Proceedings of the Institute of Mathematics and Mechanics,
National Academy of Sciences of Azerbaijan

Volume 51, Number 2, 2025, Pages 277-293
https://doi.org/10.30546/2409-4994.2025.51.2.4108

A CUBATURE FORMULA FOR A CLASS OF VECTOR
POTENTIALS WITH SINGULAR KERNELS

ELNUR H. KHALILOV AND VAFA O. SAFAROVA

Abstract. In this work, a cubature formula is constructed for a class
of vector potentials with singular kernels, and error estimates for the
constructed cubature formulas are provided.

1. Introduction

It is known (see [2, pp. 153-154]) that the internal and external electric bound-
ary value problems, as well as the internal and external magnetic boundary value
problems, are reduced to a system of integral equations dependent on vector
potentials:

(Ff)(z) = 2/divx {®r (2, 9) [n(v), f (W]} dQy, == (z1,22,23) €2, (1.1)

2 (x),roty {®k (z, y) g(y)}) dQy, z = (z1,22,23) € Q, (1.2)
)

Q

(G9) @) =2 [ (n
Q

(KX (z) = 2/[n (), grad, {®x (z, y) A(y)}]dQy, == (x1,z2,23) € Q, (1.3)
Q

and
(Tp) (z) = —2§£ [n(z),[n(z),rotz { Pk (z, y) 1 (y)n(y)}]dy,

(1.4)
x = (x1, x2, x3) € Q,

where 0 C R? is the Lyapunov surface, n(z) = (nj (z),n2(x),n3(z)) is the
outward unit normal at point x € Q, f(x) = (f1(z), f2(x), f3(x)) and g (x) =
(g1 (), 92 (z),g3(x)) are vector functions continuous on the surface 2, while
A(z) and p(z) are scalar functions continuous on the surface 2. The notation
[a,b] denotes the cross product of vectors a and b, and (a,b) —denotes the dot
product;

exp (ik |z — yl)

) x?y€R37 x#y7
A |z — y|

Oy (z, y) =
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is the fundamental solution of the Helmholtz equation Au + k*u = 0, A is the
Laplace operator, and k is the wave number, where Im k > 0.

Since in many cases it is impossible to find exact solutions to the integral
equations, the study of approximate solutions to these integral equations becomes
of interest. To find an approximate solution, it is first necessary to construct
cubature formulas for the integrals involved in these equations. It is worth noting
that the counterexample constructed by A.M. Lyapunov (see [3, pp. 89-90])
demonstrates that for single-layer and double-layer potentials with continuous
density, the derivative, generally speaking, does not exist. Consequently, the
operators F', G, K and T are not defined in the space of continuous functions
on the surface €. It is worth noting that in [1], by considering the derivative
of the double-layer potential as a hypersingular integral, a cubature formula for
the normal derivative of the double-layer potential was constructed. It should
be noted that the cubature formula constructed in [1] is not practical in the
sense that its coefficients are singular integrals. However, in [6], the existence of
the normal derivative of the acoustic double-layer potential in the sense of the
Cauchy principal value is demonstrated, and a formula for computing the normal
derivative of the acoustic double-layer potential is provided. Furthermore, in [5],
a cubature formula for the normal derivative of the acoustic single-layer potential
is constructed, while in [7], a cubature formula for the normal derivative of the
acoustic double-layer potential is developed. In the present work, the convergence
of integrals (1.1) — (1.4) in the sense of the Cauchy principal value is proven, and
cubature formulas for these integrals are constructed.

2. On the convergence of integrals (1.1) — (1.4)
Let us introduce the modulus of continuity of the function f € C'(Q):

w(f,é)zésupm, 0 >0,

>0 T

where

@(fir) = max [f(z) = f(y)l,

lz—y|<T,
z,y€ef)

F@) = F @l =V @) = fr @)+ @) = fo )+ (s (2) — f5 (1)),

and C (2) denotes the space of all continuous functions on the surface Q with the
norm |, = ma |f (2) |
Theorem 2.1. Let Q C R? be a Lyapunov surface with exponent 0 < oo < 1 and

diam Q)
t
/ w({,)dt < +oo.

0
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Then the integral (1.1) exists in the sense of the Cauchy principal value, and
diam Q

sl (F) @) <20 (Il + [ <D

€N
0

Proof: It is obvious that

(F1) @) =2 [ (P g ) £y () = s () £ ) +

ox1
Q
OB (g 4) 1y () = 1 ) s () +
PO 0 ) ) o () £ ) ) a2,
x3

First, we prove that under the conditions of the theorem, the integral

A@=2[ O @2 Y) (1 () fa (y) — 3 () o () Yy

3:1)1
Q

exists in the sense of the Cauchy principal value.

Let us denote by d > 0 the radius of the standard sphere for Q (see [9, pp.
400]) and let Q. (z) = {y € Q: |x —y| < ¢}, where z € Q and € > 0. It is known
that for each x € € the set Qg4 (x) is projected uniquely onto the set II;(z) lying
in the tangent plane I'(x) to © at the point x. On the piece Q4(x) we choose
a local rectangular coordinate system (u,v,w), with the origin at the point z,
where the w-axis is directed along the normal n (x), and the u- and v-axes lie in
the tangent plane I' (x). Then in these coordinates the neighborhood Qg4(x) can
be defined by the equation w = 1 (u, v), (u, v) € ly(x), where

0v (0, 0) 0v (0, 0)

w € H17OC (Hd (.’13)) and w (07 0) = 07 T - 07 T — 0 (21)

Here Hy , (I1; (x)) denotes the linear space of all continuously differentiable func-
tions v on Il (z), whose gradiy satisfies the Holder condition with the exponent
O0<a<l,ie,

Jrad (un,v0) — grad v (uz, 1) | < My (= 0a)? + 1 = )

A4 (ul, 'Ul) , (UQ, ?)2) S Hd(.%'),
where My, is a positive constant depending on ¢, and not from (u1,v1) or (ug, v2).
Moreover, let T'y (z) be the part of the tangent plane I' (z) at the point x € €,
enclosed inside a sphere of radius d with center at the point x. Obviously, if a
point § € I' (x) is a projection of a point y € €2, then

e —g| <l|zr—y| <Cy |z —g|, mesQy(x) < Cymesly(x), (2.2)
where C; and Cy are positive constants depending only on Q (if Q is a sphere,

then C; = v/2 and Cy = 2).

From here on we will denote by M positive constants that are different in different
inequalities.
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It is not difficult to calculate that

Fy (m) = Fl,l (l’) + F1,2 (ac) + F1’3 (.’L‘) =+ F1’4 (1‘) , (2.3)
where
ﬂﬂ@ﬁ:?/@kW—ywmﬂ%m—yz;f?zﬁw—yD—D)@1—m%<
Q
x (n2 (y) f3 (y) — ns (y) f2 (y)) dSy,
@ = [ A ) )~ ) fo ) d0,
2\ Qu(2) !
As@ = [ 5 () £ ) £ 0) -
Qq(z)
— (12 (2) f3 (2) = s (2) f2 (2)) ) A9
and

—x
Fra (&) = (n2 (@) fa (@) ~ma () fo (@) [ =" gao,
A |z —y|
Qa(x)
Taking into account the inequality
|exp (ik |z —y|) = 1| < [k[ [z — o],
we obtain that

(ik |z — ylexp (ik|o — y]) — (exp (ik |z — y]) = 1) (21 — 1)

dr e -y’

M
< . (2.4)
|z =yl
This means that the integral Fi ; (z) converges as improper and
[ Fia ()] < M [fllo, Voef
As can be seen, the integral F o (x) exists as a proper integral, and therefore
[ Fia(2)| < M || fllo, Vze
Taking into account the inequality (see [9, p. 400])

n(y) —n(x)| < Mly—=z[", Vz,ye,

(ool

oo !

we obtain that
[(n2 (y) f3 (y) — n3 (y) f2(y)) — (n2 (z) f3 () — n3 (2) f2 ()| <

<M (|l —y[* | flloe +w (filz—yl) - (2.5)
Then, moving on to the double integral, we have

dQ) w(f, |z —
Aa@l <o (], [ =B+ [ L= ag ) <
|z —y| |z —y|
Qq(x) Qq(z)

d

<M (foo+/w(‘};’t)dt) < foo, Ve

0
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It remains to prove that the integral F} 4 (z) exists in the sense of the Cauchy
principal value. Let dy = d/ (2C4). Obviously,

Og, (2) :{(u,v,()) | Vu? 402 < do} C Iy (z).

Then, according to the formula for reducing a surface integral to an iterated one,
we obtain

[Ty G —
|z =y ) <\/u2 + v + Y2 (u, v))

Qa(z) Mg (x)\Oqgq (=
o (u, v)\? [0 (u, v)\?
XA /14 - -2 7 + -2 7 dudv+
( ou > < ov >
+ / “ x
3
Oy, () (\/u2 +v? + 92 (u, U))

(e (Pl Y ()

3dud1)—i-

e
O (2) ( u2+02>

/ B : - ! dudv.
Ou, () (\/u2 + 02 + 4?2 (u, v))3 (mf

As can be seen, the first term of the integral in the last equality exists as a
proper one. Moreover, taking into account the inequalities (see [9, pp. 402])

O (u, v) gM(m)a, 0 (u, v) SM(\/W)Q, (2.6)

i ov

oo () s () | o

Then we obtain the following estimate for the second term of the integral:

¢1+W2+W2—1>
/u< <d ) <a) dudv| < M.

(@) <\/u2 + v2 4+ 2 (u, v))s

we find

Moving to the polar coordinate system

U = T COS T, 0< <o
v = rsinT, - -
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we obtain that the third term of the integral is equal to zero:

u . u
/ —3dudv:€£r20 / —dudv =
2 2 2 2
Oy () (V“ “’) Oy (£)\Oc () (V“ *“)

do 2w

:mn//m¢@wzg (2.7)
e 0

e—+40 r

Since there exists a point (61u , f2v) such that

¢Wﬂ0—¢mﬂ)_a¢Wg;%wu+8¢w§;%m%

where 0 < 61 < 1 and 0 < 2 < 1, then taking into account (2.1) and (2.6), we
find that

0 (u,0) [ =1 () =0 0,0) | <M (VaTee?)

Therefore,

1 1 Y 1

(Ve e Pw) (vare)| (verw)
V (u, v) € Iy (2') \ (0, 0).

Then, moving on to the repeated integral, for the last term of the integral we
obtain the following estimate:

3—2a”

/ “ : - ! dudv| < M.
do (%) (\/u2+v2+w2(u, v))s (m)g

As a result, we obtain that the integral F 4 (x) exists in the sense of the Cauchy
principal value and

[Fra (@) < M|l Vo € Q.

As a result, taking into account the obtained estimates for the expressions
Fi1(x), Fiz(x), Fi3(x) and Fy 4 (z) in equality (2.3), we obtain that the integral

Fy () =2 / Ok (L Y) (0 () £ () = 15 (9) Fo (9)) 42,

8.212‘1
Q
exists in the sense of the Cauchy principal value, and

diam §2

sup 7 (a)| < 1 (fllo+ [
xEN 5

In a similar way, it can be shown that the integrals

dt

w (/1)
t



A CUBATURE FORMULA FOR A CLASS OF VECTOR POTENTIALS 283

B @) =2 [ EE ) g ) 1y () = m () () a9

Q
and

By (@) =2 [ P 1 ) 1o () = () 1 () a9

Q
exist in the Cauchy principal value sense, with

diam Q
supF2<x><M(foo+ / “’(f’”dt)
9]

xe t
0

and

diam Q
sup | F3 (z) | < M (foo+ / w(f’t)dt) :
e

0
This completes the proof of the theorem.
It is not difficult to calculate that

S N, O B L Y )
(Gg) () 29/(1()( 93 () g2<y>)+

8952 81’3

g (o) ( SV ) - OPIE D ) 4

e (o) (2P g, ) - PR, ) Y,

(10 o) =2 [ (22 ) = 2Ly ) e
Q

+ <aq)ka(;l’y)n3 (x) — wnl ($)> e2t

n (aq)ka(;;ay)nl (z) — an (m)) €3>/\ (y) dS2y

and

(T,u) ('I) = _2/(1/1 (:Cay) e+ VYQ (‘T’y) ez + Vé (x,y) 63) 2 (y) dea
Q
where e; = (1,0,0), e2 = (0,1,0), e3 = (0,0, 1),

Vi ) = () () S () = () () SR D )

2 2 2 () 4 g )2 2L D)

8%3

na (y) —
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(g () P2 )+ (0 () 2P )+
(@) ms () S ) ) () P D ),
Vo (l’,y) — Ny ($) n3 (I‘) 8(1)19 (J?, y) aq)k’ ($, y)

pr (y) — n2 (z) n3 (z) T om, M (y) —

— (n3 (2))” Mnl (y) + (n3 (z))? 924 (=, y)

D3 o, W)~

(@2 2 () 4 o 22 2P D )4
b (@) () P g )~ ) () P D

and
Vi (a,0) = 1 ) s () P2 ) — o ) m () 2P )

1 (2 P ) (o () L D ) -

(2 @) P2y ) 4y 0 P2
s () () 2P () — () () 222 Dy ).

Then, proceeding in exactly the same way as in the proof of Theorem 2.1, we can
prove the validity of the following theorems.

Theorem 2.2. Let Q C R be a Lyapunov surface with exponent 0 < a < 1 and
diam 2

¢
/}w%)ﬁ<+w

0
Then the integral (1.2) exists in the sense of the Cauchy principal value, and

diam Q
sup| (Gg) (x)] < M (goo + [ eled dt) .

z€Q t
0

Theorem 2.3. Let Q C R? be a Lyapunov surface with exponent 0 < a < 1 and
diam Q

At
/)wt)ﬁ<+m

0
Then the integral (1.3) exists in the sense of the Cauchy principal value, and

diam Q
sup(KA><x><M(Aoo+ / “’(j’”dt)-

z€Q
0
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Theorem 2.4. Let Q C R? be a Lyapunov surface with exponent 0 < a <1 and
diam
t
/ w(’;’ it < +o0.

0

Then the integral (1.4) exists in the sense of the Cauchy principal value, and

diam Q
w(u,t
sl (T) )| < M (Il + [ <D
€ 5

3. Cubature formula for integrals (1.1) — (1.4)

N
We partition 2 into “regular” elementary parts: Q = |J ;. By a “regular” el-
ementary part we mean a set of points subordinate to the_following requirements:
0
(1) for each [ € {1, 2, ..., N} the elementary part §; is closed and the set €

0
of its interior points with respect to €2 is not empty; moreover, mes ; = mes{};

and S%lﬂfgj =0forje{l,2, ..N},j#I
(2) for each | € {1, 2, ..., N} the elementary part €; is a connected piece of
the surface 2 and the boundary of the elementary part {; is a continuous curve;
(3) for each | € {1, 2, ..., N} there exists a so-called supporting point z () =
, 22 (1), x3 (1)) €  such that
) 1 (N) ~ Ry(N) (the expression r; (N) ~ R;(N) means that r; (V) and
R; (N) are equivalent, i.e., there exist numbers C1 > 0 and Co < 400 such that
C, <

% < Cy for any N), where 1 (N) = Iélalg |z —x ()] and Ry (N) =
z !
Joax |z —a (D)};
(32) R/(N) < &
(3.3) rj (N) ~ 1 (N) for each j € {1,2,..., N}.
Obviously, r (N) ~ R (N) and A}im r(N) = A}im R(N) =0, where R(N) =
—00 —00
max B (N), r(N) = min n(N).
I=T,N I=1,N

The following lemmas are true.

<

Lemma 3.1. ([8]). There exist constants Cjy > 0 and C} > 0 not depending
on N such that, for all 1,5 € {1,2,..., N}, j # 1, and all y € §;, the following
inequalities hold:

Coly—z) <lz() -z <Ctly—z)],
where the x (1), 1 € {1, 2,..., N}, are supporting points.

N
Lemma 3.2. (/8]). For a partition Q = |J & of the surface Q2 into regular
=1

elementary parts, the following relation holds: R(N) ~ —L.

VN



286 ELNUR H. KHALILOV AND VAFA O. SAFAROVA

It is obvious that there exists a natural number Ny such that
(R(N)) ™= <min{l, d/2} VN > No.
Let us put
P={jl1<i<N Je) -z (i) < (R(N) F= ),
Q={jl1<i <N, e~z ()l > (R(N) 7 }.

Theorem 3.1. Let Q C R? be a Lyapunov surface with exponent 0 < o < 1 and

diam 2

/ w({’t)dt < to0.
0
Then the sequence
(FYF) (2 (1) =2 dive {®k (2, ) [0 W), F O} o), yma(y) - MESY

JEQ
converges to F (z(l)) at N — oo, and

s [(Ff) (@) = (F¥F) (z(D)] <

N 2(1}*‘0‘) diam$)
o« t 1 t
<M | |Iflloo N 20+ + / w({’ )it + N~ / “(té’ Jar | (3.1)
0 _ 1
N 2(+a)

Proof. It is obvious that

(FNF) (= (1) =
.y Z 0P, (x (a;f)(l) z(j)) (n2 (z () f3 (= (4)) — n3 (= (4)) f2 (z (§))) mesQ;+
JEQ
2 37 OBE 20D 1 1) ) () s ) mest
JEQ
49 Z 0y, (z a;g)( 5 z (7)) (n1 (z (4)) f2 (z () — n2 (x () f (= (§))) mesQ;.
JEQL
Then, as we can see, it is sufficient to prove that the sequence
Ff¥ (z (1) =

o 3 W20 (1 5 5) - s 6 oo ) st
JEQ

converges to F1(z(l)) at N — oco. It is obvious that
Fy (z(1)) = F{¥ (1) = by (2z() + b3 (z(1)),
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where

ORI (1) o) ~ () ool ) Y.

It is not difficult to calculate that hYY (x (1)) = A (x (1))+h (@ (1))+h (= (1)),
where

1
o
ik |2 (1) — y|exp (k| (1) — y\?x—(l()eipyﬁék lz () —yl) = 1)) (=1 (D) — yl)de’

o= [ 2oy

hy (z (1) = (n2 () f3 (y) — n3 (y) f2 () x

X ((n2 (y) f3 (y) —ns (y) f2 (y) — (n2 (2 (7)) f3 (2 (4) — n3 (z (7)) f2 (2 (1)) d€Yy

and
N ey = @O S E6) —m @@ hEE) [ n-n @)
nh (@ (1) = [

Let y € 0 [ U ©;|. Obviously, there exist natural numbers p € P, and
JER
m € @ such that y € 9§, and y € 0€),,,. From here we have

(1) =yl < |z () —2 @) + |z (p) —y| < (R(N)) T= + R(N)
and

& (1) —yl = & (1) — 2 (m)| — |z (m) —y| > (R(N)) 7= — R(N),
therefore, )
(R(N)) e —R(N) <|z(l) —y| <

< (R(N)) 7= + R(N vyea(UQ) (3.2)

JER
Then, taking into account inequality (2.4) and moving on to the double integral,

we obtain that

jGPl
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o (R(N)THa
1
< M|l / dp / dt = 20 M ||| (R(N)) ™7 |

0
and taking into account inequality (2.5), we obtain that

£l w (f,|z() —yl)
Y (x(1 M 00 d
e ®)] < U/Qv <\x(l) N P > Vs

JEP

2m R(N))
[flloe , w(ft) _
u fu / (tm 50 -

N))
_ [/ 1l o w(f, 1)
0

[en]

To evaluate expressions h% (x (1)) on a piece Q4 (z (1)) we choose a local rect-
angular coordinate system (u, v, w) with the origin at the point x (1), where the
axis w is directed along the normal n (z (1)), and the axes v and v will lie on the
tangent plane I' (x (1)). By II} we denote the projection of the set |J €; onto

JjER
the tangent plane I' (x (1)). Let
dy = Hgﬁl 2 (1) = §],0q, (x (1)) = {u* +v* < d} CT(x(1)).
geolly
Then, according to the formula for reducing a surface integral to an iterated
integral, we obtain that

/ 291—7“51(5) 9, = / %dudv—i—

z () —y?
e, PO outoty (VP H7)
JEP;
2 2
(e ) () )
+ 7+ dudv+
Oy (2(1)) (\/u2 + 2 + 92 (u, v))
+ / U 1 — ! 3 | dudv+

<\/u2 + 02 + 9% (u, v))3 <\/m)
u o0)? | (0w
+ \/1 + (%) + (%) Sdudv. (3.3)
1;\Oy, (=(1)) (\/u + v+ 2 (u, U))

From (2.7) it is obvious that the first integral on the right-hand side of equal-
ity (3.3) exists in the sense of the Cauchy principal value and is equal to zero.
Moreover, taking into account inequalities (2.1) and (2.2), we have
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2a

; WH () + (g;g)?_l)
dudv| < M (R(N))T+a |

3
O, (=(1)) (\/U2 + v+ 92 (u, U))

: 3 : 2| dudv | < M (R(N))TES
Oay (2(1)) <\/“2 + 02 447 (u, v>> (m)

Let us estimate the last integral in equality (3.3). First of all, there is a point

U« € II} such that d; = |z (I) — g«|. Let y. € 0 | U Qj> denote the preimage
JEP,

of the point 7., and let v (a,b) denote the angle between the vectors a and b.
Applying inequality (3.2), we obtain that

dp =[x (1) = yul cosy (g« —a (1) , G — 2 (1)) =
=z () =y V1 —cos?y (g —2 (D) , n(x(1))) 2

>z (1) - gl 1 - M2Jo (1) -y >

> (R~ R0 1= 022 (RO + R W)™ 2

> ((R(V)) ™= — R(N)) Jl —az (2 (RN =

_ ((R(N)) Tha _R(N)) \/<1 — 200 (R(N)) T) (1+2aM(R(N)) T) >

> ((R(V) ™% = R(N)) (1= 2°M (R(N)) 757 ) >

> (R(N)) ™5 — (1+2°M) R(N).

2 2
n 3\/14—((215) +(§5> dudv | <

Then

|
—

)
&

T
<.
<
DO
+
S

DO
_l_
<
[\]
=
S
N———
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As a result, we have

1% (2 ()] < M || fllo (R(N))THa

Summing up the obtained estimates for the expressions A (z (1)), by, (z (1))
and A, (x (1)), we obtain

(R(N)) 1+1a

WY ()| < M | 1] (RQV)) 1i /
0

To evaluate the expression hdY (x (1)) we use the representation

hy' (a (1) = hiy (x () + 3 (x (1))

where

- 0Py, (z
=2 Z / 8331

JEQ Q;

X ((n2 (y) f3 (y) —n3 (y) f2 (y)) — (n2 (z (7)) f3 (2 (7)) — n3 (z (7)) f2 (x (5)))) dSy

0Py, (z (1), 00, (x (1), x (4
W) =2Y /< ka(ml((l)) y) _ k(&ﬂ(l)(l) (J))> y

x (n2 (2 (4)) f3 (z (5)) = n3 (z (7)) f2 (z (5))) d€y.

It is obvious that the function w (f,d) does not decrease, and the function
w (f,0) /d does not increase. Then, taking into account inequality (2.5), we find

W (@) <MY 7) =yl 1l +W(2f, !x(j)—y\)de <
JGQIQ |SL‘( ) y|
dS) a0
<MWl re) [ Ry [ <
|z (1) =y |z (1) — y
U U 9
JEQy JjeQ,
diam$2 diam$

<M |l [ Faerey [ <

(R(V))THe (R(N) THa
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diam$2
<M [ ]l (RON) I R(N)| + (£, (R(V)TH7) P <
(R(N)) T+a
diamS ;
<M | Wl R IR+ RO [
(R(V) &
Let y € Q;, j € Q. Since
Oy (2 (). y) OBy (). 2 () _
oy (1) 921 (1)
_ ( 1 _ 1 ) «
e - P Al -y )P
x (i (1)~ y ()]~ Dexp ikl ()~ y () (o1 () = o0 () +

k(@) =yl = |z (@) =z () exp (ik|z () —yl) (@1 () —91) |
Ar | (1) — yl*
ikl () =yl = 1) (exp (ik |z (1) — yI) —expg(iklw(l) —e(D) @) —yy)
dr |z (1) -yl

LLiklz (D) —y[ = Vexp (ik o (1) = y)) (21 () = y1)

dr |z () -yl ’
then taking into account Lemma 3.1, we obtain that

Oy (x (1), y) 0Py (z (D), w(j))‘
81’1 (l) 8951 (l)

From here we have

N dQ)
PG S MR 1A, [ <
U Q;

JEQy

< MR(N)||fllo / ff <M (R(N)T | fllo

(R(N)) THa

Summing up the obtained estimates for the expressions kY (x (1)) and b (z (1)),

and taking into account Lemma 3.2, we obtain the validity of estimate (3.1).
Since (see [4, pp. 55])
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it is obvious that
]\}lm max_|(Ff) (z (1)) — (FN ) (z ()] =0.
—00|=1,N
The theorem is proven.

By proceeding in exactly the same way as in the proof of Theorem 3.1, one
can prove the validity of the following theorems.

Theorem 3.2. Let Q C R? be a Lyapunov surface with exponent 0 < a < 1 and
diam 2

¢
/ w(i’)dt < to0.

0
Then the sequence

(GNg) (1) =23 (1), r0ta {@k (2, ) 9 (1) D) acst) yos) - 5%
JEQu
converges to (Gg) (x(l)) at N — oo, and

max | (Gg) (= (1)) — (GNg) (z (1) ] <
I=T,N

N m diamS
__a t 1 "
Mgl vty [ g vt [ 20y,
0 S
N 20+

Theorem 3.3. Let Q C R? be a Lyapunov surface with exponent 0 < a < 1 and
diam 2

/ (/t\ t)dt<+oo

0
Then the sequence

(KN)\ =2 Z gra,d {(I)k z, y) )‘(y)}”z:x(l),yzx(]) ' meSQj
JEQ
converges to (K\) (z(l)) at N — oo, and

I=T,N
1
N 2(0+a) WO, diam$) \
__a t 1 t
M(HAHOON e / (t Vit + N~ o / w(tz’ )dt).
0 _ 1
N 2(1+a)

Theorem 3.4. Let Q C R? be a Lyapunov surface with exponent 0 < o < 1 and

diam Q)
/ W) o
h )

0
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Then the sequence

(T0) (2) = =2 3 [n.(2), [ (2) ,rota {0 (2, 1) 1(0) 1) oo, yosy T
JEQ

converges to (Tu) (x(l)) at N — oo, and

max | (Tp) (v (1)) = (T73) (@ ()| <

)

N_Z(%M diamS
__a t a1 ‘
(o mm [ Uy vty [ el
0 1
N 2(1+a)
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