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ON SCALAR CURVATURE OF GRADIENT

r-ALMOST-NEWTON-EINSTEIN SOLITONS

ANTONIO WILSON CUNHA AND MOHD DANISH SIDDIQI

Abstract. In this work we establish the concept of r-almost-Newton-
Einstein soliton immersed into a Riemannian manifold, which extends
in a natural way the notion of Einstein solitons introduced by Catino et
al. [8]. In this setting, under suitable hypothesis on the potential and
soliton functions, we prove nonexistence and characterization results.
Also, we proved some triviality results for the compact case and under
some conditions we get a constant scalar curvature.

1. Introduction

A Ricci soliton is a n(≥ 2)-dimensional Riemannian manifold (M, g), endowed
with a smooth vector field X satisfying

Ric +
1

2
LXg = λg, (1.1)

where λ is a constant and L stands for the Lie derivative. Ricci solitons model
the formation of singularities in the Ricci flow and they correspond to self-similar
solutions, i.e., they are stationary points of this flow in the space of metrics mod-
ulo diffeomorphisms and scalings (see [10] for more details). Thus, classification
of Ricci solitons or understanding their geometry is definitely an important issue.

If X is the gradient of a smooth function f on M , then such a Ricci soliton is
called gradient Ricci soliton. In this case, (1.1) becomes

Ric + Hess(f) = λg, (1.2)

where Hess(f) stands for the Hessian of f . Also, a Ricci soliton (M, g,X, λ)
is called expanding, steady or shrinking according as λ > 0, λ = 0 or λ < 0,
respectively. Moreover, when the vector field X is trivial or f is constant, the
Ricci soliton is called trivial. Therefore, Ricci solitons are natural extensions of
Einstein manifolds.

Recently, based on the Ricci solitons theory, Catino et al. [7] introduced a
notion of ρ-Einstein solitons, i.e., a Riemannian manifold satisfying the following
equation

Ric +
1

2
LXg = λg + ρSg, (1.3)
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where Ric is the Ricci curvature tensor, S is the scalar curvature, λ is a constant,
and LXg represents the Lie derivative of g in the direction of the vector field
X and ρ ∈ R, ρ ̸= 0. This equation is associated to Ricci-Bourguignon flows
developed by Catino et al. [7], which was first considered by Bourguignon [2].

If there exists a smooth function f : M → R such that X = ∇f then the
ρ-Einstein soliton is called a gradient ρ-Einstein soliton, denoted by (M, g, f, ρ)
and in this case (1.3) takes the form

Ric + Hess(f) = λg + ρSg. (1.4)

As usual, a ρ-Einstein soliton is called steady for λ = 0, shrinking for λ > 0
and expanding for λ < 0. The function f is called a ρ-Einstein potential of the
gradient ρ-Einstein soliton.

For special values of the parameter ρ, a ρ-Einstein soliton is called [15]

i) gradient Einstein soliton if ρ = 1
2 ,

ii) gradient traceless Ricci soliton if ρ = 1
n ,

iii) gradient Schouten soliton if ρ = 1
2(n−1) .

In this paper we based on ideas of Cunha et. al. (see [4, 5]) to introduce a new
geometric object which extends in a natural way a ρ-Einstein solitons. Let Mn

be an oriented and connected hypersurface immersed into a (n+ 1)-dimensional

Riemannian manifold M
n+1

. We say that Mn is a gradient r-almost-Newton-
Einstein soliton, for some 0 ≤ r ≤ n, if there exists a smooth function f :Mn → R
such that the following equation holds:

Ric + Pr ◦Hessf = λg + ρSg, (1.5)

where g is the Riemannian metric induced by immersion, λ is a smooth function
onM , ρ ∈ R\{0}, S is the scalar curvature ofM with respect to g, and Pr ◦Hessf
stands for the tensor given by

Pr ◦Hessf(X,Y ) = ⟨Pr∇X∇f, Y ⟩,

for tangent vector fields X,Y ∈ X(M).
Moreover, Siddiqi et al. (see [9, 14]) also studied r-almost-Newton Ricci soli-

tons which is merely closed to equation (1.5). The interest in the study of equation
(1.5) comes, in particular, from the fact that when r = 0, a gradient r-almost-
Newton-Einstein soliton reduces to a gradient ρ-Einstein soliton when λ is a
constant.

If λ < 0, λ = 0 or λ > 0, then the gradient r-almost-Newton-Einstein soliton
is called expanding, steady, or, shrinking respectively. When the potential f is
constant, the gradient r-almost-Newton-Einstein soliton is called trivial. Other-
wise, it is said nontrivial. Also, when λ is a constant, we say that the gradient
r-almost-Newton-Einstein soliton is simply a gradient r-Newton-Einstein soliton.

This manuscript is organized in the following way: In Section 2 we recall some
basic facts and notations that will appear throughout the paper. In Section 4 we
approach the compact case and prove some triviality results . Furthermore we
give a type Schur inequality. In Section 5 we approach the complete case and
obtain constant scalar curvature under some conditions in the potential function.
Finally in Section 6 we give some non existence of minimal r-almost Newton
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Einstein solitons. Also, we characterize it to be totally geodesic and in some case
we obtain that it is isometric to Euclidean sphere.

2. Preliminaries

Let Mn be an oriented and connected hypersurface immersed into a (n +

1)-dimensional Riemannian manifold M
n+1

. It is well known that the Gauss
equation of the immersion is given by

R(X,Y )Z = (R(X,Y )Z)⊤ + ⟨AX,Z⟩AY − ⟨AY,Z⟩AX

for every tangent vector fields X,Y, Z ∈ X(M), where ( )⊤ denotes the tangential
component of a vector field in X(M) along Mn. Here, A : X(Σ) → X(Σ) stands

for the second fundamental form (or shape operator) ofMn inM
n+1

with respect

to a fixed orientation, R and R denote the curvature tensors of M
n+1

and Mn,
respectively. In particular, the scalar curvature S of the hypersurfaceMn satisfies

S =
n∑
i,j

⟨R(ei, ej)ej , ei⟩+ n2H2 − |A|2, (2.1)

where {e1, . . . , en} is an orthonormal frame on TM and | · | denotes the Hilbert-

Schmidt norm. When M
n+1

is a space form of constant sectional curvature c, we
have the identity

S = n(n− 1)c+ n2H2 − |A|2. (2.2)

Associated to second fundamental form A of the hypersurface Mn there are
n algebraic invariants, which are the elementary symmetric functions Sr of its
principal curvatures k1, . . . , kn, given by

S0 = 1 and Sr =
∑

i1<...<ir

ki1 · · · kir .

The r-th mean curvature Hr of the immersion is defined by(
n

r

)
Hr = Sr.

In the case r = 1, we have H1 =
1
n tr(A) = H the mean curvature of Mn.

For each 0 ≤ r ≤ n, one defines the r-th Newton transformation Pr : X(M) →
X(M) of the hypersurface Mn by setting P0 = I (the identity operator) and, for
1 ≤ r ≤ n, via the recurrence relation

Pr =

r∑
j=0

(−1)r−j

(
n

j

)
HjA

r−j , (2.3)

where A(j) denotes the composition of A with itself, j times (A(0) = I). Let us
remember that associated to each Newton transformation Pr one has the second
order linear differential operator Lr : C

∞(M) → C∞(M) defined by

Lru = tr(Pr ◦Hess u).
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When r = 0, we note that L0 is just the Laplacian operator. Moreover, it is not
difficult to see that

divM (Pr∇u) =

n∑
i=1

⟨(∇eiPr)(∇u), ei⟩+
n∑

i=1

⟨Pr(∇ei∇u), ei⟩

= ⟨divMPr,∇u⟩+ Lru, (2.4)

where the divergence of Pr on Mn is given by

divMPr = tr(∇Pr) =

n∑
i=1

(∇eiPr)(ei).

In particular, when the ambient space has constant sectional curvature equation
(2.4) reduces to Lru = divM (Pr∇u), because divMPr = 0 (see [13] for more
details). Useful consequences are given in the following lemma.

Lemma 2.1 ([13]). If M is compact without boundary or if M is non compact
and f has compact support then

(i)

∫
M
Lr(f)dM = 0;

(ii)

∫
M
fLr(f)dM = −

∫
M
⟨Pr∇f,∇f⟩.

For our purpose, it also will be appropriate to deal with the so-called traceless
second fundamental form of the hypersurface, which is given by Φ = A − HI.
Observe that tr Φ = 0 and |Φ|2 = tr(Φ2) = |A|2 − nH2 ≥ 0, with equality if and
only if Mn is totally umbilical.

To conclude this section we recall the following lemma due to Yau, which
corresponds to Theorem 3 of [17].

Lemma 2.2. Let u be a non-negative smooth subharmonic function on a complete
Riemannian manifold Mn. If u ∈ Lp(M), for some p > 1, then u is constant.

Here we use the notation Lp(M) = {u : Mn → R ;
∫
M |u|pdM < +∞} for

each p ≥ 1.

3. An example

Example 3.1. We consider the standard immersion of Sn into Sn+1, which we
know that is totally geodesic. In particular, Pr ≡ 0 for all 1 ≤ r ≤ n, and
choosing λ = (n−1)/n−ρ, we obtain that the immersion satisfies equation (1.5).

Also we can see that if M is constant scalar curvature, then the equation (1.5)
becomes

Ric + Pr ◦Hessf = µg,

where µ = λ + ρS. So, we can recall to Example 2 of [4] another example of
gradient r-almost-Newton-Einstein soliton.
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4. Triviality Results

We dedicate this section to present some triviality results and results when the
gradient r-Newton-Einstein soliton is closed. More precisely:

Theorem 4.1. Let (M, g, f, ρ) be a closed gradient r-Newton-Einstein soliton
immersed into a Riemannian manifold M̄n+1

c of constant sectional curvature c,
such that Pr is bounded from above or from below (in the sense of quadratic
forms). If holds any one of the following

i) either ρ > 1
n and the scalar curvature is S ≥ 0 and λ ≥ 0 or S ≤ 0 and

λ ≤ 0 or;
ii) ρ < 1

n and the scalar curvature is S ≥ 0 and λ ≤ 0 or S ≤ 0 and λ ≥ 0
or,

iii) ρ ̸= 1
n and the scalar curvature, either S ≥ −λn

ρn−1 or S ≤ −λn
ρn−1 ,

then M must be a constant scalar curvature and trivial.

Proof. From Lemma 2.1 and the structural equation we obtain

0 =

∫
M
Lrf =

∫
M
(λn+ (ρn− 1)S).

Hence, if holds (i), (ii) we obtain S = λ = 0 and from the structural equation
we get Lrf = 0. Since Pr is bounded from above or from below (in the sense of
quadratic forms), there is a positive constant C > 0 such that

0 = Lrf ≤ C∆f, or 0 = Lrf ≥ −C∆f,
respectively. So, f is a subharmonic function. Since M is compact, we conclude
from Hopf’s theorem that f is a constant function. Therefore, M is trivial.

Finally, item (iii) follows identically to (i) and (ii). □

Remark 4.1. Items (i) and (ii) in the theorem above imply that M is steady and
S = 0. Being M trivial we get Ric ≡ 0. Finally, item (iii) implies S = −λn

ρn−1 .

Since M is trivial, we obtain

Ric =

(
λ− ρnλ

ρn− 1

)
g = − λ

ρn− 1
g =

S

n
g,

i.e., M is Einstein.

Theorem 4.2. Let (M, g, f, ρ) be a closed gradient r-Newton-Einstein soliton
immersed into a Riemannian manifold M̄n+1

c of constant sectional curvature c,
such that Pr is bounded from above or from below (in the sense of quadratic forms)
and ρ ̸= 1

n . If M has constant scalar curvature, then M is Einstein and trivial.

Proof. From Lemma 2.1 and the structural equation we have∫
M

|λn+ (ρn− 1)S|2 =
∫
M
(λn+ (ρn− 1)S)Lrf = (λn+ (ρn− 1)S)

∫
M
Lrf = 0.

Hence, we obtain S = −λn
ρn−1 and Lrf = 0. Using that Pr is bounded from above

or from below (in the sense of quadratic forms) we can proceed as in the proof
of Theorem 4.1 to conclude that M is trivial. Finally, since M is trivial, we can
proceed as in Remark 4.1 to conclude that M is Einstein. □

In the next result we prove an inequality type Schur. We prove the following.
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Theorem 4.3. Let (M, g, f, ρ) be a closed gradient r-Newton-Einstein soliton
immersed into a Riemannian manifold M̄n+1

c of constant sectional curvature c,
such that Pr is bounded from below (in the sense of quadratic forms) and ρ > 1

n .
Then ∫

M
|S − S|2 ≤ 2nC

(n− 2)(ρn− 1)

◦
∥Ric∥L2 ∥∇2f − ∆f

n
g∥L2 . (4.1)

Proof. We recall the contracted second Bianchi identity tells us that

divRic +
1

2
∇S = 0,

and hence

div
◦

Ric= −n− 2

2n
∇S.

Since M is compact, we get using our assumption on Pr that∫
M

|λn+ (ρn− 1)S|2 =

∫
M
(λn+ (ρn− 1)S)Lrf =

∫
M
(λn+ (ρn− 1)S)div(Pr∇f)

= −(ρn− 1)

∫
M
⟨∇S, Pr∇f⟩ ≤ C(ρn− 1)

∫
M
⟨∇S,∇f⟩

= −2nC(ρn− 1)

n− 2

∫
M
⟨div

◦
Ric,∇f⟩

=
2nC(ρn− 1)

n− 2

∫
M
⟨

◦
Ric,∇2f⟩

=
2nC(ρn− 1)

n− 2

∫
M
⟨

◦
Ric,∇2f − ∆f

n
g⟩

≤ 2nC(ρn− 1)

n− 2

◦
∥Ric∥L2 ∥∇2f − ∆f

n
g∥L2 ,

where we used that ⟨
◦

Ric, g⟩ = 0. Since M is compact we have

λn = −(ρn− 1)S,

where S stands for the average of S. Therefore,

(ρn− 1)2
∫
M

|S − S|2 =
∫
M

|λn+ (ρn− 1)S|2,

i.e.,

(ρn− 1)2
∫
M

|S − S|2 ≤ 2nC(ρn− 1)

n− 2

◦
∥Ric∥L2 ∥∇2f − ∆f

n
g∥L2 ,

i.e., ∫
M

|S − S|2 ≤ 2nC

(n− 2)(ρn− 1)

◦
∥Ric∥L2 ∥∇2f − ∆f

n
g∥L2 . (4.2)

This completes the proof. □

Remark 4.2. Observe that in the theorem above if M is Einstein, then both sides
of (4.1) vanish, so the equality holds. It would be an interesting problem to prove
the rigidity.
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5. On complete r-Einstein-Newton solitons

In this section we consider the complete non-compact case. We start with the
following theorem.

Theorem 5.1. Let (M, g, f, ρ) be a complete r-Newton-Einstein soliton immersed
into a Riemannian manifold M̄n+1

c of constant sectional curvature c, such that
the potential function is non-negative and belongs to f ∈ Lp(M) for some p > 1.
If holds any one of the following

i.) either ρ > 1
n , Pr is bounded from above (in the sense of quadratic forms)

and S ≥ −λn
ρn−1 , or

ii.) ρ > 1
n , Pr is bounded from below (in the sense of quadratic forms) and

S ≤ −λn
ρn−1 or

iii.) ρ < 1
n , Pr is bounded from below (in the sense of quadratic forms) and

S ≥ −λn
ρn−1 , or

iv.) ρ < 1
n , Pr is bounded from above (in the sense of quadratic forms) and

S ≤ −λn
ρn−1

then S = −λn
ρn−1 and M is Einstein trivial.

Proof. If Pr is bounded from above (in the sense of quadratic forms) there is a
positive constant β > 0 such that

0 ≤ λn+ (ρn− 1)S = Lrf ≤ β∆f.

Thus f is a subharmonic function, so from Lemma 2.2 we get f is a constant.
Therefore, S = − λn

ρn−1 and M is trivial. Since M is trivial, we have from the

structural equation that

Ric =

(
λ− ρnλ

ρn− 1

)
g = − λ

ρn− 1
g =

S

n
g,

i.e., M is Einstein.
Finally, if (ii) holds, there is a positive constant β > 0 such that Lrf ≥

−β∆f , so it’s enough to proceed identically to (i). The cases (iii) and (iv) are
analogous. □

The next two results follow the ideas of [6].

Theorem 5.2. Let (M, g, f, ρ) be a complete gradient r-almost-Newton-Einstein
soliton of dimension n immersed into a Riemannian manifold M̄n+1

c of constant
sectional curvature c, such that M has non-negative scalar curvature. Assume
that the potential function f satisfies the condition∫

M−B(q,r)

f

d(x, q)2
<∞, (5.1)

where B(q, r) is a ball with radius r > 0 and center at q and d(x, q) is the distance
function from some fixed point q ∈M . If any one of following

i.) either M is non-expanding, Pr is bounded from above (in the sense of
quadratic forms) and ρ > 1

n or,
ii.) M is expanding, Pr is bounded from below (in the sense of quadratic

forms) and ρ < 1
n ,
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holds, then S = 0.

Proof. Let us see the item (i), the item (ii) is analogous. Taking trace at structural
equation, we get

λn+ (ρn− 1)S = Lrf. (5.2)

Let us consider the cut-off function, introduced in [18], ψr ∈ C∞
0 (B(q, 2r)) for

r > 0 such that 
0 ≤ ψr ≤ 1 in B(q, 2r)

ψr = 1 in B(q, r)

|∇ψr|2 ≤ C
r2

in B(q, 2r)

∆ψr ≤ C
r2

in B(q, 2r),

(5.3)

where C > 0 is a constant. Now using (5.2), integration by parts and that Pr is
bounded from above (in the sense of quadratic forms) we obtain

0 ≤
∫
B(q,2r)

ψrS =

∫
B(q,2r)

ψr(
1

ρn− 1
Lrf − λn

ρn− 1
) ≤ 1

ρn− 1

∫
B(q,2r)

ψrLrf

≤ C1

ρn− 1

∫
B(q,2r)

ψr∆f ≤ C1

ρn− 1

∫
B(q,2r)−B(q,r)

f∆ψr

≤ C1

ρn− 1

∫
B(q,2r)−B(q,r)

C2

r2
f → 0,

as r → ∞. Since ψr = 1 in B(q, r), from the above inequality we have S = 0.
This concludes the proof. □

Remark 5.1. The above theorem still guarantees that a gradient r-almost-Newton-
Einstein soliton is, in fact, a gradient r-almost-Newton-Ricci soliton studied in
[4]. Therefore, any gradient r-almost-Newton-Einstein soliton satisfying the con-
ditions of Theorem 5.2 is a gradient r-almost-Newton-Ricci soliton with scalar
curvature S = 0.

Theorem 5.3. Let (M, g, f, 1n) be a non-expanding gradient traceless r-Newton-
Einstein soliton, such that Pr is bounded from above (in the sense of quadratic
forms) with non-negative potential function f . If f ∈ Lp(M) for some p > 1,
then M must be steady and Einstein trivial.

Proof. Since for non-expanding solitons λ ≥ 0, it follows from the structural
equation that

Lrf = λn ≥ 0.

From hypothesis on Pr, there is a positive constant C > 0 such that

0 ≤ λn = Lrf ≤ C∆f,

i.e., f is a non-negative subharmonic function. Hence from Lemma 2.2 we find
that f is constant, and 0 = ∆f ≥ λn ≥ 0. Therefore, λ = 0 and M is trivial.
Finally, since M is trivial, we obtain Ric = S

ng, and M is Einstein.
□
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6. Non existence results

In this section, we will use the following lemma due to Caminha et al. [3]

Lemma 6.1. Let X be a smooth vector field on the n-dimensional, complete, non
compact, oriented Riemannian manifold Mn such that divMX does not change
sign on Mn. If |X| ∈ L1(M), then divMX = 0.

By following the idea of the authors of [4] we prove the following theorem.

Theorem 6.1. Let Mn be complete r-almost Newton-Einstein soliton immersed
into a Riemannian manifold Mn+1 of constant sectional curvature c with bounded
second fundamental form and potential function f : Mn → R such that |∇f | ∈
L1(M). Then we have

i) If c ≤ 0, λ > 0 and ρ < 1
n , then M

n can not be minimal,

ii) If c < 0, λ ≥ 0 and ρ < 1
n , then M

n can not be minimal.

iii) If c = 0, λ ≥ 0, ρ < 1
n , and Mn is minimal, then Mn is steady and

isometric to the Rn.

Proof. We know that the ambient space has constant sectional curvature, by
equation (2.4) the operator Lr is a divergent type operator. On the other hand,
since Mn has a bounded second fundamental form, it follows from (2.3) that the
Newton transformation Pr has bounded norm. In particular,

|Pr∇f | ≤ |Pr| |∇f | ∈ L1(M), (6.1)

Using (i) and (ii), let us consider by contradiction that Mn is minimal. Then,
equation (2.2) jointly with considering c ≤ 0 (c < 0) implies that the scalar
curvature of Mn satisfies S ≤ 0(S < 0). Hence, contracting (1.5) we have

Lrf = nλ+ (nρ− 1)S > 0

in both cases, which contradicts Lemma 6.1, since the fact is mentioned. This
completes the proof of the first two assertions.

For the (iii) assertion, since the ambient space has constant sectional curvature
c = 0 and Mn is minimal, the equation (2.2) becomes as

S = − |A|2 ≤ 0. (6.2)

So, since λ ≥ 0 and ρ < 1
n , we have Lrf = nλ+(nρ−1)S ≥ 0. Now, using the fact

that Lr is a divergent type operator and |Pr∇f | ∈ L1(M), we have again from
Lemma 6.1 that Lrf = 0 on Mn. Hence, we conclude that 0 ≥ S = −nλ

(nρ−1) ≥ 0;

that is, S = λ = 0. This implies that |A|2 = 0. Therefore, the gradient r-almost-
Newton-Einstein soliton Mn must be steady totally geodesic and flat. □

Further, we are in a condition to establish the following result, which holds
when the ambient space is an arbitrary Riemannian manifold.

Theorem 6.2. Let Mn be a complete r-almost-Newton-Einstein soliton im-
mersed into a Riemannian manifold Mn+1 of sectional curvature K, such that Pr

is bounded from above (in the sense of quadratic forms) and its potential function
f :Mn → R is non-negative and f ∈ Lp(M) for some p > 1. Then we have
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i) If K ≤ 0, λ > 0 and ρ < 1
n , then M

n can not be minimal,

ii) If K < 0, λ ≥ 0 and ρ < 1
n , then M

n can not be minimal,

iii) If K ≤ 0, λ ≥ 0, ρ < 1
n and Mn is minimal, then Mn is steady flat and

totally geodesic.

Proof. For proving (i), we start with the contradiction that Mn is minimal, so
our assumption on the sectional curvature of the ambient space and equation
(2.1) imply that S ≤ 0. Hence, contracting equation (1.5) we have

Lrf = nλ+ (nρ− 1)S > 0. (6.3)

Thus, since we are considering that Pr is bounded from above, there is a positive
constant C > 0 such that

C∆f ≥ Lrf > 0. (6.4)

In particular, from Lemma 2.2 we get that f must be constant, which gives a
contradiction. Finally, reasoning as in the proof of Theorem 6.1 we can easily
obtain (ii) and (iii). □

In our next result we obtain Theorem 1.5 of [1] for the case when X = ∇f , giv-
ing conditions for a r-almost-Newton-Einstein soliton immersed be totally umbil-
ical since it has bounded second fundamental form. Thus, we prove the following
theorem:

Theorem 6.3. LetMn be a complete r-almost Newton-Einstein soliton immersed
into a Riemannian manifoldMn+1 of constant sectional curvature c, with bounded
second fundamental form and potential function f : Mn → R such that |∇f | ∈
L1(M). Then we have

i) If ρ < 1
n and λ ≥ n(ρn − 1)H2 − (n − 1)(ρn − 1)c, then Mn is totally

geodesic, with λ = (nρ− 1)(n− 1)c, and scalar curvature S = n(n− 1)c,

ii) If Mn is compact, ρ < 1
n and λ ≥ n(ρn− 1)H2 − (n− 1)(ρn− 1)c, then

Mn is isometric to a Euclidean sphere,

iii) If ρ < 1
n and λ ≥ (n+1)(ρn−1)H2− (n−1)(ρn−1)c, then Mn is totally

umbilical. In particular, the scalar curvature S = n(n−1)c−n(n+1)KM

is constant, where KM =
[

λ
(n+1)(ρn−1) +

n−1
n+1c

]
is the sectional curvature

of Mn.

Proof. To prove (i), we can use the equation (2.2) and structural equation, to
obtain

Lrf = n[λ+ (n− 1)(ρn− 1)c− n(ρn− 1)H2]− (ρn− 1) |A|2 . (6.5)

Then, for our consideration on λ, we get that Lrf is non-negative function on
Mn. By Lemma 6.1 we find that Lrf = 0. Hence, from equation (6.5) we obtain
thatMn is totally geodesic and λ = −(ρn−1)(n−1)c. Moreover, from structural
equation we get that

S =
−λn
ρn− 1

= n(n− 1)c,
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which completes the proof of (i).
If Mn is compact, as it is totally geodesic, then the ambient space must be

necessarily a sphere Sn+1 and Mn is isometric to the Euclidean sphere Sn, which
proves (ii).

For the assertion (iii), we start with equation (6.5) that can be written in terms
of the traceless second fundamental form Φ as

Lrf = n[λ+ (n− 1)(ρn− 1)c− (n+ 1)(ρn− 1)H2]− (ρn− 1)|Φ|2. (6.6)

Therefore, our assumption on λ and ρ gives Lrf ≥ 0. Then by applying Lemma
6.1 once again we have Lrf = 0. This implies that |Φ|2 = 0; that is, Mn is a
totally umbilical hypersurface. In particular, the principal curvature κ of Mn is
constant and Mn has constant sectional curvature given by KM = c + κ2. This
combined with (6.6) yields

λ = (n+ 1)(ρn− 1)H2 − (n− 1)(ρn− 1)c

= (n+ 1)(ρn− 1)(c+ κ2)− (n− 1)(ρn− 1)c

= (n+ 1)(ρn− 1)KM − (n− 1)(ρn− 1)c.

Since Lrf = 0, we get

S =
−λn
ρn− 1

= n(n− 1)c− n(n+ 1)KM ,

as desired. □

Now, we have the following consequence of Theorem 6.3.

Corollary 6.1. Let Mn be a compact r-almost-Newton-Einstein soliton im-
mersed into Rn+1 such that ρ < 1

n . If λ ≥ (n + 1)(ρn − 1)H2, then Mn is
isometric to Sn.

In [1, Theorem 1.6] it was proved that a nontrivial almost Ricci soliton Mn,
minimally immersed in Sn+1 with S ≥ n(n − 2) and such that the norm of the
second fundamental form attains its maximum, must be isometric to Sn. Now,
applying Theorem 6.3 we obtain a generalization of this result.

Corollary 6.2. Let Mn be a complete r-almost-Newton-Einstein soliton mini-
mally immersed in Sn+1, such that ρ < 1

n . Assume that S ≥ n(n− 2), the norm
of the second fundamental form attains its maximum and λ ≥ −(n− 1)(ρn− 1).
Then, Mn is isometric to Sn.

Proof. Using the minimality of the immersion and that S ≥ n(n− 2), we obtain
from (2.2) that

|A|2 = n(n− 1)− S ≤ n.

From Simons’s formula [16], we obtain

∆ |A|2 = |∇A|2 + (n− |A|2) |A|2 ≥ 0. (6.7)

Thus, we can apply Hopf’s strong maximum principle to get that ∇A = 0 onMn.
Therefore, Proposition 1 of [13] assures that Mn must be compact and, hence,
the results of Theorem 6.3. □

As another application of Lemma 2.2, we can obtain the following theorem:
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Theorem 6.4. LetMn be a complete r-almost Newton-Einstein soliton immersed
into a Riemannian manifold Mn+1 of constant sectional curvature c, such that
Pr is bounded from above (in the sense of quadratic forms) with non-negative
potential function f ∈ Lp(M) for some p > 1. Then we have

i) If ρ < 1
n and λ ≥ n(ρn − 1)H2 − (n − 1)(ρn − 1)c, then Mn is totally

geodesic, with λ = (nρ− 1)(n− 1)c, and scalar curvature S = n(n− 1)c,

ii) If ρ < 1
n and λ ≥ (n+1)(ρn−1)H2− (n−1)(ρn−1)c, then Mn is totally

umbilical. In particular, the scalar curvature S = n(n−1)c−n(n+1)KM

is constant, where KM =
[

λ
(n+1)(ρn−1) +

n−1
n+1c

]
is the sectional curvature

of Mn.

Proof. Observe that from equation (6.5) and assumption on λ we get

Lrf = n[λ+ (n− 1)(ρn− 1)c− n(ρn− 1)H2]− (ρn− 1) |A|2 ≥ 0. (6.8)

Since we are assuming that Pr is bounded from above, there is a positive constant
C > 0 such that

C∆f ≥ Lrf ≥ 0. (6.9)

Using Lemma 2.2, we have that f must be constant. Therefore Lrf = 0, and
by equation (6.8) we conclude that Mn is totally geodesic with

λ = −(n− 1)(ρn− 1)c and S = n(n− 1)c,

proving assertion (i). Finally, reasoning as in Theorem 6.3, it is easy to prove
assertion (ii). □
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