number A > 0 such that
™

/(I) ("f(;)|> dx < +o0.

—T
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L®(—m, ) is a Banach space with Luxembourg norm

| fllg = inf )\>O:/<I)(|f(/\$)|>dx§1

—T

In particular, for ®(¢) = t? the space L®(—m,m) coincides with the ordi-
nary Lebesgue space LP(—m,m). If ® € Ay, then the dual space of the space
L®(—m, ) is isometric to the space LY(—m,m). Moreover, if ¥ € A, then the
space Lq’(—ﬂ,ﬂ) is reflexive. The space L‘I’(—Tr,w) is complete. In the space
L®(—m, ), the equivalent norm is the following Orlicz norm

1715 = sup / |F(2)g(x)] de,

QE\D

where Sy = {g € LY(—m,7) : ||g|l¢ < 1}. The following Holder inequality holds:
if f € L®(—m,m) and g € LY(—m, ), then fg € L'(—m,m) and there exists ¢ > 0
such that

/|f B)ldz < ||l lglly

We will need the following fact ([25, Theorem 3, p. 1375]).

Theorem 2.1. Suppose that T is a bounded linear operator on LP(—m,7) into
LP(—m, @), for 1 < p < +oo. If L®(—m,7) is reflevive then T is defined and
bounded on L*(—m,7) into L*(—m, 7).

Let ®~1(t) be the inverse of the function ®(t). Let

o(1)
h(t) =1 .
(1) = limeup o)

The numbers
Inh(t) i Inh(t)
) ﬁ@
t—+oco Int t—>+0 Int

ap — —

are the Boyd indices (see [7]) of the Orlicz space L®(—m, 7). The following prop-
erties are valid

0<ap <fBp <1
ag + By = 1.
Condition 0 < ag < fg < 1is equivalent to the reflexivity of the space L®(—, 7).

Moreover, if

1 1
1<g< ——< — <p<Hoo,
Bo ~ o

then the following continuous embedding holds:
LP(—m,7) C L®(—m,7) C LY(—7, 7).

More general information about Orlicz spaces can be obtained from [21, 22, 24].
Now we present the necessary information from the theory of Lebesgue spaces
with a variable summability exponent.
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Let a function p(-) : [-m, 7] — [1, +00) be given and p4 = esssup p(x). Denote

zE€[—m,7]
by LPC)(—m, ) the Lebesgue space with a variable exponent p(-) of measurable
on [—m, x| functions f : [—m,m] — C for which there exists a number A > 0 such

that

™

/(Vfﬂf”%x<+w.

LP0O)(—7, ) is a Banach space ([10, 17, 18, 20, 27]) with norm

™

(z)
wmo:mfx>oi/<W@Qp dr < 1

-
For p(x) = p, the space LP()(—m, ) coincides with LP(—m, ).

Definition 2.2. A function p(x) is called locally log-Holder continuous and is
written p € P1°8(—x, ), if 3¢ > 0 such that
c 1

Vxl,xg € [—71’,7T], ‘.%'1 —CL'Q’ < —.

Ip(z1) — p(a2)] < 5

Cnl@y — 2o’

Let Lg;’)(—w,w) denote the space of functions f € LPO)(—x, ) that are 27-
periodically extended to the entire line R. It is known [20] that if p4 < +o0,
then the set C5°(—m, ) is dense in LP()(—7, 7). Concerning approximation in
the space LP()(—x, m), the works [1, 5, 6, 15, 16, 27, 28] and others are known.
In [16] it is also established that if p € P°8(—x, ) and p; < +o0, then there
exists a number ¢,y > 0 such that for Vf € LPO)(—7, 1) and Vg € L' (—n, w) the
relation

1 * gllpy < epey 1 1pey Nlglly (2.1)
holds.
3. Main Results
Let C[—m,m] be the set of continuous functions f : [-7, 7] — R on [—7,7]
with norm
[flloe = sup |f(2)].
z€[—7,7]

LP(—m,m) , 1 < p < 400, is the space of measurable functions f : [-m, 7] — C
on [—m, 7| with norm

P

1£1, = /umwm

We denote by Car(R) and L% _(R), the space of functions from C[—m,7] and
LP(—m, ), respectively, which are 27-periodically extended to the entire line R.
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Let {¢n},en C Li.(R) be a positive periodic kernel, ie. ¢, > 0 almost
everywhere on R and such that

1 ™
lim /cpn(t)dt: 1.

n—o00 27T
—Tr

A positive periodic kernel {¢,}, o is called approximatively identical if
lim — / on(t)dt =0
6<Jt|<m

holds for V6 € (0, 7). Consider the sequence of convolution operators
1 s
Lu(f)(@) = (f * on)(@) = 5 / [z —t)en(t)dt,n € N (3.1)

for f € LE_(R). In the work [2] equivalent conditions of convergence in L5 (R)
the sequence of operators (3.1) to the identity operator are established. Namely
([2, Theorem 4.4, p. 108]), the following is proved

Theorem 3.1. The following conditions are equivalent:
a) for every f € Lt _(R)

T IEof - fll, = 0
and for every f € Caor(R)
i (L]  fll. =0

. _ . 1 . . 2 t _ .
b) nh_)rlgo Bn = nILH;oE_L @n(t)sin® 5dt = 0;
c) {@ntnen is approzimately identical.

In the proposed work this result is proved in Orlicz spaces and in Lebesgue
spaces with variable summability exponent. Let ®(¢) : [0, +00) — R be a Young
function, LY (R) be the space of functions f € L®(—n, ) that are 27-periodically
extended to the entire line R.

Theorem 3.2. Let 0 < ap < PBo < 1. The following conditions are equivalent:
a) for every f € LY (R)

Jim [ Ly f = fllg =0
and for every f € Caor(R)

Jim [[Znf = fllo = 0;

b) lim S, =0;

n—oo
c) {@ntnen is approvimately identical.
Proof. Let condition a) be satisfied. It is known that
L flly < llenlly - [[f1l,n € N.
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Consequently, || L, ||B y S6ne N, where ¢ = sup f on(t)dt. By virtue of

n —m
the continuous embedding of Cor(R) in L5 (R) there exists a number ¢y > 0
such that [|f|l, < collfll.: Vf € Cox(R). Then for Vf € Cor(R) we have
lim || Ly f — f[l, = 0. Taking into account || Ly g1y < ¢, n € N, using the prin-
n—oQ
ciple of uniform boundedness, for Vf € LE_(R) we obtain that lim ||L,f — f|| =
n—oo

0. By virtue of Theorem 3.1, conditions b) and c) are valid.
Now let condition b) be satisfied. By Theorem 3.1, for Vf € L} (R) the
conditions are true

Tim [[Laf ~ £, =
and for Vf € Car(R)

Jim ([ Lof = fllo =
By virtue of Theorem 3.1, we obtain that the operator L,, acts boundedly in L2,
and there exists a number k > 0 such that | L, f|ls < k| fllg, i-e

|Lnllggo < km € N. (3.2)
Then a) holds. Indeed, take an arbitrary function f € LY (R). Since Ca,(R) is

dense in LCQI’7r (R), there exists a sequence of functions g, € Car(R), m € N, such
that

i llgm — fll =0, (3.3
By the triangle inequality, we obtain
1nf = flle < 1 Ln(gm = lle + 1 Lngm = gmlle + lgm — fls - (3-4)
Taking into account (3.2) in (3.4), we obtain
ILnf = fllg < 1 Lngm — gmlle + (K +1) [[gm — fll - (3.5)

Therefore, passing to the limit in (3.5) at n — oo, we obtain
i (ILnf = fllg < (5 + 1) llgm = fllo-

On the other hand, taking into account (3.3), it follows from the last relation
that

Jim [[Lnf = flle = 0.

The equivalence of b) and ¢) follows from Theorem 3.1. The theorem is proved.
Let us apply Theorem 3.2 to the convergence of the Fejer and Poisson operators
to the identity operator.
Consider the Fejer operator

Fu(1)(e) = 3= [ £Opu(e = 0itn e N.f € L ()

where
sin?((n+1)t/2)
Qon(w = (n+1)sin?(t/2)’ t 7 2k
n+1,t =2nk.
If 0 < ag < g < 1, then F,(f) — f in the space LY (R) for n — oo.
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In fact, for n — oo we have
17 t 1)t 1
Brn = /‘Pn( t) sin® idt /sm r + dt = o — 0.

2 n+1)
—m 0

It remains to apply Theorem 3.2.
Consider the Poisson operator

P.( /f Wz —t)dt,0 <r < 1,f €LY (R),
T o

where P.(t) = 1_27}5## If 0 < ap < By < 1, then P.(f) — f in the space

LY (R) for r — 1.
Indeed, let r,, < 1 be any sequence: r, — 1. We have
1 1—r
BT:%/P()SID —dt = 5

—Tr

Thus, B, = 17% — 0. Therefore, by Theorem 3.2, we have P,(f) — f in the
space L3 (R) for r — 1.
Let us proceed to study the analogue of Korovkin’s theorem for a sequence

of operators (3.1) in spaces ng)(—ﬂ', 7). Recall that the following theorem ([14,
16]) is known regarding the convergence of a sequence of operators (3.1) in spaces

ngr')(—Tr,W).
Theorem 3.3. Let p € P¢(—7,7) and p1 < +oo . If {¢n},cn is an approzi-

mately identical kernel, then Vf € ng)(R)
Tim [[Laf — flly0 =
We obtain this result from the following analogue of Korovkin’s theorem in the
p(')(

space Ly, ' (—m, ).

Theorem 3.4. Let p € P°(—7,7) and p, < 4o0. The following conditions are
equivalent:

a) for every Vf € ngr')(R)

nlglgo | Lnf — pr(.) =0
and for every f € Caor(R)

lin (1L f — f1l. =
n—oo

b) lim S, =0;

n—oo
c) {@ntnen is approvimately identical.

Proof. According to Theorem 3.1, conditions b) and c) are equivalent. Let
us prove the equivalence of conditions a) and b). Let condition b) be satisfied.
Then, by Theorem 3.1, Vg € Ca(R) we have

Jim [[Zng = gl =0 (3.6)
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Take an arbitrary Vf € L’Z)Er')(R). It follows from the conditions of the theorem
that the set Ca,(R) is dense in Lg(')(R). Then for Ve > 0 there exists g € Car(R)
such that || f — gl|,, <. Applying (2.1), for Vg € Cor(R) we obtain that
| Lnf — Lng”p(.) < Cp()E-
Therefore, by the triangle inequality, we have
HLnf - pr() < ||Lnf - Lnng(.) +

FLng = gllpy + I1f = gllpey <
< (L4 1f = gllpey +erllLng — gllo -
Hence, taking into account (3.6), we obtain that
i [ Ln f = fll < (14 cpy)e
Then, due to the arbitrariness of €, we obtain that
Jim [[ L f = fllp) =0

The proof that a) implies b) is similar to the proof of this part in Theorem 3.2.
The theorem is proved.

From Theorem 3.4 it immediately follows that the families of Fejer and Steklov
operators converge to the identity operator (see [26, §3]).

Let p € P18(—m, ) and py < +o0, assume that

(D) =+ [ FOko - 0t r = 1.7 € LD (R),

is a Fejer operator, i.e. the kernel is given by the formula

. 2
ka(t) = — i - (smé(sriznwét)/2)> m<A<n+l.

Then F)\(f) — f in the space ngr')(R) for A — oc.
Let us calculate the number ) for the Fejer kernel k) (¢). We have

1] Lt 1 [, (n+D) 1

=~ [ k)sin2tdt= —— [ sin? dt =

B 27‘(‘/ A sin” 5 27r(n+1)/sm 2 it 0
I 0

as A — oo. By Theorem 3.4 we obtain that F)(f) — f in Lg(')(R) when A — oo.
Let A > 1, Ay =[5, 55]. Assume that

. 2t € Ay
Fat) = { 0.t € [~ a]\Ay

Extend ky(t) 2m-periodically to the entire line R. Consider the Steklov operator
1 r :
S\(F)(e) = oo [ FOha(e =0t A= 1 f € O (R),

Then S () — f in LEO(R) for A — oo.
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For any sequence A\, > 1, lim A, = +oo, the kernel k,(t) = k), (t) is approx-

n—oo
imately identical. In fact, for V& € (0,7) there exists ng such that for Vn > ng
we have § > ﬁ Therefore, for Vn > ng we have

/ o (1)t = 0.

s<t|<m

Using Theorem 3.4, we obtain S)(f) — f in the space ng)(R) for A — oo.
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