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ABSENCE OF GLOBAL SOLUTIONS OF A SYSTEM OF

HIGHER ORDER SEMILINEAR EVOLUTION EQUATIONS

WITH A SINGULAR POTENTIAL IN EXTERIOR DOMAIN

SHIRMAYIL BAGIROV

Abstract. The system of evolution equations of higher order with re-
spect to time is considered in the domain Q′

R = {x : |x| > R}×(0;+∞),
which includes a biharmonic operator with respect to spatial variables
and a singular potential. The absence of global solutions is treated.
Using the test function method, a critical exponent of the absence of
global solution is found. This work is a generalization of a previously
published work [6], where the case of the first order with respect to time
was studied.

1. Introduction

Let R > 0, BR = {x : |x| < R}, B′
R = {x : |x| > R}, ∂BR = {x : |x| = R},

BR1,R2 = {x : R1 < |x| < R2}, B̄′
R = Rn\BR, QR = BR × (0;+∞), Q′

R =

B′
R × (0;+∞), x = (x1, ..., xn) ∈ Rn, r = |x| =

√
x21 + ...+ x2n.

We consider the following system of equations
∂ku1

∂tk
+∆2u1 − C1

|x|4u1 = |x|σ1 |u2|q1
∂ku2

∂tk
+∆2u2 − C2

|x|4u2 = |x|σ2 |u1|q2
(1.1)

in the domain Q′
R with an initial condition

∂k−1ui
∂tk−1

∣∣∣∣
t=0

= uk−1
i0 (x) (1.2)

and the boundary conditions∫
∂BR

ui(x, t)ds ≥ 0,

∫
∂BR

∆ui(x, t)ds ≤ 0, (1.3)

where n > 4, qi > 1, k ≥ 1, σi ∈ R, 0 ≤ Ci <
(
n(n−4)

4

)2
, uk−1

i0 (x) ∈ C(B̄′
R),

uk−1
i0 ≥ 0, ∆2u = ∆(∆u), ∆u =

n∑
k=1

∂2u
∂x2

k
, i = 1, 2.
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We will deal with the absence of global solutions. By global solution of the
problem (1.1)-(1.3), we mean a pair of functions (u1, u2) which satisfy the rela-

tions u1(x, t), u2(x, t) ∈ C4,k
x,t (Q

′
R)
⋂
C3,k−1
x,t (B̄′

R × [0,+∞)), the system (1.1) at

every point of Q′
R, the initial condition (1.2) and the boundary conditions (1.3).

The problems of absence of global solutions for different classes of differential
equations and inequalities are important in theory and applications, that’s why
they are constantly attracting the attention of mathematicians. A lot of research
has been dedicated to these problems (see [26]).

In 1966, Fujita in his famous work [16] considered the following problem:

∂u

∂t
= ∆u+ uq, (x, t) ∈ Rn × (0,+∞), (1.4)

u |t=0 = u0(x) ≥ 0, x ∈ Rn, (1.5)

where q > 1, u0(x) is a continuous bounded function. As is known, for every q > 1
there exists T = T (u0) such that the problem (1.4), (1.5) has a classical solution
in the cylinder Rn×(0, T ). The question is: what happens when T = +∞? Fujita
proved that if 1 < q < qcr = 1 + 2

n , then for every u0 there exists T0 = T0(u0) <

∞ such that lim
t→T0−0

sup
Rn
u(x, t) = +∞. He also proved that if q > qcr, then for

sufficiently small u0 the global solution does exist, i.e. T = +∞. Later, Hayakawa
[19] and Kobayashi [21] showed that in case q = 1+ 2

n the global solutions also do
not exist. So there is a value of the exponent of nonlinearity such that the global
solution may exist or not depending on this value. In mathematical literature,
such a value is referred to as a “critical exponent of nonlinearity”.

Fujita’s famous work mentioned above marked the beginning of a significant
development in the field of how the size of nonlinearity affects the existence or
nonexistence of a global solution. Various generalizations of Fujita’s work have
been made. For example, Rn was replaced by different bounded or unbounded
domains, the Laplace operator was replaced by other differential operators, the
nonlinearity in the equation (1.4) was replaced by the one of a different type (for
more detail, see [7, 13, 26, 28]).

Another generalization of Fujita’s result is to explore the existence of global
positive solutions to the system of semilinear Fujita-type equations. For example,
M. Escobedo and M. A. Herrero[14] considered the following initial value problem:{

∂u
∂t = ∆u+ vq1
∂v
∂t = ∆v + uq2

(x, t) ∈ Rn × (0,+∞),

u|t=0 = u0(x), v|t=0 = v0(x), x ∈ Rn,

where q1 > 0, q2 > 0 , u0(x), v0(x) are continuous, bounded and non-negative

functions. It was proved that if q1q2 > 1, then for max
(

q1+1
q1q2−1 ,

q2+1
q1q2−1

)
≥ n

2

there is no non-negative global solution for any non-trivial initial data, and for

max
(

q1+1
q1q2−1 ,

q2+1
q1q2−1

)
< n

2 there exist both non-trivial global solutions and non-

global solutions. Besides, in case q1q2 < 1 all non-negative solutions are global.
The absence of global solutions to the system of nonlinear Fujita-type equations
has been also considered in, e.g., [2, 3, 6, 11, 15, 27].

In this work, we study the system of equations of higher order with respect to
time variable including a biharmonic operator with respect to spatial variables
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and a singular potential. The problems considered in this work have been earlier
studied in [4, 5, 8, 9, 17, 22, 23, 25, 29].

Note that the semilinear stationary and non-stationary equations with a bi-
harmonic operator in principal part have also been considered by many authors
(see, e.g., [4, 6, 12, 24, 30, 31, 32]).

As for the existence or non-existence of solutions to the higher order (with
respect to time) evolution inequalities, a number of works have been done in this
field. For example, El Hamidi and Laptev [18] treated the non-existence of weak
solutions to higher order evolution inequalities of the following form:{

∂ku
∂tk

−∆u+ C
|x|2u ≥ |u|q in Rn × (0,∞) ,

∂k−1u
∂tk−1 (0, x) ≥ 0 in Rn,

where n > 2, q > 1, C ≥ −
(
n−2
2

)2
.

In [10], Caristi considered the evolution inequality of the form

∂ku

∂tk
− |x|σ ∆mu ≥ |u|q in Rn × (0,∞) ,

where n > 2,m is a positive integer, q > 1, σ ≤ 2m.
In [1, 20], the existence and nonexistence of global solutions to the evolution

inequality

∂ku

∂tk
−∆(|u|m−1 u) +

C

|x|2
(x · ∇(|u|m−1 u) ≥ |x|α |u|q

have been studied in Ω × (0,∞), where Ω ⊂ Rn is an exterior of a ball or a
semiball, k ≥ 1, n ≥ 2, q > m ≥ 1, C, σ ∈ R.

Our aim in this work is to generalize the results of [6], where the case k = 1
is considered, and to find an exact critical exponent of the absence of global
solution for k ≥ 1 using also the test function method developed by Mitidieri and
Pohozaev in [25, 26].

2. Main result and its proof

For simplicity, we will use the following notations:

Di =
√
(n− 2)2 + Ci, λ±i =

√(
n− 2

2

)2

+ 1±Di,

µi =
1

2

(
1 +

Di − λ+i
λ−i

)
, µ̄i =

1

2

(
1−

Di − λ+i
λ−i

)
,

αi =
λ−i + σi +

n−4
2

λ−j + n−4
2

, βi =
λ−i + σi +

n+4
2 + 4

k

λ−j + n−4
2

, γi =
4− 4

k

λ−i + n−4
2

,

θi =
σi + 4 + qi(σj + 4)

q1q2 − 1
− λ−i − n− 4

2
− 4

k
, i, j = 1, 2, i ̸= j.

Consider the functions

ξi(x) = µi |x|−
n−4
2

+λ−
i + µ̄i |x|−

n−4
2

−λ−
i − |x|−

n−4
2

−λ+
i , i = 1, 2.
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It is easy to see that the function ξi(x) is a solution of the equation

∆2u− Ci

|x|4
u = 0 (2.1)

in Rn\{0} and

ξi = 0,
∂ξi
∂r

= Di ≥ 0,∆ξi = 0,
∂(∆ξi)

∂r
= Di ≤ 0 (2.2)

for |x| = 1.
Our main result is the following theorem:

Theorem 2.1. Let n > 4, qi > 1, k ≥ 1, σi ∈ R, 0 ≤ Ci <
(
n(n−4)

4

)2
, i = 1, 2

and the following conditions be satisfied:

(1) q1 > max(1, α1), q2 > max(1, α2) and max(θ1, θ2) ≥ 0,
(2) k = 1;α2 > 1, q2 ≤ α2,(q1, q2) ∈ (1, β1] × (1, α2]\{β1, α2} and

α1 > 1, q1 ≤ α1, (q1, q2) ∈ (1, α1]× (1, β2]\{α1, β2},
(3) k > 1;α2 > 1, q2 ≤ α2,q1 > 1, q2 ∈

[
max

(
1, 1

γ2

(
1− β1

q1

))
, α2

]
\{1}

for α2γ2 ≥ 1, and q1 ∈
(
1, β1

1−α2γ2

)
, q2 ∈

[
max

(
1, 1

γ2

(
1− β1

q1

))
, α2

]
\{1}

for α2γ2 < 1,

(4) k > 1;α1 > 1, q1 ≤ α1 q2 > 1, q1 ∈
[
max

(
1, 1

γ1

(
1− β2

q2

))
, α1

]
\{1}

for α1γ1 ≥ 1, and q2 ∈
(
1, β2

1−α1γ1

)
, q1 ∈

[
max

(
1, 1

γ1
(1− β2

q2

)
, α1

]
\{1}

for α1γ1 < 1.
If (u1(x, t), u2(x, t)) is a solution of the problem (1.1)-(1.3), then u1 ≡
0,u2 ≡ 0.

Proof. Let (u1(x, t), u2(x, t)) be the solution of the problem (1.1)-(1.3). Con-
sider the following functions:

φ(x) =


1, if 1 ≤ |x| ≤ ρ,(
1
2 cosπ

(
|x|
ρ − 1

)
+ 1

2

)κ
, if ρ ≤ |x| ≤ 2ρ,

0, if |x| ≥ 2ρ,

Tρ(t) =


1, if 1 ≤ t ≤ ρ

4
k ,(

1
2 cosπ

(
ρ−

4
k t− 1

)
+ 1

2

)γ
, if ρ

4
k ≤ t ≤ 2ρ

4
k ,

0, if t ≥ 2ρ
4
k ,

where κ, γ are sufficiently large positive constants, and κ is such that for |x| = 2ρ

φ =
∂φ

∂r
=
∂2φ

∂r2
=
∂3φ

∂r3
= 0. (2.3)

For simplicity, assume R = 1. Let’s multiply the first equation by ψ1(x, t) =
Tρ(t)ξ1(x)φ(x), and the second one by ψ2(x, t) = Tρ(t)ξ2(x)φ(x), and then inte-
grate over Q′

1. After integration by parts, we obtain:∫∫
Q′

1

|x|σi |uj |qi Tρ(t)ξi(x)φ(x)dxdt = (−1)k
∫∫

Q′
1

uiξiφ
dkTρ
dtk

dxdt+
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+

∫∫
Q′

1

uiTρ∆
2(ξiφ)dxdt−

∫∫
Q′

1

Ci

|x|4
uiTρξiφdxdt−

∫
B′

1

uk−1
i0 (x)ξi(x)φ(x)dx+

+

∫ 2ρ
4
k

0
Tρ(t)

[∫
∂B1,2ρ

∂(∆ui)

∂ν
ξiφds−

∫
∂B1,2ρ

∆ui
∂(ξiφ)

∂ν
ds+

+

∫
∂B1,2ρ

∂ui
∂ν

∆(ξiφ)ds−
∫
∂B1,2ρ

ui
∂

∂ν
∆(ξiφ)ds

]
dt , (2.4)

where ν is an outward unit normal vector to ∂B1,2ρ, i, j = 1, 2, i ̸= j.
To avoid repetition, in what follows we will assume i, j = 1, 2, i ̸= j, and we

will use the same constant C in all formulas, although in reality C is different in
different formulas.

Using (2.2), (2.3), let’s estimate the integrals inside square brackets in (2.4):∫
∂B1,2ρ

∂(∆ui)

∂ν
ξiφds = 0,

−
∫
∂B1,2ρ

∆ui
∂(ξiφ)

∂ν
ds = −

∫
|x|=1

∆ui
∂(ξiφ)

∂ν
ds =

=

∫
|x|=1

∆ui

(
∂ξi
∂r

φ+ ξi
∂φ

∂r

)
ds =

∫
|x|=1

∆ui
∂ξi
∂r

ds ≤ 0,∫
∂B1,2ρ

∂ui
∂ν

∆(ξiφ)ds =

∫
∂B1,2ρ

∂ui
∂ν

(∆ξiφ+ 2(∇ξi,∇φ) + ξi∆φ)ds =

= −
∫
|x|=1

∂ui
∂r

∆ξids = 0,

−
∫
∂B1,2ρ

ui
∂

∂ν
(∆(ξiφ))ds = −

∫
|x|=1

ui
∂

∂ν
(∆(ξiφ))ds =

=

∫
|x|=1

ui
∂(∆ξi)

∂r
ds ≤ 0.

Since ∫
B′

1

uk−1
i0 (x)ξi(x)φ(x)dx ≥ 0 and

∫ ∞

0
Tρ(t)dt ≥ 0,

taking into account that ξi are the solutions of (2.1) and using the estimates
obtained from (2.4), we obtain∫∫

Q′
1

|x|σi |uj |qi Tρ(t)ξi(x)φ(x)dxdt ≤ (−1)k
∫∫

Q′
1

uiξiφ
dkTρ
dtk

dxdt+

+

∫∫
Q′

1

uiTρ∆
2(ξiφ)dxdt−

∫∫
Q′

1

Ci

|x|4
uiTρξiφdxdt =

= (−1)k
∫∫

Q′
1

uiξiφ
dkTρ
dtk

dxdt+

∫∫
Q′

1

uiTρφ

(
∆2ξi −

Ci

|x|4
ξi

)
dxdt+

+

∫∫
Q′

1

uiTρ [4(∇(∆ξi),∇φ) + 4(∇ξi,∇(∆φ)+
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+2∆ξi∆φ+ 4
n∑

k,m=1

∂2ξi
∂xk∂xm

∂2φ

∂xk∂xm

 dxdt ≤
≤ (−1)k

∫ 2ρ
4
k

ρ
4
k

∫
B′

1

uiξiφ
dkTρ
dtk

dxdt+

∫ 2ρ
4
k

0

∫
Bρ,2ρ

uiTρHi(ξi, φ)dxdt, (2.5)

where H(ξi, φ) means the expression inside square brackets, i.e.

H(ξi, φ) = 4(∇(∆ξi),∇φ) + 4(∇ξi,∇(∆φ) + 2∆ξi∆φ+ 4
n∑

l,s=1

∂2ξi
∂xl∂xs

∂2φ

∂xl∂xs
.

Now, Using Hölder’s inequality, let’s estimate the right-hand side of (2.5). Then
we obtain ∫∫

Q′
1

|x|σi |uj |qi Tρξiφdxdt ≤

≤

∫ 2ρ
4
k

ρ
4
k

∫
B′

1

|x|σj |ui|qj Tρξjφdxdt

 1
qj

∫ 2ρ
4
k

ρ
4
k

∫
B′

1

∣∣∣dkTρ

dtk

∣∣∣q′j ξq′ji
T
q′j−1
ρ |x|σj(q′j−1) ξ

q′j−1

j

dxdt


1
q′
j

+

+

∫ 2ρ
4
k

0

∫
Bρ,2ρ

|x|σj |ui|qj Tρξjφdxdt

 1
qj

×

×

∫ 2ρ
4
k

0

∫
Bρ,2ρ

|Hi(ξi, φ)|q
′
j Tρ

|x|σj(q′j−1) ξ
q′j−1

j φq′j−1
dxdt

 1
q′
j

, (2.6)

where 1
qj

+ 1
q′j

= 1.

Denote the second integral in the first term by Ii, and the second one in the
second term by Ji. From (2.6) we obtain:∫∫

Q′
1

|x|σ1 |u2|q1 Tρξ1φdxdt ≤

≤

(∫∫
Q′

1

|x|σ2 |u1|q2 Tρξ2φdxdt

) 1
q2

[
I

1
q′2
1 + J

1
q′2
1

]
, (2.7)∫∫

Q′
1

|x|σ2 |u1|q2 Tρξ2φdxdt ≤

≤

(∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1φdxdt

) 1
q1

[
I

1
q′1
2 + J

1
q′1
2

]
. (2.8)

Considering these inequalities and using (2.6) again, we obtain:

∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1φdxdt ≤


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 Tρξ1φdxdt

 1
q1

I

1
q′1
2 +



ABSENCE OF GLOBAL SOLUTIONS . . . 251

+

∫ 2ρ
4
k

0

∫
Bρ,2ρ

|x|σ1 |u2|q1 Tρξ1φdxdt

 1
q1

J

1
q′1
2


1
q2 [

I

1
q′2
1 + J

1
q′2
1

]
, (2.9)

∫∫
Q′

1

|x|σ2 |u1|q2 Tρξ2φdxdt ≤


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ2 |u1|q2 Tρξ2φdxdt

 1
q2

I

1
q′2
1 +

+

∫ 2ρ
4
k

0

∫
Bρ,2ρ

|x|σ2 |u1|q2 Tρξ2φdxdt

 1
q2

J

1
q′2
1


1
q1 [

I

1
q′1
2 + J

1
q′1
2

]
. (2.10)

Substituting (2.8) in (2.7) and (2.7) in (2.8), we have∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1φdxdt ≤

≤

(∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1φdxdt

) 1
q1q2

[
I

1
q′2
1 + J

1
q′2
1

] [
I

1
q′1
2 + J

1
q′1
2

] 1
q2

×

×
∫∫

Q′
1

|x|σ2 |u1|q2 Tρξ2φdxdt ≤

≤

(∫∫
Q′

1

|x|σ2 |u1|q2 Tρξ2φdxdt

) 1
q1q2

[
I

1
q′1
2 + J

1
q′1
2

] [
I

1
q′2
1 + J

1
q′2
1

] 1
q1

.

Then∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1φdxdt ≤

[
I

1
q′2
1 + J

1
q′2
1

] q1q2
q1q2−1

[
I

1
q′1
2 + J

1
q′1
2

] q1
q1q2−1

, (2.11)

∫∫
Q′

1

|x|σ2 |u1|q2 Tρξ2φdxdt ≤

[
I

1
q′1
2 + J

1
q′1
2

] q1q2
q1q2−1

[
I

1
q′2
1 + J

1
q′2
1

] q2
q1q2−1

. (2.12)

Making the changes

t = ρ
4
k τ, τ = ρs, x = ρy, T̃ (τ) = Tρ(ρ

4
k τ),

ξ̃i(y) = ξi(ρy), φ̃(y) = φ(ρy),

let’s estimate the right-hand sides of (2.11) and (2.12).
Let’s first estimate the integrals Ii, i = 1, 2:

Ii =

∫ 2ρ
4
k

ρ
4
k

∫
B′

1

∣∣∣dkTρ

dtk

∣∣∣q′j ξq′ji φ
T
q′j−1
ρ |x|σj(q′j−1) ξ

q′j−1

j

dxdt ≤

≤
∫ 2ρ

4
k

ρ
4
k

∣∣∣dkTρ

dtk

∣∣∣q′j
T
q′j−1
ρ

dt

∫
B′

1

ξ
q′j
i

|x|σj(q′j−1) ξ
q′j−1

j

dx ≤
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≤ Cρ−4q′j+
4
k

∫ 2

1

∣∣∣dkT̃dτk

∣∣∣q′j
T̃
q′j−1
ρ

dτ

∫
B′

1

ξ
q′j
i

|x|σj(q′j−1) ξ
q′j−1

j

dx ≤

≤ Cρ−4q′j+
4
k Ĩj(T̃ )

∫
B′

1

ξ
q′j
i

|x|σj(q′j−1) ξ
q′j−1

j

dx, (2.13)

where Ĩj(T̃ ) =
∫ 2
1

∣∣∣ dkT̃

dτk

∣∣∣q′j
T̃

q′
j
−1

ρ

dτ .

Estimating the last integral in (2.13) as in [6], we obtain:∫
B′

1

ξ
q′j
i

|x|σj(q′j−1) ξ
q′j−1

j

dx ≤ C

∫ 2ρ

1
rλ

−
i q′j−λ−

j (q′j−1)−σj(q
′
j−1)+n+4

2
−1dr =

= C

∫ 2ρ

1
r

q′j
qj

(λ−
i qj−λ−

j −σj+
n+4
2

(qj−1))−1
dr ≤ C

 ρ

q′j
qj

ηi
, if ηi > 0

ln(2ρ), if ηi = 0
1 , if ηi < 0,

(2.14)

where ηi = λ−i qj − λ−j − σj +
n+4
2 (qj − 1).

By (2.14), from (2.13) we have

Ii ≤ C


Ĩj(T̃ )ρ

−4q′j+
4
k
+

q′j
qj

ηi
, if ηi > 0

Ĩj(T̃ ) ln(2ρ)ρ
−4q′j+

4
k , if ηi = 0

Ĩj(T̃ ) ρ
−4q′j+

4
k , if ηi < 0 .

(2.15)

Using (2.13) and the estimates for each term Hi(ξi, φ) obtained in [6], let’s esti-
mate Ji, i = 1, 2.

Ji =

∫ 2ρ
4
k

0

∫
Bρ,2ρ

|Hi(ξi, φ)|q
′
j Tρ

|x|σj(q′j−1) ξ
q′j−1

j φq′j−1
dxdt ≤

≤
∫ 2ρ

4
k

0
Tρdt

∫
Bρ,2ρ

|Hi(ξi, φ)|q
′
j

|x|σj(q′j−1) ξ
q′j−1

j φq′j−1
dx ≤

≤ Cρ(−
n−4
2

+λ−
i −4)q′j−σj(q

′
j−1)−(− n−4

2
+λ−

j )(q
′
j−1)+n+ 4

k×

×
∫ 2

1

(
∣∣∣d3φ̃ds3

∣∣∣+ ∣∣∣ dφ̃ds2 ∣∣∣+ ∣∣∣dφ̃ds ∣∣∣)q′j
sσj(q′j−1)φ̃q′j−1

ds ≤

≤ Cρ−4q′j+
4
k
+λ−

i q′j−λ−
j (q′j−1)−σj(q

′
j−1)+n+4

2 J̃j(φ̃) = Cρ
−4q′j+

4
k
+

q′j
qj

ηi
J̃j(φ̃), (2.16)

where J̃j(φ̃) means the last integral.
Now, using (2.15), (2.16), let’s estimate the right-hand sides of (2.11), (2.12).

As is known, the integrals Ĩj(T̃ ), J̃j(φ̃) are bounded for large values of k and γ
(see [26]). Depending on the sign of ηi, let’s consider different cases.

I. Assume α1 > 1, α2 > 1 and consider the following cases:
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(a) η1 ≤ 0, η2 ≤ 0. This means q1 ≤ α1, q2 ≤ α2. Then, in view of (2.15), (2.16),
from (2.11), (2.12) we obtain∫

Q′
1

∫
|x|σi |uj |qi Tρξiφdxdt ≤

≤ Cρ
− 4qi

q1q2−1
(qj+1)+ 4

k

[
f

1
q′
j

i Ĩ

1
q′
j

i + J̃

1
q′
j

i

] q1q2
q1q2−1

[
f

1
q′
i

j Ĩ

1
q′
i

j + J̃

1
q′
i

j

] qi
q1q2−1

≤

≤ Cρ
−

q1q2(4− 4
k
)+4qi+

4
k

q1q2−1

[
f

1
q′
j

i Ĩ

1
q′
j

i + Ĩ

1
q′
j

i

] q1q2
q1q2−1

[
f

1
q′
i

j Ĩ

1
q′
i

j + Ĩ

1
q′
i

j

] qi
q1q2−1

,

where

fi(ρ) =

{
1, if ηi < 0,
ln(2ρ), if ηi = 0.

Making ρ tend to +∞, we have∫
Q′

1

∫
|x|σi |uj |qi Tρξiφdxdt ≤ 0.

Then u1 ≡ 0, u2 ≡ 0.
(b) Now let η1 > 0, η2 > 0. This means q1 > α1, q2 > α2. Using (2.15), (2.16)

again, from (2.11), (2.12) we obtain∫∫
Q′

1

|x|σi |uj |qi Tρξiφdxdt ≤

≤ Cρ

(
−4q′j+

4
k
+

q′j
qj

ηi

)
1
q′
j

qiqj
q1q2−1

ρ

(
−4q′i+

4
k
+

q′i
qi
ηj

)
1
q′
i

qi
q1q2−1×

×

[
I

1
q′
j

j (T̃ ) + J̃

1
q′
j

j (T̃ )

] q1q2
q1q2−1

[
Ĩ

1
q′
i

i (T̃ ) + J̃

1
q′
i

i (T̃ )

] q1
q1q2−1

≤

≤ Cρ

(
−4qj+

4
k

qj

q′
j
+ηi

)
qi

q1q2−1
+

(
−4qi+

4
k

qi
q′
i
+ηj

)
1

q1q2−1
=

= Cρ
1

q1q2−1 [−4qiqj−4qi+
4
k
(qj−1)qi+

4
k
(qi−1)+ηiqj+ηj] =

= Cρ
1

q1q2−1 [−4(q1q2−1)−4(qi+1)+ 4
k
(q1q2−1)+ηiqj+ηj] =

= Cρ
1

q1q2−1 [−(4− 4
k
)(q1q2−1)−4(qi+1)+λ−

i qiqj−σjqi+
n+4
2

qiqj−λ−
i −σi− n+4

2 ] =

= Cρ
− 1

q1q2−1 [(4−
4
k
)(q1q2−1)+4(qi+1)−λ−

i (q1q2−1)+σi+σjqi−n+4
2

(qiqj−1)] =

= Cρ
− 1

q1q2−1 [(4−
4
k
−n+4

2
−λ−

i )(q1q2−1)+σi+4+qi(σj+4)] =

= Cρ
−
[
σi+4+qi(σj+4)

q1q2−1
−λ−

i −n−4
2

− 4
k

]
= Cρ−θi . (2.17)

Assume max(θ1, θ2) > 0. For definiteness, let θ1 > 0. Then for i = 1 it follows
from (2.17) that ∫∫

Q′
1

|x|σ1 |u2|q1 Tρξ1φdxdt ≤ Cρ−θ1 .
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Making ρ tend to +∞, we have∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1dxdt ≤ 0.

So u2 ≡ 0. Then it follows from the second equation of the system that u1 ≡ 0.
For θ2 > 0, we similarly obtain u1 ≡ 0,u2 ≡ 0. Now let max(θ1, θ2) = 0. Consider,
for example, θ1 = 0. Then it follows from (2.17) that∫∫

Q′
1

|x|σ1 |u2|q1 Tρξ1dxdt ≤ C.

From the properties of integral it follows∫ ∞

0

∫
Bρ,2ρ

|x|σ1 |u2|q1 ξ1dxdt→ 0, (2.18)

∫ 2ρ
4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 ξ1dxdt→ 0. (2.19)

Then, taking into account (2.18) and (2.19), from (2.9) we obtain

∫∫
Q′

1

|x|σ1 |u2|q1 Tρξ1φdxdt ≤


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 ξ1φdxdt

 1
q1

I

1
q′1
2 +

+

(∫ ∞

0

∫
B′

1

|x|σ1 |u2|q1 ξ1φdxdt

) 1
q1

J

1
q′1
2


1
q2
[
I

1
q′2
1 + J

1
q′2
1

]
≤

≤ Cρ

(
−4q′1+

4
k
+

q′1
q1

η2

)
1

q′1q2
+

(
−4q′2+

4
k
+

q′2
q2

η1

)
1
q′2 ×

×


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 ξ1φdxdt

 1
q′1

Ĩ

1
q′1
1 +

+

(∫ ∞

0

∫
Bρ,2ρ

|x|σ1 |u2|q1 ξ1φdxdt

) 1
q1

J̃

1
q′1
2


1
q2
[
Ĩ

1
q′2
2 + J̃

1
q′2
2

]
≤

≤ Cρ
1

q1q2
(−4q1(q2+1)+ 4

k
(q1q2−1)+η2+q1η1)×

×


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 ξ1φdxdt

 1
q′1

Ĩ

1
q′1
1 +

+

(∫ ∞

0

∫
Bρ,2ρ

|x|σ1 |u2|q1 ξ1φdxdt

) 1
q1

J̃

1
q′1
2


1
q2
[
Ĩ

1
q′2
2 + J̃

1
q′2
2

]
≤
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≤ Cρ
− q1q2−1

q1q2
θ1


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 ξ1φdxdt

 1
q′1

Ĩ

1
q′1
1 +

+

(∫ ∞

0

∫
Bρ,2ρ

|x|σ1 |u2|q1 ξ1φdxdt

) 1
q1

J̃

1
q′1
2


1
q2
[
Ĩ

1
q′2
2 + J̃

1
q′2
2

]
≤

≤ C


∫ 2ρ

4
k

ρ
4
k

∫
B′

1

|x|σ1 |u2|q1 ξ1φdxdt

 1
q′1

Ĩ

1
q′1
1 +

+

(∫ ∞

0

∫
Bρ,2ρ

|x|σ1 |u2|q1 ξ1φdxdt

) 1
q1

J̃

1
q′1
2


1
q2
[
Ĩ

1
q′2
2 + J̃

1
q′2
2

]
→ 0.

So, we again have ∫∫
Q′

1

|x|σ1 |u2|q1 ξ1φdxdt ≤ 0.

Then u2 ≡ 0, and, consequently, u1 ≡ 0. If θ2 = 0, we can similarly obtain
u1 ≡ 0,u2 ≡ 0.

(c) Now let’s consider the cases where ηi ≤ 0, ηj > 0. Let first η1 ≤ 0, η2 > 0.
This means q1 > α1, q2 ≤ α2. Then from (2.11), (2.12) it follows that∫∫

Q′
1

|x|σ1 |u2|q1 ξ1φdxdt ≤

≤ Cρ
− 1

q1q2−1 [(4−
4
k )(q1q2−1)+4(q1+1)−η2]×

×

[
f

1
q′2
1 Ĩ

1
q′2
2 + J̃

1
q′2
2

] q1q2
q1q2−1

[
Ĩ

1
q′1
1 + J̃

1
q′1
1

] q1
q1q2−1

. (2.20)

So, if η1 ≤ 0,η2 <
(
4− 4

k

)
(q1q2 − 1)+ 4 (q1 + 1) , then, making ρ tend to +∞,

from (2.20) we have ∫∫
Q′

1

|x|σ1 |u2|q1 ξ1φdxdt ≤ 0

and, consequently, u1 ≡ 0,u2 ≡ 0. If η1 < 0,η2 =
(
4− 4

k

)
(q1q2 − 1) + 4 (q1 + 1) ,

then from (2.20) it follows that∫∫
Q′

1

|x|σ1 |u2|q1 ξ1φdxdt ≤ C.

Then, as in the case (b), we can show that u1 ≡ 0, u2 ≡ 0.
Note that the conditions η1 < 0,0 < η2 ≤

(
4− 4

k

)
(q1q2 − 1) + 4 (q1 + 1) are

equivalent to the conditions q2 < α2, α1 < q1 ≤ γ2q1q2 + β1, and the conditions
η1 = 0, 0 < η2 <

(
4− 4

k

)
(q1q2 − 1) + 4 (q1 + 1) are equivalent to the conditions

q2 = α2, α1 < q1 < γ2q1q2 + β1. Since γ2 = 0 for k = 1, it is obvious that
in this case the solution does not exist if (q1, q2) ∈ (1, β1] × (1, α2]\{β1, α2}.
In case k > 1, let’s rewrite the inequality q1 ≤ γ2q1q2 + β1 as q2 ≥ 1

γ2
− β1

γ2
1
q1

=

1
γ2

(
1− β1

q1

)
. Since q2 > 1, for q1 ≤ β1 this inequality always holds, and, therefore,
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for (q1, q2) ∈ (1, β1] × (1, α2] the solution also does not exist. If q1 > β1, we
have to separately consider the cases γ2 < 1, γ2 ≥ 1. In case γ2 ≥ 1, we

have 1
γ2

(
1− β1

q1

)
< 1 for every q1 > β1, and therefore there is no solution for

q1 > α1, 1 < q2 ≤ α2. If γ2 < 1, then for 1 ≤ γ2α2 the solution does not exist

when α1 < q1 ≤ β1

1−γ2
, 1 < q2 ≤ α2 and q1 >

β1

1−γ2
, 1
γ2

(
1− β1

q1

)
≤ q2 ≤ α2, and

for 1 > γ2α2 the solution does not exist when α1 < q1 ≤ β1

1−γ2
, 1 < q2 ≤ α2 and

β1

1−γ2
< q1 <

β1

1−α2γ2
, 1
γ2

(
1− β1

q1

)
≤ q2 ≤ α2.

Now let η1 > 0,η2 ≤ 0. Then, similar to the previous case, we come to conclu-
sion that for η2 < 0, 0 < η1 ≤

(
4− 4

k

)
(q1q2 − 1) + 4(q2 + 1) and for η2 = 0,

0 < η1 <
(
4− 4

k

)
(q1q2 − 1) + 4(q2 + 1) the solution is identically zero.

Rewrite the conditions η2 < 0,0 < η1 ≤
(
4− 4

k

)
(q1q2 − 1) + 4(q2 + 1) in

the form q1 < α1, α2 < q2 ≤ γ1q1q2 + β2, and the conditions η2 = 0,0 < η1 <(
4− 4

k

)
(q1q2 − 1)+4(q2+1) in the form q1 = α1, α2 < q2 ≤ γ1q1q2+β2. Then, for

k = 1 the solution does not exist if (q1, q2) ∈ (1, α1]×(1, β2]\{α1, β2}. In case k >

1, having rewritten the inequality q2 ≤ γ1q1q2 + β2 as q1 ≥ 1
γ1

(
1− β2

q2

)
, we also

come to conclusion that the solution does not exist when (q1, q2) ∈ (1, α1]×(1, β2].
And if q2 > β2, then, similar to the previous, we can assert that for γ1 > 1 with
q2 > α2, 1 < q1 ≤ α1, and for γ1 < 1 with α2 < q2 ≤ β2

1−γ1
, 1 < q1 ≤ α1 and

q2 >
β2

1−γ1
, 1
γ1

(
1− β2

q2

)
≤ q1 ≤ α1 in case 1 ≤ γ1α1 and with α2 < q2 ≤ β2

1−γ1
,

1 < q1 ≤ α1 and β2

1−γ1
< q2 <

β2

1−α1γ1
, 1
γ1

(
1− β2

q2

)
≤ q1 ≤ α1 in case 1 > γ1α1,

the solution does not exist.
II. Now let α1 ≤ 1, α2 > 1. Since q1 > 1, we have to consider the cases

η1 ≤ 0, η2 > 0 and η1 > 0,η2 > 0. For η1 ≤ 0, η2 > 0, similar to the previous
case, u1 ≡ 0,u2 ≡ 0 if η1 < 0, η2 ≤

(
4− 4

k

)
(q1q2 − 1) + 4 (q1 + 1) and η1 = 0,

η2 <
(
4− 4

k

)
(q1q2 − 1) + 4 (q1 + 1) .

Similarly we can make a conclusion that for k = 1 the solution does not exist
if (q1, q2) ∈ (1, β1] × (1, α2]\{β1, α2}, while for k > 1 the solution does not exist
in the following cases:

q1 > 1, q2 ∈
[
max

(
1, 1

γ2

(
1− β1

q1

))
, α2

]
\{1}, if α2γ2 ≥ 1 and q1 ∈

(
1, β1

1−α2γ2

)
,

q1 ∈
(
1, β1

1−α2γ2

)
, q2 ∈

[
max

(
1, 1

γ2

(
1− β1

q1

))
, α2

]
\{1}, if α2γ2 < 1.

Now let η1 > 0, η2 > 0. Then, as in case (b), it is easy to see that u1 ≡ 0,
u2 ≡ 0 if q1 > 1, q2 > α2, max{θ1, θ2} ≥ 0.

III. Let α1 > 1, α2 ≤ 1. Then we have to consider the cases η1 > 0, η2 ≤ 0
and η1 > 0, η2 > 0. When η1 > 0, η2 ≤ 0, we similarly come to conclu-
sion that for k = 1 there is no solution if (q1, q2) ∈ (1, α1] × (1, β2]\{α1, β2},
while for k > 1 the solution does not exist in the following cases: q2 > 1, q1 ∈[
max

(
1, 1

γ1

(
1− β2

q2

))
, α1

]
\{1} if α1γ1 ≥ 1, and q2 ∈

(
1, β2

1−α1γ1

)
,

q1 ∈
[
max

(
1, 1

γ1
(1− β2

q2

)
, α1

]
\{1} if α1γ1 < 1.

When η1 > 0, η2 > 0, then for q1 > α1, 1 < q2, max{θ1, θ2} ≥ 0 the solution
does not exist.
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IV. Let α1 ≤ 1, α2 ≤ 1. Here we have to consider only the case η1 > 0, η2 > 0.
Then u1 ≡ 0, u2 ≡ 0 if max{θ1, θ2} ≥ 0.

So the theorem is completely proved.
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