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IMPROVING BOUNDS FOR GENERALIZED BEREZIN
NUMBER OF OPERATORS

SANA KHAN, MUHAMMAD SAEED AKRAM, AND MEHMET GURDAL

Abstract. This paper introduces an improvement of the Cauchy-Schwarz
inequality in a semi-Hilbertian space with the inner product induced by
an 2A-positive operator. This improved A-Cauchy-Schwarz inequality is
then used to improve the bounds of the 2-Berezin number of operators.
First, we present upper bounds for the 2l-Berezin number of the prod-
uct of two operators. Then, 2-Berezin number bounds for the sum of
two operators are developed. This work refines and extends some of the
2A-Berezin inequalities previously established in the literature.

1. Introduction

Operator theory is an advancement of functional analysis. The Berezin symbol
serves as a bridge between operators and functions. It provides a way to approx-
imate operators by scalar functions and offers a robust framework for study-
ing operators on functional spaces, such as the reproducing kernel Hilbert space
(RKHS). Likewise, it facilitates the study of spaces such as Fock, Bergman, and
Hardy spaces. For example, some operators describe or relate to their bounded-
ness, invertibility, compactness, and positivity. For more information about the
Berezin symbol, readers are directed to ([4, 7, 9, 11, 14, 27, 28, 29, 30]).

To lay the foundation for our study, let H be a complex Hilbert space unless
otherwise stated. A functional Hilbert space is a complex-valued function space
defined on a domain €2, equipped with an inner product (-,-) and satisfying the
completeness property. It has a continuous point evaluation functional for each
n € , which is given as f — f(n). By the Riesz representation theorem,
there is a unique element ¢, of H such that the functional can be represented
as the inner product: f(n) = (f,¢y) for all f € H. The reproducing kernel
of M is the collection {¢, :n € Q}. According to problem 37 of [23], a set of
vectors {e,} of a reproducing kernel Hilbert space is called an orthonormal basis
if it satisfies: ¢,(z) = 3, en(n)en(2). Normalized reproducing kernel is defined
as ¢p = ¢p/ |lenll, where n € Q. It ensures the unit vector. Berezin initially
introduced the Berezin symbol of a bounded linear operator M on H with the
function M defined on Q by M(n) = (M¢y, ¢p), where ¢, represents Banach
algebra that plays a crucial role in defining and studying Berezin number and
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Berezin norm. Let the adjoint operator and the range of operator M, belonging
to Banach algebra of all bounded linear operators B(H), are denoted by M* and
R(M), respectively. Now, we are able to define the Berezin number and the
Berezin norm of M as:
ber(M) = sup [(M@y, ¢y)|, and ||M|[per = sup |[My]|,
neQ neQ
respectively. The following properties of the Berezin number and the Berezin
norm directly emerge from their definitions. Let for M, L € B(H): (i) ber(aM) =
la| ber(M) for all & € C; (ii) ber(M + L) < ber(M) + ber(L); (iii) ber(M) <
[IM]|per < [[M]]; (iv) ber (M*) = ber(M) and [[M*[|,e, = [[M][per-
Giirdal et al. [22] develop the following inequality for an operator as,

1
ber! (M) < = [[[M]* 4 [ (1.1)

ﬁHbm'

The same author develops the following inequality for the sum of two operators
as

1
ber?(M + L) < ber?(M) + ber?(L) + 3 |IM? + [L*?]],, + ber(LM).  (1.2)

Huban et al. [25] has presented the following estimate of Berezin radius for the
product of two operators defined on a reproducing kernel Hilbert space as given
below

1
ber?” (M*L) < 3 |IL*L[* + yM*MP’”Hber. (1.3)

For more information, the reader is referred to ([5, 6, 13, 15, 16, 17, 18, 21, 24,
26, 36, 37, 20]).

We now concentrate on the semi-Hilbertian space operators to extend the con-
cept of Berezin number. If 2 € B(H) is the positive operator, 2-inner product is
defined as (wy, wa)g = (Awy, we) for wi, we € H. Krein [32] and Zaanen [38] cel-
ebrated the structure of the semidefinite sesquilinear form: (-,-)o : H x H — C.
This form generalize the inner product by ensuring non-negativity and it has
closed tie to positive semidefinite operators. It yields a seminorm || - ||y as
|lwlla = v/ (Rw,w) for w € H. The Riesz representation theorem implies that
if (-,-)1 and (-,-)2 are inner products on H that induce the equivalent norms,
then there is a unique invertible positive operator 2 on (H,(,)1) such that
(w1, w2)2 = (Awy,we); for all wi,we € H. For a semi-Hilbertian space H
equipped with the 20-inner product, 2A-Cauchy-Schwarz inequality is expressed
as:

(w1, wo)a| < flwillal|walla, (w1, w2 € H).

An operator L € B(H) is said to be an A-adjoint operator of M € B(H) if it
holds (Mwy, wa)g = (w1, Lwa)g for every wi, wy € H, which can be interpreted as
AL = M*. 2-adjoint operator examine the behavior of operators in semi-Hilbert
space. It also plays an important role in generalizing the 2-Berezin number to
the classical Berezin number. R. G. Douglas explained in [12, Theorem 1] that an
operator M on a semi-Hilbert space equipped with the 2-inner product admits an
2-adjoint operator if and only if the range of M*2l is contained in the range of
as: R (M*2() C R(2(). In that case, a unique bounded operator Z € B(H) exists
asAZ = M*A and R(Z) € R(2). This unique operator is usually denoted by M*2
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and is called the distinguished 2[-adjoint operator of M. The set of all operators in
B(H) admitting A-adjoint is denoted by By (). It is easy to verify that for every
M, L € By (H), we have ML € By(#H) such that (ML)** = L**M*2. Moreover, the
set of all operators in B(H) accepting 2A1/2_adjoint is conventionally represented
by Byi/2(H). It can be demonstrated that By(H) C Byi/2(H). If M € By2(H),
then it holds that

M
HM”QL _ sup || w”Ql
0AwER () [Jwla

and |[Mw|lg < ||[M]ja|jw]a for all w € H. For M,L € Byi2(H), it follows the
inequality for A-norm: ||ML|jg < ||[M||a|/L||. Notice that it may happen that
IMl|lg¢ = 400 for some M € B(H)\Byi/2(H). An operator M € B(H) is called
LA-positive if AM is positive, which ensures that

Ml = sup {(Mw, w)g : w € H, [Jw|la = 1}.
Note that for M € By (#H), M**M and MM** are both 2-positive, and
IV M g = (MM [Jo = [[M[[§ = [[M*|[3 -

— sup {|Mwlla: w € H, o = 1} < +00,

Further information about semi-Hilbertian space operators can be found in the
references [3], [8], [33].

The 2A-Berezin number and the 2A-Berezin norm of M € B(H) were defined
by Giirdal and Bagaran [19], who extended the idea of Berezin number in semi-
Hilbert space as follows:

berg (M) = sup |<M§5na @77>Q[ , and [|[M[Jg—per = sup ||M¢777||Q(

neN neq
Giirdal and Bagaran [19] developed the inequalities of the 2-Berezin number for
the sum of operators as follows,

1
bera(M + L) < beray(M) + bera (L) + 5 |L*L + MM e + bera(LM). (1.4)

In particular, if we choose a positive operator 2l as same as the identity operator
in the definitions, then it gives berg(M) = ber(M) and |[M|lg—per = [|M||per-
For a comprehensive study of inequalities pertaining to the 2/-Berezin number of
operators on reproducing kernel Hilbert space, see ([19]). The goal of this research
is to expand 2-Berezin number bounds, which are refinements of inequalities (1.1)
and (1.3). The paper is organized as follows. In Section 2, foundational lemmas
are presented, giving the context of the study. Next, we will provide a refinement
of the Buzano inequality using these lemmas. The inequalities for the product
of two operators in a semi-Hilbertian space are obtained in Section 3. Section 4
includes the bounds for the sum of two operators.

2. Basic Lemmas
This section introduces basic lemmas that can help provide primary results.

Lemma 2.1. ([10]) Let A-positive operators L and M be in B(H). Then
H L+ M|[" ‘L" + M"

, VneN~.
A

<
2 |y 2
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Lemma 2.2. ([2]) Let M be an operator in B(H) such that M >¢ 0. Then, for
any n € N*, the inequality

(Mn, mygr < (M"™n, 1)y
holds.

Lemma 2.3. ([31]) Let wy,wy € H. Then
[(wn, wa)a|* < [Jwn[y]| w2 13-
Lemma 2.4. ([35]) Let w1, wz,a € H with ||a|ly = 1. Then
[(wr, a)ala, w2)a| < 5 . 5 (lwilladlwalle + [{wr, w2)al)
The next lemma is the polarizatlon identity for real Hilbert spaces.

Lemma 2.5. ([34]) Let wi,wy € H, where H is a real Hilbert space. Then

(llwr + wall§ — [lwr — wally) -

NG

(Wi, wa)y =

3. Bounds for the product of operators

In this section, we provide proofs for a few lemmas on the 2f-operator semi-
norm, inspired by the work of Najla Altwaijry et al. in [2]. In our first lemma, we
employ classical Young’s inequality [1] as a powerful tool to obtain the following
new inequality.

Lemma 3.1. Let wy,wp € H and 7 € [0,1]. Then
= (1w, wo)al* I wal37)

< w3 llw2 3 (3.1)

Proof. If 7 =0 and 7 = 1 in (3.1), the result is satisfied. However, for 7 € (0, 1)
the statement is

[(wr, wa)arl® < 7”101”2[”102”91 tI =

1
(1w, w2)aul " e3> s l3727) > o,

1+7 1+7 + 7
which means that,
2 2-2 T 2 2
(w1, wa)|™ [(wr, wo) |77 < ﬁ”wlﬂmllwllm
1
T (w377 e 577)

This yields for all wy,wy € H, and 7 € (0,1),

2 2
[ (w1, wa)all ol + 7= (1Gwr, wo)al™ I lwa]3727) -

1
S14s 1+7 1+7
Using Young’s inequality,
a®b' ™ < aa + (1 — a)b, (3.2)
we obtain the following inequality,

[(wr, wa)a* [lwillg T w2y ™ < 7 (wr, wa)al* + (1= 1) wi [[§]lw2 13-
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Therefore, the second inequality is obtained as,

(1 aws, ol o |72 13727

1+7 1+7

2
e lwell + 5 (7 1w, wa)al + (1= ) w13

< —
_1+ I+7

< Jlwy 3 llw2 3

Lemma 3.2. Let w1, w2 € H be such that ||a|ly =1 and T € [0,1]. Then

’<w17 a>91<a7 w2>91’2

21+ 1 1 2T 27 2— 27’>
< .
<oy 55 (ltwr wa)al™ o3 a3

Proof. Lemma 2.4 and the convexity of the function t — ¢? allow us to derive the
following:

[Jws I l|wa3 +

1 2

(w1, a1, waha? < (2 (lwr o la + \<w1,w2>m|>>
1

<1
1 2 2 2

(ol -+ Lwn, wa)a?)

Now, applying Lemma 3.1, we obtain

A

w1 || [[wa | + [(w1, wa)a])?

IN

1
2
(w1, a)a(a, wa)a|” < §Hw1\|§tHw2H§t + ——— w3 llwellx

27 + 2
1 T 2T 221
+ 5y (wn w7 a3 w57

Therefore, we obtain the required result

|(wr, a)ar(a, wa)e|?
< 21 +1
21+ 2

lwn |z lw2F +

2
55 ((wn waal o 372 a7

O

Remark 3.1. Let wy,ws € H be such that ||a|lq = 1. For 7 = 0,1, Lemma 3.2
provides an improvement of the Cauchy-Schwarz inequality. Similarly, for 7 = %,
we obtain that

|2

2
< S lwnl§llwallg + 2 ([wr, wa)a 1w la| w2 |20)

[(w1, a)a (@, wa ) 3

2 2
< JJwr [lyllwz -
Now we are ready to prove the first theorem of this research.

Theorem 3.1. Let L,M € By(H), r € N*, and 7 € [0,1]. Then

berg’ (M**L) < 2(11)bergl”(M*Q‘L) | (L**L)?" + (M**M) QTHQ[ Ber
o L+ M, (33

2(1+7‘
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Proof. Let ¢, be the normalized reproducing kernel of H. Replacing w; with
L@, and wy with M@, in Lemma 3.1, we obtain

LG, By)al”
= ‘(L‘ﬁmM@z)ﬂ’zr
) 2r
~ ~ -2 2—2
< (T IR RIN, B + o (180 Ma ™ L2 MBI 7))

Now, using the convexity of the function h(t) — t", we have

*g ~ o~ 2
|<M ﬂL‘Pn,‘Pn>m| "

1 s r (2—27)r (2—27)r
§1+ LB MBI + = (1180 MBoal™ 113, 167" M 157"
< (LG, B)a (M MB), Bk
o (LB, MB ™™ (LG, 85 (MU MB,, 8)5)' ")

Applying the Arithmetic-Geometric mean inequality, we conclude that

*s ~ o~ 2
[(M** L&y, &n)a|™

T *g; ~ *g; ~
= m@ AL, Po)al + (MM, 93
1 oo T~ ~ *
+ oy (L@ Bo)al®™ (L1, )Y + (MMEy, 8)F)' 7).

Applying Lemma 2.2 in the previous inequality yields

M*Q(L/\ o~ 2r < - L*QIL 2r M*QIM 2r ~ ~
IS ‘Pna@n)%d =51 +11) (<( )7+ ( ) ‘:07779077> )

1 ot~ ~ . . R 1—
+ oy (O L8, ulal? (L1 + (M5, )" 7).

Finally, we take the supremum over all 7 € Q to complete the proof of our desired
result. O

The corollaries described below are the direct outcomes of Theorem 3.1.

Corollary 3.1. Let L,M € By(H), r € N*. Then

berg (M**L) < % [(LL) + (MM [y, -

Corollary 3.2. Let L,M € By(H), r € N*. Then

1

1
bergf (ML) < 7 beryl (ML) + 7 [|(L™*L)* 4 (M**M)*"

HQ{ Ber

S § H(L*QIL (M*mM 2rHQl Ber *

Remark 3.2. If we put 7 = 0 and 7 = 1, then the bound in Theorem 3.1 yields
Corollaries 3.1 and 3.2, respectively. Corollary 3.2 is an improvement of Corollary
3.1. Moreover, if we take 2 = I in Corollary 3.1, then it gives inequality (1.3).

Our next theorem is a refinement of Corollary 3.1 and inequality (1.3).
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Theorem 3.2. Let L,M € By(#), r € N*, and 7 € [0,1]. Then

2

2 *g T 2 * T ED 2 * 2
ber (ML) < 17— berd (ML) 57 LR + (M),
T(1—7)
———Z bery (M*™L) |[(L*L)" M**M)"
+ 157 ri( ) L™L)" + ( )" Nlot—Ber
(1—7)2
gy M) e M) g (34)

Proof. Let ¢, be the normalized reproducing kernel of H. Replacing w; with
L@, and we with M@, in Lemma 3.1, we get

~ o~ 2
|<M*QlL90n79077>2(‘ "
= |<L‘/P\n7M¢n>Ql|2T

<
<1+

Now, using convexity of the function h(t) — t", we obtain

1 R R 2r
2all3IM, I3 + 1 (L3, Mal”” LG IE > IMB I3 ZT)) .

\(M*Q‘L@m Go)al*"

< T LB MBI + 5 (KL MBy)al™ LG5 M, 7"
< 1+ (L™ L&y, &) (M My, Oy)y

+ 1i7 (|<L$n’M¢n>m|2rT (L"*L&,, G >7"(1 r)<M*Q‘M G ) r(1— T))

< 77 (U8, B)R (M MB,, B

+1-i1-7' <|<M*Q1L@779/0\77> " (L*aLSDmSDn> n T)>

~ ~ * ~ o~ 1-
(1L MBo)al ™ 1M, 25 7)

Applying the Arithmetic-Geometric mean and Young’s inequality (3.2), we con-
clude that

| MLy, Gyl ™
i

< —— ((L™L M*2 M 2r
=30 +7) (< 9077790?7> + P, P )

1 * ~ r *s ~ A~ N\T
+ 1+r (7 (M L@y, @n)a|” + (1 — 7)(L™ L&y, &y))

(7' ’<M*QIL‘T0\777 @n>91’r + (1 — T)<M*Q[M@77 @n>&)) .
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Applying Lemma 2.2 in the previous inequality yields

(M LBy, Byt
2

T T
< L*QlL 2r M*QLM 2r =~ fN M*Q(LA foN 2r
=21+ 1) ((( )7+ ( ) Py P ) + 11+ ( Py On)atl

T(1—7) AT\ A A o7 AT oA\~
T ML) @, )] (((L7L)7 4 (MPM)" 2, ) )
(1—7’)2 FAT\T S A ot r~ -~
1+7 ((L™L) “ns g077>9[<(1\/[ M) ‘107779077>Ql~
Finally, we take the supremum over all 7 € € to get our desired result. O

Remark 3.3. If we put 7 = 1, then Theorem 3.2 is an improvement of Corollary
3.1 as,

s * ]. r * ]- * r * T
bery (ML) < *ber%l (M™L) + 4 [(L*L)*" 4 (M**M)? Hm Ber

* r * r 1 * r * r
AL 4 LN o+ 5D + AN,

l\)\)—t.-l;\r—t

H<L*QIL) <M*mM 2TH91 Ber *

In fact, for 2 = I the bound of Theorem 3.2 is an improvement of inequality
(1.3).

We use Lemma 3.1 to prove our next theorem.

Theorem 3.3. Let L,M € By(H), r € N*, and 7 € [0,1]. Then

b 2r ML) < 7—2 b 2r M* L 1 +7_2 - T LT, 2r M*JM 2r
er%l( ) = r erQl( )+ 2(1+T) H( ) ( HQ[ Ber
1—
# T b ML) L 4 MM Ty e (35)

Proof. Taking wi = L@, and wy = Mg, in Lemma 3.1, we get

(M™L&,, By)al ™
= |<LS/5777M(P57)>21|2T

2r
T 2 A (12 1 o NIA 2T T A (12-27 2-27
< (T I IMAI + 1 (L6 MPal™ L2 IMBE™) )
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Now, using convexity of the function h(t) — t", we obtain

~ o~ 2
|<M*QlL90n7 9077>2(‘ "
-

1 _ _
~ 12 ~ 112 ~ ~ 2 ~ j(2—27) = (|(2—27)
T ILB I + 1 (L8 MEal*™ 1L, 57" M, 7"

T * ~ o~ . ~ o~
S 1+T<L mL(pﬂ7(p77>£l<M*mM(pn790n>%

IN

~ ~ * ~ ~\7r(1— * ~ ~\7(1-
+ <|<L90naM<Pn>2l’2rT (L QIL‘PW’SOWQ(( T)<M Q‘M90n79077>21( T)>

147
T oo~ o e
(L Q‘ch,,,«p,,)&(l\/[ QLMSOTJHPWQL

<
14T
1

* —~ o * A~ A~ 17
o (1L, Bl (120G, 3 )

R I o r~ o~ (1
(‘(LSDU’M@U>91|TT <M*21M90n79077>&( T)) )

Applying Young’s inequality (3.2), we obtain

(M L&y, Gy)al ™
<

T PR o g~
axn (L™ Ly, @n)a(M™* M@y, @n)a)

T (T I LGy, @o)ul” + (1= 7) (LML, &y)a)
(7 [(M™ L&y, @y)arl” + (1 = 7)(M™* My, @y)3)

+

Now, we combine the terms to get

* ~ o~ 2
|((M*™* L&y, On)a| ™

1472 -7 ot~ o~ . o T2
— ((L *Ley, <Pn>£l<M *Mey, ‘Pn>9&) +

S OPONET
|(M** L&y, &n)a|™"

(1+7) 1+71
T(]‘ - 7_) *9( o N T *9( foN S N\T k[ ~ AN N\T
+ 1—1—77 (M Loy, ¢n>2l| ((L Loy, %ﬁm + (M Moy, 9017>91) .

Applying the Arithmetic-Geometric mean inequality and Lemma 2.2, we infer
that

FoT A~ |2
|(M*™* L&y, Gn)al™

< LT T g, G (M) Gy, o)
NS e "

2
fuy &~ A2
1+ |<M mLSonaSOn>Ql| "
7(1—17)

1+7

+

[(M™ Ly, @p)arl " ((L™L)" + (M™M) @y, Gp)a) -

Finally, we take the supremum over all n € € to get our desired result. O
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Remark 3.4. If we put 7 = 1, then Theorem 3.3 is an improvement of the Corol-
lary 3.1 as,

berdf (ML) < berdf (ML) + § | (L)% + (MM
1 * * * *
S Z H(L mL)Qr + (M QlM ZTHQL Ber + Z H(L QlL)2 + (M mM 27QHQl Ber
< 5 AL (e

In fact, for 2l = I the bound of Theorem 3.3 is an improvement of inequality
(1.3).

Next, we establish the following theorem using Lemma 3.2.

Theorem 3.4. Let L,M € By(H), r € N*, and 7 € [0,1]. Then

2 1
ber4r(M*2[L) 47— —+ be 27"T(M*Q‘L H L*QlL 27‘ (M*Q[M 27’”2[ e
t L)% + (M2M)* ||y _per - (3.6)

Proof. Let ¢, be the normalized reproducing kernel of H. Replacing w; with
Loy, we with M@, a with &, in Lemma 3.2 and using convexity of the function
h(t) = t", we get

foT A~ ~ |4
|<M mLSonaSonhl‘ "

< ST I 1M, IF

+ gy (L Mg [ 1L, 17 M, 577

< ST LGy, G5 MMy, Bl

+ 5 (L8 M )al™™ (L*LEy, 85 (M ME,, 8)5)' ")

< T HLLE, B + (MG, @Y

o (L8, Bl (L1, @Y + (MM, 8037

Using Lemma 2.2, we obtain
|<M*91L@], @n>91‘4T
21 +1 N " o o~
< (((L*=L)? 4 (M=M)* By, Gi)ar)

T 4r +4

1 oo~ . N A 1—
A +4 (|<M QlLSDn’SOn>Ql|2TT (<(L mL)% + (M mM)2T§0na@n> ) T) .

Finally, taking the supremum over all n € €2 we obtain the desired result. O

_l’_

The following corollary is an immediate consequence of Theorem 3.4.

Corollary 3.3. Let L,M € By(H), r € N*. Then

berdf (ML) < L [|(LSL)2 4 (=D [y
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Remark 3.5. If we take 7 = 0, and 7 = 1, then the bound in Theorem 3.4 gives
Corollary 3.3. Moreover, if we put 2 = I, r = 1 and M = L in Corollary 3.3,
then it gives inequality (1.1).

Next, we prove the following theorem, which is a refinement of Corollary 3.3.
Theorem 3.5. Let L,M € By(H), r € N*, and 7 € [0,1]. Then
2 21 +1

4r * * * 27’ * 2r
ber (ML) < 7 bery (M L)+ Gy D)7+ (U g,
7(1_7) r * * r * r
r 1) PR L) (L) + (M)l _per
1—7)° * T * T
5 7L Nl 04752 per- (3.7

Proof. Replacing wy with Lg,, wo with Mg, a with ¢, in Lemma 3.2 and using
convexity of the function h(t) — t", we get,

~ o~ 4
|<M*QlL90777 9077>2l| "

2r+1
< L M
< 5o IL@nllal IMSy 1o
~ ~ 2 ~ 2-2 ~ 2-2
+ 55 (L8 MB ™™ 1L, 577 M3, ")
2r+1 . . oy
< 5o (LT Len, Pn)a M MBy, By
L (1B MB )l (LG, By i (MM 2
5 (@0, My)ul™ " (L™ Ly, Prhg B Pn)a
2r+1, - o e~
< 5o (L Ly, §o)u (M MBy, &n)y
* ~ o~ *9 1—7
+ 575 (L3, 8o)al” (L1380 ")

(l(LsOn,MwnMI” (MM, By~ T)>

Applying the Arithmetic-Geometric mean inequality, Young’s inequality (3.2),
and then Lemma 2.2, we conclude that

*s ~ o~ 4
[(M** L&, &n)al™

27—+ 1 *s ~  ~\2r * ~  ~\2r
< Gy (B T80 ol + (M™MBy, 8y)Y)
5 (T UMPLG,, Gyhal” + (1= 1) (L72LG,, B)%)
(7M™ L&y, Py)al” + (1 — 7)(M™*M@,, D))
27 +2 o o 2 2
< —— (((L™L)“" M*M)=" M*2], T
T(l_T) * ~ T * r * P~ o~
o iy o [(M™ L&y, @p)al” ((L™L)" + (M™M)" &y, &n)a)
(1—1)2

27 + 2 <(L*mL)T@nv@n)Ql«M*mM)T@m@n)Qb
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Finally, we take the supremum over all 7 € € to get our desired result. O

Remark 3.6. Let 7 = 1, then the bound in Theorem 3.5 is an improvement of
Corollary 3.3,

1
berg (M**L) < —ber%{’(M*Q‘L) + g H(L**ﬂL)?T (M*2M) 2’”\\9[ Ber

S é H(L*QIL)QT (M*Q‘M 27“ g H(L*mL>2r (M*Q{M 2r

HQ{ Ber HQ{ Ber

< 1 H(L*mL)Qr (M*Q‘M 2r

> e -

Remarks 3.6 shows that Theorem 3.5 is an improvement of inequality (1.1) if we
put A =1 and M = L.

Next, we prove the following Theorem by using Lemma 3.2 and Young’s in-
equality (3.2).

Theorem 3.6. Let L,M € By(#H) and 7 € [0,1]. Then

Ar *9( 2 *9 T2+2 *9( 27" *9U 2r
bery (M L)_QT bery (M L)+(47+4 [(L*2L)%" + (MM | g,
M bergy (ML) (L7 L) + (M M)’ g_pe, (3.5)
(2 +2) A—Ber

Proof. Let ¢, be the normalized reproducing kernel of H. Replacing w; with
L&y, we with M@, a with &, in Lemma 3.2 and using convexity of the function
h(t) — t", we obtain

fyT A~ 0\ |4
|<M mL¢n7§0n>Ql| "
21+ 1

—~ ~ 2T r(2—271) r(2—271)
< ST LG MG + 5 (L, M) L5, 227 (M, 152 27)
2r+1 . I
< 27_+2<L*mL¢n7¢n>&<M*ﬂM¢m8077>£t
L3, M3,)a|?™ (L™ L3y, 3,)20 ) (MM rd=)
+2T+2 K ¥ns 9077>Ql‘ ( (Pna(Pn> ( ‘Pna‘Pn) .

Now, by applying Young’s inequality (3.2), we obtain

21+ 1
foT A~ ~ 0\ |4
|<M mLSonaSOn>Ql| "<

< o (UG, B (MM, B

+ 35 (T IMLE,, Brlal” + (L= 1)L Ly, Bo)i)
<

(7 [(M* L¢n7¢n>m|+(1_7)<M Moy, Dn)a )
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Now, we combine the terms and apply Arithmetic-Geometric mean inequality,
and Lemma 2.2 to obtain the chain of inequalities

o~ o~ 4
|<M*QlL90m 8077>2l| "

2 2
T2 e~ o f~ o~ T
< (L mLSOn790n>&<M Q‘Mcpn,tpn>£[ +

5 [OMSLG,, By)af*

T 2142 27
T(l — T) *AT 2 r *AT,)" MM G.. &
+ 5 (ML, Dp)al” ((L™L)" + ( )" @ns Pn)at)
27 42
< 7'2 + 2 <(L*QIL)2T + (M*Q[M) ) + 2 |<M*91LA ~ > |2T
S 414 @naSDr]Ql o7 12 Pnsr Pn)A
T(]‘ — T) M*Q[L TS oS L*QJ.L r M*QlM D)
+ O B, Bl (LSL) + (M) By Bl
Finally, we take the supremum over all 7 € € to get our desired result. O

Remark 3.7. Let 7 = 1, then the bound in Theorem 3.6 gives Corollary 3.3,

1 3
berg (ML) < 7 bery (ML) + o [[(L*L)* + (M™M)* [[y_p,,

§ H(L*ML)zT + (M*AM 2r

JLSTP 4+ M g+

HQ[ Ber

N | r—loo\r—\

H(L*QLL)2T (M*AM QTHQI Ber *

Remarks 3.7 shows that Theorem 3.6 is an improvement of inequality (1.1) if we
put =1 and M = L.

Now, we present an inequality in the context of semi-Hilbertian space, which
is an improvement of the triangle inequality.

Lemma 3.3. Let wi,wy € H and 7 > 0. Then

Jwy + wal|3

1 + 37' 2
(llwrlloc + [lwalla) [Jwr + walla + ) ([walla + [lwalla)

2
< = -
=31 +7) 3147

< (fJwilla + [Jwzla)?-

Proof. Using triangle inequality of norm, we get
1 2
[wr + wal = gllws + wa i3 + gllws + wa %
1 2
< gllwr +walla(llwafle + [lwalla) + Sllws + wa

1 2 )
< gllwr +walla(llwafle + [lwalla) + Sllws + wally

+ 7 ((Jwrfla + flwalla)? = [Jwr + wall3) -

Therefore,
lJwy + wa |
< 2wl + sl llwn + walle 4 oot (ol + [ )
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Again by utilizing triangle inequality of ||wi + wa|| < |Jwi]] + [|wz]|, we get the
second inequality
1+ 37

- 2
ST+ (llwrlla + [Jwall2)

Jwy + way < 3 ([walla + [Jwalla) [lwr + wala +

2
(1+71)
1437

el 2
30+ 7) (lwilla + [Jwall20)” -

2 2
< _ =
S 300 (lwilla + flwzlla)” +

< (lwifla + [lwz ).

To obtain the following lemma, we combine Lemma 2.5 and Lemma 3.3.

Lemma 3.4. Let H be a real Hilbert space such that wi,we € H. Then for T >0
1437
12(1 4 7)

Next, we prove the following Theorem by using Lemma 3.4 which is constructed
with the help of a refinement of the triangle inequality.

Theorem 3.7. Let H be real Hilbert space such that LM € By(H). Then for
T2>0

2
(w1, wa)e| < (llwillac + llwalla) [Jw1+wella+ (llwlloc + llwall2)”

2
~12(1+7)

2
b ML) < ———— (||L||g—Ber Mllo—Ber) (L 4+ M)||o—Ber
erg( ) < D0+ (IL[Ja—Ber + IM[la—Ber) (L + M)[[a-B
1437
———||L**L + M**M||9—Ber- 3.9

Proof. Let n € Q be arbitrary. Replacing wy with Ly, and wy with M@, in
Lemma 3.4, we get
2
M*L)p,, o, < —(||L, Mo Lo
(OI"0)B,. Bl < T3 (LBl + M ) L2,
1437
12(147)

(L@l + M@y l20) [[(L + M)&y |

Py ~ ~ 2
+ M@yla + (IIL@y |2 + (M By ||21)

2

= i+
+ Doty L2l + M2,
«_ 2
121+ 1)

1+37
HETTE )
«_ 2
=120+

1+37
12(147)

(L& |2 + [[Mp|l2c) [|(L + M)&y ||
<<L*Q1LS/5777 9/577>2[ + <M*Q1M$m @n)&l)
(IL&y [l + [IMy|[20) [ (L + M)@p |2

(L™L 4+ M™M) @y, &n)ar-

In the second inequality, we apply the convexity of the function ¢ — ¢2, and in
the third and forth inequalities, we apply the norm property. Finally, we take
the supremum over all n € 2 to get our desired result. O
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The following corollaries are direct outcomes of Theorem 3.1.

Corollary 3.4. Let H be a real Hilbert space such that L, M € By(H). Then

berg(M™L) < (IILIIm Ber 1 [[Mlat—Ber) [[ (L + M) [ Ber

=) \

1
+ EHLWL + M™*M|la—Ber-
Corollary 3.5. Let H be a real Hilbert space such that L, M € By(H). Then

berg (M™L) < — (|[Lf|la—Ber + [IM[|a—Ber) [[(L 4+ M) [|la—Ber

7 (
1
+ 5 I L A M Mlo—per-

4. Bounds for the sum of operators

In this section, bounds concerning the sum of two operators are developed.
The results in this section provide some refinements of inequality (1.4).
Now, we provide our first theorem for the sum of two operators.

Theorem 4.1. Let L,M € By(H) and 7 € [0,1]. Then

1+2 . 5
berZ (L + M) < berZ (L) + ber (M) + prg +T) IL**L + M**M||o—por
1
+ 4 | = berk (M™L)[|L**L 4+ M** M|/} 7, . (4.1)

41+71)

Proof. Let ¢, be the normalized reproducing kernel of H. Using Lemma 3.1, we
get

(L +M)@y, B)al* = ((L@y, Bp)al + [(MBy, Gp)arl)?

‘(L@va 9317>91‘2 + ‘(M@va 9577>91‘2 + 2|<L@7’ @7>9l|’<M@77 @7)2[’

‘<L@zv 95?7>9i‘2 + ‘(M@z: 9/5n>91‘2 + 2‘@@77 ‘%M(@zv M*m‘ﬁnﬁl‘

‘<LS/5777 9/577>?2K‘2 + \(M@], $U>Ql‘2 + HL(ﬁnHﬂHM*m@l”m + ’<L@7> M@ﬁ%{‘

—~

Using Lemma 3.1 in the previous inequality we obtain
(L +AM)A@"’%’7>Q‘|2 . R ~
< [(L@n, @n)al” + [(M@y, @p)al” + [[Lyla + (M 2y o
+ (T L I2IMB, 13 +
i (030 MB)al™” LG 327 1M, I1577) )
< ’<L¢na 8/577>Ql‘2 + ‘<M‘an SDT]>21’2 §(<L* Lgpn, @77>Ql + <M*QLM‘1/5777 9/577>9l)
+\/1+%HL%HQIHM%H21
+y/ 1 (L@, MBp)a|™ L&y lly T IMByllg ™) -

1/2
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Applying the Arithmetic-Geometric mean inequality in the previous inequality,
we deduce that

(L +M)&y, Prarl?
< |<L¢na @n>21’2 + ‘<M¢na ¢n>ﬂ|2

1+ 27 o o~ o~ forn ko~ o~
41 +7) (L™ Ly, Dp)a + (M My, @y)a)
1 o o~ o~ PN o o~ —T
+ A1+7) (|<L9077v M%M\T ((L*QlLSDm 8077>Ql + <M*QlM90nv 9077>2l)1 )
~ o~ 2 o~ o~ 2 1 + 2T - o o~
< [(L&y, @)al” + [(MBy, D)adl™ + 4| 77— (L™ L+ M™M)@y, Op)a
41+71)
1
———— ({L@y, M@)o |” ((L*L + M** M)y, G)) 7)) -
+ 4(1 + 7.) (’< P> 9077>Ql‘ ((( + )907]; 9077>Ql) )
Finally, we take the supremum over all 7 € € to get our desired result. O

Remark 4.1. Theorem 4.1 for 7 = 1 is a refinement of inequality (1.4). If we take
2 = I in Remark 4.1, then it is a refinement of the inequality (1.2).

Now we derive the following theorem from Lemma 3.2.

Theorem 4.2. Let L,M € By(#H) and 7 € [0,1]. Then

5+ 1
berZ (L + M) < berd (L) + berZ (M) + 2T +
—

]' * *
+/ 3mg berRML) L MM, (42)

Proof. Let @, be the normalized reproducing kernel of H. Using Lemma 3.2, we
get

HL*mL + MM ||Ql Ber

(L + M)@y, Bl

= (L&, Bodarl + [{(MBy, Bp)au])?
= (L&y, Bn)arl? +|<M mal? + 21L&y, Gn)all(MBy, Gn)al
:‘<L8017>‘P17>91‘ ‘H(MSOTM >91‘ + 2[(L&y, @n)al@n, M™ @)
< ‘<L‘Pn79017>9l‘ + ‘(MSOWS%M‘Q

2r+1,_ . o oo ~ 112
+2 (TS ILARIMT Byl +

+

1/2
s (L M0 e LG I I 1) )
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Applying the Arithmetic-Geometric mean inequality in the previous inequality,
we infer that

‘<(L+ M)@Ua@ﬂ>m|2
< |<L‘T5m $n>9l|2 + |<M9/577’ @7>91|2

2r+1

+ 2/ S LRy M By

1 ~ * T ~ 11—7 ) || 1—T7
+2\/ o + 2 (’<L90717M Ql(Pn>2l| ||L‘Pn||91 HM m@n”g{ )

< |<LS/0\77a 3/0\77>521|2 + |<Mg/577, 3/0\77>§Zl|2

(LG, o)+ (MM, Gyha)
55 (020 M3, )al” (L3, @y + MMy, 3y)0)' )
< L@y, Bl + MGy, Bohal® + /S ((LL + MMy, B
5y (08 M@l (LD + MM)3,, By)a) 7).
Finally, we take the supremum over all n € € to get our desired result. O

Remark 4.2. Theorem 4.2 for 7 = 1 is a refinement of inequality (1.4). If we take
20 = I in Remark 4.2, then it is a refinement of the inequality (1.2).

We prove the following theorem by using Lemma 3.4.

Theorem 4.3. Let H be a real Hilbert space such that L,M € By (H). Then for
7>0

bera (L + M)

1437

3(1+47)
1

3(1+7)

< ber%[(L) + bergl(M) + HL*QlL + M*mMHQI Ber

+ HLHQlfBerHM*Q[HQFBer + (HL”QlfBer + ”MHQlfBer) H(L + M)HQlfBer-

(4.3)

Proof. Let nn € Q2 be arbitrary. It is easy to check that

(L +M)&y, )l

= (I{L@, el + [(MBy, Gy)arl)?

= [(Loy, @7>9l‘2 + |(M&y, @y >2l‘2 + 2[(Léy, @n)all{(Men, &5)al

= [(L&y, @1>Ql|2 + |(Moy, @1>Ql|2 + 2|(L&y, &n)a(@y, M™ &y )al|

< [{L&y, @I>Ql|2 + M@y, &y >‘21|2 + [[L&y oM™ @ploc + [(Liy, MBy)arl.
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Applying Lemma 3.4 and the Arithmetic-Geometric mean inequality, we obtain
(L +M)@y, @)l
> Oy P2t Ons Pn)a Ol [V &y [l 1
< (L@, Bo)arl® + [(MBy, Bodaul® + LGy [l M5, |
4
Lo Mo Lo, + Mo

+ I3 37 (Ll + IMBylla) I, + M)

( + 37)

12(147)

< ‘(LSOm ‘Pn>9l‘2 + |<MS/517, @7>91‘2 + "Lan“al‘|M*m$n”ﬂ
4 R ~ —~
+ 1 0+ )(IIL%HM M@y [la) [I(L+ M)&y |

2(1+37) R R N R
20 + )(HL%H% + IMBy [l + 2[1L&y [[MBy])

< (L&, Bn)ul® + [(MBr, Go)arl + (LB [l M By o
(IT&nla + My l20) [[(L + M)y [l

(Il + 11MBy[l21)*

4
12(1+ T)
LL™ MM*2
)2 12(1+ )(( P> P+ Brs Pt
+ (LL™&y, &) + (MM™ 2y, Op)at)
< |<L9/5777 9/577>9l|2 + |<MS/517> 9/517>Q1|2
4
— (|IL&, Mo L-+M)o,|ly.
AT S (L& [l2 + [[Mp|l2) [1(L + M)&y |
201+ 37)
12(147)

Finally, we take the supremum over all 7 € € to get our desired result. O

+ [IL&y oIV &y [ + (2(LL™ + MM™ 2y, @p)ar)-

The following corollary can be derived from Theorem 4.3 by choosing 7 = 0.

Corollary 4.1. Let H be a real Hilbert space such that L,M € By(H). Then
1
berg (L + M) < berg(L) + berg (M) + o[ L™ + MMy —per

N 1
+ ||L||91—Ber”M Ql”Ql—Ber + g (”LHQl—Ber + ||M||91—Ber) ||(L + M)”Ql—Ber-

Next, we provide bounds of the 2-Berezin norm by applying the supremum
property in the following theorem.

Theorem 4.4. Let H be a real Hilbert space such that L, M € By (H). Then for
T7>0

(L + M) |3 —per

1
3(1+71)

1
3(1+7)

< berg (L) + berg (L) + (Ll per + Mla-per)” (4.4)

+ ||L‘|Q1—Be1‘||1\/[*(21 ||Ql—Ber + (HL”Ql—Ber + ”M||Ql—Ber) ||L + MHQ(—Ber)'
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Proof. Let n € Q2 be arbitrary. It is easy to check that

I(L + M) |[3_per = berg(L + M)
= sug (KL +M)By, Godarl)?

ne
< sup (|(Ly, Gudal? + (MG, Bodarl? + 2/ (L0, Bl | (MByy, Brda])
n
< sup (L@, Brdar? + [(MBy, Bdal® + 2/ (LB, Bt (Bgs M2 G, )]
n
< sup (L@, @dat® + [(MBy, Brdatl® + L&y [l M2 By [l + [(LGy, MBy)a])
n
< sup(|(Ly, 2y)al* + (M), By)al® + |1y M3 |
ne
I (IL@y |2 + M@y l20) [ILSy + My ||
12(1 + 7) P @nll0) Loy + Myl
2(1+437) R R 5
= (L M
R TT (IIL@n 2 + [M@yl20)”)
< bergl(L) + ber%l(L) + Ll a—Ber[[M™ [l —Ber
1
+ 3047 (JILl|l2t—Ber + [IM|l2t—Ber) [|L + M||o—Ber)
1 2
— M||o_Ber)? .
+ 3(1 -I-T) (H ”9[ Ber T+ ” HQ‘ Ber)

g

The following corollary can be derived from Theorem 4.4 by choosing 7 = 0.

Corollary 4.2. Let H be a real Hilbert space such that L, M € By(H). Then

1
1L+ M)[3-per < berg(L) + berg (L) + 3 (ILfla-per + IM]lat-per)?

. 1
+ HLHQlfBerHM QlHQFBer + g (HLHQlfBer + HMHQlfBer) HL + MHQlfBer)

5. Conclusion

This study provides several refinements of 2l-Berezin number inequalities for
semi-Hilbert space operators. The refinements of Cauchy-Schwarz and 2-Buzano
inequalities contribute to the development of our bounds. Examples are provided
to illustrate the improvements achieved in our results. Several bounds obtained
in this article refine inequalities (1.3) and (1.1). Moreover, our results offer re-
finements not only for the 2-Berezin number but also for the Berezin number.
In addition, an enhancement of the triangle inequality is developed within the
framework of semi-Hilbert spaces, contributing to bounds for the sum of oper-
ators. We hope that these results will encourage further research in operator
inequalities and related areas and serve as a useful foundation for future studies.
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