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TITCHMARSH AND BOAS TYPE THEOREMS FOR THE
MULTIDIMENSIONAL FOURIER-BESSEL TRANSFORM

FETHI SOLTANI AND NOOMEN HOMRANE

Abstract. Using a generalized spherical mean operator, we introduce
the Lipschitz class associated with the multidimensional Fourier-Bessel
operator A,. We establish two versions of Titchmarsh’s theorem for
the multidimensional Fourier-Bessel transform .%,,. Furthermore, we in-
troduce the generalized Lipschitz classes Lipy(8) and lipg(8), proving
two versions of Boas’s theorem for the transform .%,, and conclude with
an application to multidimensional Fourier-Bessel multipliers. The har-
monic analysis associated with the operator A, plays an important role
in establishing the results of this paper.

1. Introduction

Titchmarsh ([27], Theorem 85) characterizes the set of functions in L?(R) satis-
fying the Cauchy-Lipschitz condition by means of an asymptotic estimate growth
of the norm of their Fourier transform. Similarly, Younis ([31], Theorem 5.2)
characterizes the set of functions in L?(R) satisfying the Dini-Lipschitz condi-
tion by means of an asymptotic estimate growth of the norm of their Fourier
transform.

Theorem 1.1. Let B € (0,1) and suppose that f € L*(R). Then the following
assertions are equivalent.

() 1FC+h) = FOllze = O (WF)  as h—o.
(i) fiyss [ Z(HVPAA=0(s7%) as 5 00,

where F is the standard Fourier transform.

Building on Titchmarsh’s results, Boas established the necessary and sufficient
conditions for the Fourier coefficients of a function to belong to a generalized
Lipschitz class. In 1967, Boas provided the first such characterization (see [3]).
Later, in [12], Méricz studied the continuity and regularity properties of a function
f with an absolutely convergent Fourier series. Continuing these findings, the
author in [13] extended the results as follows.
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Theorem 1.2. If f € L'(R), and for some 0 < B <k, k € N, we have
/ AFLZ(FN)]dA = O(55)  for all s >0,
[Al<s

then Z(f) € L'(R) and f satisfies the smooth Lipschitz condition of order k.

Recently, many analogues of Titchmarsh and Boas type theorems have been
established in harmonic analysis [10, 11, 16, 25, 26, 28]. Another fundamental
tool in harmonic analysis is the multidimensional Fourier-Bessel transform, which
is the focus of this paper.

Let a = (ov,...,aq) € [—3,00)%, we consider the multidimensional Fourier-
Bessel operator A, (see [1, 30, 9]) defined for z = (1,...,74) € RY by

d 2
AaZ:Z[a +2ak+18

— o3 xr Ok |’

This operator has important applications in both pure and applied mathemat-
ics and leads to generalizations of multivariate analytic structures such as the
Fourier-Bessel transform and the Fourier-Bessel convolution [2, 17, 18, 19, 20, 22,
23, 24).

For any \ € Ri, the system

Aqu(z) = —|M2u(z), u(0) =1, iu(ac) =0, k=1,...,d,
&zzk =0
admits a unique solution j, (A, x), given by
d
ja(X ) o= [ dow ki), (1.1)
k=1

where jq, is the normalized Bessel function of the first kind and order oy, (see
[29]) given by

, - (=" TR\, Joy, (k)
Ja (@) := Tlak +1) Z n!l'(n 4 ag + 1) <?> = 2T +1) ;;(:k .
n=0

Here J,, is the Bessel function of first kind and order oy, see [8].
We denote by ., the measure defined by
dpa () := we(x)de,

where
d

d
1
o 20,+1 L
wa(@) i=ca [T o= ] grrra sy
k=1 k=1

Let LE(R%), p € [1,00], be the space of measurable functions f on R%, for

which
nmwmw44d

+

|l aa = ess sup | f(2)] < oo,
zeRi

1/p
If(w)lpdua(x)] < oo,
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In this paper, we consider the multidimensional Fourier-Bessel transform de-
fined for f € LL(R%) by

Fo(f)A) = /Rd Ja\x) f(x)dpa(z), A€ Ri. (1.2)

The multidimensional Fourier-Bessel transform can be considered a generalization
of the Fourier-Bessel transform [6, 7, 14]. Numerous results have already been
established for the multidimensional Fourier-Bessel transform %, (see [2, 17, 19,
22)).

The main objective of this work is to extend Theorems 1.1 and 1.2 to the
multidimensional Fourier-Bessel transform .%, applied to functions belonging to
the multidimensional Fourier-Bessel Lipschitz classes in the space LZ(R%). To
achieve this, we employ the spherical mean operator .#, ., defined by the relation

F oMo f)(N) = Jay+a-1(rIA) Fa ()N,

where (o) = a1 +ag + -+ + ag.

This work is organized as follows. In Section 2, we recall some results on the
multidimensional Fourier-Bessel transform .%,, and the multidimensional Fourier-
Bessel translation operators 7., x € ]R‘i. In Section 3, we define Lipschitz class
and we prove a Titchmarsh-type theorem for the multidimensional Fourier-Bessel
transform .%#,. In the final section, we define the multidimensional Lipschitz
classes and prove two versions of Boas-type theorem for the multidimensional
Fourier-Bessel transform. We also provide an application to multidimensional
Fourier-Bessel multipliers.

2. Generalized spherical mean operator

In this section we recall some basic results related to the multidimensional
Fourier-Bessel harmonic analysis [2, 4, 5, 17, 18, 19, 20, 22].

Lemma 2.1. (See [15]). For i € Ry the following inequalities are satisfied.

(1) Lo, (2x)] < 1.
(i) |1 = Joy (2x)| < -
(iii) |1 — jo,(xk)| > ¢ with i > 1, where ¢ > 0 is a certain constant which
depends only on .

Proof. (i) For ay, > —3, we have
21 (o + 1) / L vl
Jop (@) = ——F———~ [ (1 —1t°)% "2 cos(zt)dt.

r /7l (ak + )
Then

, QF(O% + 1) ! 2\yap—13

o (21)] < / (1—#)™2dt < 1.

(ii) Let’s start with the integral formula

2F(Ozk + )

1= jak(wk) fF (Odk-i-

1
. / (1— 2)% 3 [1 — cos(zxt)]dt.
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Using the inequality |1 — cosu| < |u|, we obtain

or 1 1
o (o 73 0
kt3)Jo
1
= \Q/W/ (1— ) 2dt = a.
iy A 5 0

(iii) The asymptotic formula:

‘ — Jou (xk)‘ =

cos (xp — Sy, — &
Jog (Tk) ~ 2% (o + 1) (k 27k 4) as T — 00,

onts

V2nx, ?
imply that limg, o0 jo, (zx) = 0. Consequently, a number A > 0 exists such that
with 2, > A the inequality |ja, (z))| < 5 is true. Let m = ming, (1,47 | 1—Joy, (1)

With 2, > 1 we get the inequality |1 — jqo, ()| > ¢, where ¢ = min (%,m) O
Lemma 2.2. The kernel  — jo (X, x) possesses the following properties.

(1) |jaN2)| <1, for N,z € Rd

(i) ja(A,rx) = ja(rA, x), fOT‘l‘ AMeRL, r>0.

Proof. Part (i) follows from Lemma 2.1, while (ii) is obvious due to the definition
(1.1). O

The kernel j,(A,y) gives rise to an integral transform, known as the multidi-
mensional Fourier-Bessel transform on le_, for which many fundamental proper-
ties have been established [1]. The multidimensional Fourier-Bessel transform is
given by (1.2). Some of the properties of multidimensional Fourier-Bessel trans-
form .%, are summarized below.

Theorem 2.1. (See [2, 17, 19]).
(i) L' — L>®-boundedness for F,. For all f € LL(RL) the function A —
Fa(f)(A) is continuous on RL and satisfies

nga(f)HLgo(Ri) < ||f||Lg(Rfjr)~

(ii) Plancherel formula for Z#,. The transform %, extends uniquely to an
isometric isomorphism on Lz(Ri), onto itself. In particular,

||cgfa(f)HLg(Ri) = ||f”Lg(Ri)-

(iif) Inversion formula for Zo. If f and Fo(f) are both in LL(R%), then
f(x) = /R JaM D) Zal )N dua(N),  ae. AeRL,
+

and
Z5 (@) = Zalf)(2).
We denote by C’*(Ri) the space of continuous functions on Ri, that are even

with respect to each variable. For f € C*(Ri) and z,y € R%, we define the
multidimensional Fourier-Bessel translation operator (see [2, 20, 30]) by

d
Tmf(y) = Qg /( v f ([.%'1, yl]gl, .. .Td, yd gd H sin Qk 20”‘(191 .dby,
0,7 k=1
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where [z;, yilp, = \/:UZQ + 92 4 2x;y;cos0;, i = 1,...,d and

(ap +1)
H\FF ap+1/2)

The following properties of the multidimensional Fourier-Bessel translation
operator are established in [2].

(i) For suitable function f and for all z,y € R%, we have
T f(y) =1y f(z) and 7of(x) = f(z). (2.1)
(ii) For all A\,z,y € RZ, we have the product formula
Te(Ja (X )W) = Ja(A, 2)ja (A, y).
(iif) For f € LA(RY), p € [1,00], and z € R%, then 7, f € LL(R%) and
HTzf”Lg(Rj_) < HfHLg(Ri)- (2.2)
(iv) For f € LE(R%),p=1,2 and = € R%, we have
Fa (1 f)(N) = jaX2) Za(f)(A), A ERL. (2.3)

We denote by Sflfl = {r € R : |z| = 1}, and do,(z) = wa(z)do(x), where
do is the normalized surface measure on the unit sphere S*! in R?, we have
1

d+
2@ +d-1T({a) + d)’

«

= O-OL(Si_l) =

where (o) = a1 + a2 + -+ + ay.
We put A =ty, witht > 0 and y € Siﬁl, we obtain [21, page 165]

o0
[ #09a0 - / [ ) w<ty>doa<y>] Rle2i-lgr (2.
0 sa-t
The generalized spherical mean operator associated with the multidimensional
Fourier-Bessel operator is defined for f € L2 (R%) by

1

Mraf (@)= /Sdl (Dy)doaly), zeRE, >0, (25)

Lemma 2.3. For A\ € Ri, we have

1 . .
- /S A doaly) = diayrar(A]):
@ SOy

Proof. See Statement 5 of [21, (3.140)]. O
Theorem 2.2. Let f € LE(RY), p=1,2. Then

Fo(Mraf)(N) = Jay+d-1(rIA) Fa()(N)-
In particular, if f € L2(R%), then ///T7af € LZ(R4).
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Proof. From (2.1) and (2.2) we see that .#, o f € L2(R%). Using (2.5) we obtain

PR / My o f (@)ja(N 2)dptalx)

T /Rd /Sd . )(ry)doa(y)ja (A, x)dpa(z).

Using Fubini’s theorem and (2.1), we obtain

Pl )N = o /S ( /. Tx(f)(?“y)ja(/\,ﬂf)dua(x)> doa(y)

= dlz"; /Sd—l (/]Rd Try(f)(x)ja()‘vx)d,ua(x)> daa(y)'

By (1.2) and (2.3) we deduce that

Falthal) ) = g [, ol N)doa)
= (dlct /Sd_lja(Aary)dUa(y)> Fa()A).

Using Lemma 2.2 (ii) and Lemma 2.3 we obtain
1

FollraD)N) = ( Lo m,y)daa(y)) ZalY)

= Jlay+d—1(r[AD)Fa(f)(A).
This completes the proof of the theorem. O

Finite differences of first and higher orders are defined as follows.

@r,af(x) = ('//r,oz - I) f(x)a

DEaf (@) = Do (Z5311) (0) = (Mo = D)F f(2)
k

=0 () das@n k=2

i=0
where
MO S () = [(2), M f (@) = o (ML) (@), i=1,2,...
and [ is the identity operator.
Lemma 2.4. We have
(i) For f € L2(R%) we have

9’&(9'“ O = Gyt = 1) Za(H), A eRY,

/Rd 1= e ra-a (rAD [ [ Za (N Pdua(N).

2 Rd
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(i) Let f € LL(RY) such that Fo(f) € LL(RL), then

@'f,af(x) = /Rd (j(a>+d—l(r|>‘|) - 1)k<g.a(f)()‘)]a()\ax)d,ua()\), a.e. I € Ri

+

Proof. (i) follows from Theorem 2.1 (ii) and Theorem 2.2.
(ii) follows from Theorem 2.1 (iii) and Theorem 2.2. O

3. Generalized Titchmarsh-type theorem
In this section we define the k-Lipschitz class and then we give Titchmarsh-type

theorem for the multidimensional Fourier-Bessel transform .%,.
Let 8 € (0,1). A function f € L? (Ri) is said to belong to the multidimen-

sional Fourier-Bessel k-Lipschitz class, denoted by Lipg(53,2) if:
|5s

=0(P) as r—0.

L2 ]R‘i

Theorem 3.1. Let f € L2 (]R‘i) Then the following assertions are equivalent

(i) f € Lipp(B,2).
(ii) waS | Za(F)N)Pdua(N) =0 (s7)  as s — 0.

Proof. Let f € L2 (R1).
(i) = (ii). Suppose that f € Lipy(f5,2). Then we have

H raf‘ =0(") as r—0.

L2(R4)
By Lemma 2.4 (i), we have

k
r,o

2
ety = o 1 B (D2 P4

If [\ € [ then r|A| > 1 and Lemma 2.1 (iii), we have

7"’7“]

[qKQ 1= Gy ra 1 CPD [ Za(F) ) Pdpia(A) zc%/ | Za ()N 2 dpta (V).

L<a<2
T ™

Then there exists a positive constant C' such that
. 2k
[ F 0P <€ [ e s Za (O
<A< <A<

<0 [ 1= deean D 12OV Pia)
R-’r
< Cr?l,

For all s > 0, we obtain

/ 2oV Pdua(A) < Cs~,
<|A\[<2s
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So that

/wzsly( YA P dpa (X Z/MKW Zo ()N Pdpa(N)

= (s_% + (23)_25 + ...+ (2is)_25 + .. )

=0 (s*w) .
This proves that
[ 1D =0 () as 5o
[A>s
(ii) = (i). Suppose now that

/A|> |Za()N)Pdpa(N) = O (5*25) as s — 0. (3.1)
By Lemma 2.4 (i) and (2.4) we have

1260y ey = [ 1= dtarsams (IADP1Za ) P

— /0 R ) PRa(n)dr,

where

o0 = [, | 1ZaDtn)Pdoals)
+
We have to show that

o0 o - . 2k
| ()P e0at = 0 (27) s 7o,
We write
o0 o _ . 2k
/0 (P2 — iy raa (00)] 7 p(t)dt =Ty + T,

where
1

L = /T g2et2d=1 g j<a>+d—1(t7“)|2k p(t)dt
0
and
L= [ ) (o
1

From Lemma 2.1 (i), (2.4) and (3.1) we have

I, < < 92k / t2<a>+2d_1<p(t)dt
1

_ 02k ar 2
- /M Za(F) (VP dpaa(N)

—0(255 r— 0.
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To estimate I7, we use Lemma 2.1 (i) and (ii), whence we deduce that

1
_ T ol 2d— . 2
I, < 922 /0 21y G ) p(t)dt

1

— 92k-2,2 / T gRla) 2t () g
0
We define

g(t) = / §2@F2-1 55\ ds = O(t72%) as t — 0.
t

Then, using integration by parts, we find
1

I < —22h22 / "2 (t)dt
0

1
1 T
< —9%=2, <> + 22’“—%2/ tg(t)dt
r 0
1

=0(r?*")+0 (7“2 /r tl_%dt> = O(r*).
0

Finally, we conclude that

2
k — 28
| 2511 sy =00 s T o0
This completes the proof of the theorem. O

Let T;,,, be a multiplier operator defined by the relation
Fo(Liny [)(A) = ma(N) Fa(f)(N), (32)

where m; is a measurable function on R‘i satisfying the following condition: there
exist €, ¢ > 0 such that, for all |A\| > 1,

Im1(\))? < e|A|7%. (3.3)

Theorem 3.2. Let my be a multiplier satisfying (3.3), then the operator T,,, is
bounded from Lipy(5,2) into Lipx(B +¢,2), for0 < <1 —e¢.

Proof. Let f € Lipi(53,2). Then by (3.2) and Theorem 3.1 we have

/ | Za (T £) V)Pt () = / 1 (N 212 (F) V) Pdpta (V)
A>s [A|>s
<e / A2 Za ()N Pdpia(N)
Al>s

—2e ar 2
< es /qu Za( )N 2dpia(N)

= O0(s72%9)) as s — 0.
Again using Theorem 3.1, we obtain

Tm1f € L’ka(ﬂ +s, 2)
This completes the proof of the theorem. O
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Example 3.1. (Generalized Bessel potential). Let 0 < o < 1, we put
mis(\) = (1+ A\?) 772, XeRL

The operator Ty, , = (I — Aa)_"/2 is a generalized Bessel potential. Then by
application of Theorem 3.2, we deduce that

(I —Aa)~"*: Lipy(B,2) — Lipi(B + 0,2)
is bounded, for 0 < f <1 — 0.

4. Investigation on Boas-type theorems

In this section, we prove two versions of Boas-type theorem for the multidi-
mensional Fourier-Bessel transform .%,, and provide an application to multidi-
mensional Fourier-Bessel multiplier operators.

Let f be a measurable function defined on R‘i and v € R.

Lemma 4.1. If 0 < 8 <+, |A]7|f(\)| € LL(RY) and
/)\|< A F V)| dpa(X) = O(s77P)  for all s >0, (4.1)
then fx\>s € La(ERi) and
/A|> |F (M) |dpa(N) = O(s™P)  for all s> 0. (4.2)
Proof. By (4.1), ther; exists a constant C' > 0 such that for all ¢ € Z, we have

/ AP < [ APV dua(3) < 207065,
2i<|\[<2i+1

‘)\|§2i+1
It is clear that

97 / FO)|dpa(n) < / APIFO)dpa(X) < C2O-DEHD),
2i<|Aj <2t [A|<2i+1
hence
/ FOldua(y) < C279275, (43)
20 <|A[<2i+1

Then by (4.3) we obtain
A)dpa(N) = A)|dpea (A
o V) > [ G

< C'TY*ﬁZ:Q*jﬁ =027,
j=i
When 0 < s < 00, let i € Z such that 2¢ < s < 271 It follows that
[ irlae s [ 100k
[AI=s [A[>2
< 027 = 2P~ (H1)B
< C2%s78.
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This proves (4.2) in the general case. O
Lemma 4.2. If0 < 3 <7, |A"|f(\)| € LL(RY) and
/ I[N da(N) = o(s77P)  for all s> 0, (4.4)
A[<s

then fx\>s € LL(RY) and
/ FO)dga(N) = o(s™)  for all s >0, (4.5)
Az

Proof. By (4.4), for every € > 0 there exists iy € Z such that for all i > iy we
have

/ AP ldpa(A) < / APFO)ldpa(A) < e207D6HD,
2i |\ |28+

[A[<2i+1
Let ¢ > 4. It is clear that

2" / [FN)ldpa(A) < / PO dpta (M) < .20-9+D),
2t < A\[<2H |A|<2i+1
hence
/ F(N)ldpa(A) < 217927, (16)
2i <\ |20+

Then by (4.6) we obtain

dlﬁa / dpta
/A|22l| Ml Z 2J<\>\|<2J+1 M )

< .98 Z 9—iB
j=t

< C.e278,

When 0 < s < 00, let ¢ € Z such that 2° < s < 21 Tt follows that

[ a0 < [ ldna)
|A[=>s |A|>2:
< (Ce2 P = C.e.289—(+1)B

< C.e2Ps7 8.
This proves (4.5) in the general case. O

We now define generalized Lipschitz classes Lipy(3) and lipg(f).
A function f : ]Ri — R is said to belong to Lip(3) for 8 > 0 if

|ZF f(2)| =0@F) as r—0,
and is said to belong to lipg(5) for 8 > 0 if
\Qfaf(a:ﬂ = 0(7'5) as r— 0.

The spaces Lipi () and lipi (), for g > 0, are called respectively the Lipschitz
class Lip(3) and the little Lipschitz class lip(/3). The spaces Lip2(5) and lipa(f),
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for B > 0, are called respectively the Zygmund class Zyg(3) and the little Zyg-
mund class zyg(f).

Theorem 4.1. Let f : Ri =R, ke Nand0 < g < k. Suppose that f € La(Ri).
If
[ WHZANWldia() =0+ ) forall s>0,  (@1)
IA[<s
then Zo(f) € LL(RYL) and f € Lipy(B).
Proof. From Lemma 4.1, statement (4.7) implies that

/Ws Za( ) Vldpa(A) < oo.

Since Z,(f) € C(RL), then Z,(f) € LL(RY).
Now, let us prove that f € Lipg(3). Let z € R4 and r > 0. By Lemma 2.4 (ii)
we have

z)| = ‘/ ay+a-1(rIA) = DEZa(f)(N)ja(A 2)dpa()

_/Rd [Gtay+a—1 (FIA) = 1 Za(F)(N)dua(A)

+

> o — . k
- /0 L[ g ()| (et

where

o) = [, 1) e ldoa(o)

+
We write
Do ()] < Ty + o, (4.8)

where )

0
and

Jp = / a1y g )| et

By Lemma 2.1 (ii) we get

1

J1 < r’“/r (R g (1) dt = T’“/ IAFLZa ()N dua (M), (4.9)
0 <7
and by (4.7) we deduce that
Ji = rFO(rPF) = o(rP). (4.10)
On the other hand, by Lemma 2.1 (i), we have
Jy < 2F / H+2d=1 40y qp = 9F / . Zo(F)N)|dpa (V). (4.11)
: N>+

By (4.7) and Lemma 4.1, we get
Jo = O(rP). (4.12)
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Combining (4.10) and (4.12) yields that f € Lipg(3). O

Theorem 4.2. Let f : ]Rflir - R, keNand0 < 8 < k. Suppose that f € L}!(R‘fr).
If

/ A Za(£)N)dua(A) = o(s*7%) as s — oo, (4.13)
[Al<s

then Fo(f) € LL(RL) and f € lip,(B).

Proof. From Lemma 4.2, statement (4.13) implies that

/|)\< |- Za(f)N)|dpa(A) < oo as s — oo.

Then Z,(f) € LL(RY).
Now, let us prove that f € lip,(3). Again, we start with the estimate (4.8).
By (4.9) and (4.13) we conclude that

Ji = rFo(rP7F) = o(rP) as r —0. (4.14)

On the other hand, by Lemma 4.2, (4.11) and (4.13), we obtain
Jo=o0(r?) as r—0. (4.15)
Combining (4.14) and (4.15) shows that f € lipy(5). O

Let ms be a multidimensional Fourier-Bessel multiplier function on R‘i satis-
fying: there exist €, ¢ > 0 such that, for all A € R,

ma(V)] < AR (4.16)
Theorem 4.3. Let my be a multiplier satisfying (4.16), then

(i) If f € LL(RY) and satisfies (4.7), then Tpn, f € Lipy(B8—¢), fore < B < k.
(i) If f € LL(RY) and satisfies (4.13), then Tp, f € lipp(B—¢), fore < B < k.

Proof. Let f € LL(R%) and satisfies (4.7). Then, by Theorem 4.1, we have

/ A | Foa (T ) (V) [ (A) = / AP Ima )| Za ()N [dia ()
IA<s IA[<s
<e / A AL Za(F) ) [dpa (V)
AI<s

< ot / AFLZa (D)) dia()
AI<s

= O(s*=07=9)y forall s> 0.
Again by applying Theorem 4.1, we get
Tme € szk(ﬁ - 5)‘

This completes the proof of (i).
The proof of (ii) follows in the same way as (i). O

Example 4.1. (Real powers of the operator (—A,)). Let 0 > 0, we define
mas(N) =A%, A eRL.

The operator Ty, , = (—A,)?/? is a real power of the operator (—A,). Then, by
applying Theorem 4.3, we deduce that
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(i) If f € LL(R?) and satisfies (4.7), then (—A,)?/? € Lipy(8 — o), for
o< B<k.

(ii) If f € LL(RY) and satisfies (4.13), then (—A,)7/2 € lipp(8 — o), for
o< pB<k.

Acknowledgment. The authors would like to thank the reviewers for their
careful reading of the paper and providing helpful comments.

1]

References

V.A. Abilov and M.K. Kerimov, Estimates for the Fourier-Bessel transforms of mul-
tivariate functions, Comput. Math. Math. Phys. 52 (2012), no. 6, 836—845.

B. Amri, The Wigner transformation associated with the Hankel multidimensional
operator, Georgian Math. J. 30 (2023), no. 4, 477-492.

R.P. Boas Jr, Integrability theorems for trigonometric transforms, Springer, New
York,1967.

W. Chabeh and A. Saoudi, Multidimensional continuous Bessel wavelet transform:
properties and applications. Integral Transform. Spec. Funct. 36 (2025), no. 5, 348—
370.

A. Chana and A. Akhlidj, Time-frequency concentration associated with the multi-
dimensional Hankel-Wavelet transform. Pan-Amer. J. Math. 4 (2025), 12.

N.B. Hamadi, Z. Hafirassou and H. Herch, Uncertainty principles for the Hankel-
Stockwell transform, J. Pseudo-Differ. Oper. Appl. 11 (2020), no. 2, 543-564.

M. El Hamma, R. Daher and S. El Ouadih, Some results for the Bessel transform.
Malaya J. Mat. 3 (2015), no. 2, 202-206.

B.M. Levitan, Expansion in Fourier series and integrals over Bessel. Uspekhi Mat.
Nauk. 6 (1951), no. 2, 102-143.

Z. Li and F. Song, A generalized Radon transform on the plane, Constr. Approx.
33 (2011), no. 1, 93-123.

E.M. Loualid, A. Elgargati, E.M. Berkak and R. Daher, Boas-type theorems for the
Bessel transform. RACSAM 115 (2021), no. 3, 141.

M. Mannai and S. Negzaoui, Titchmarsh and Boas-type theorem related to (K, n)-
Fourier transform, Anal. 44 (2024), no. 4, 295-309.

F. Moricz, Higher order Lipschitz classes of functions and absolutely convergent
Fourier series, Acta Math. Hungar. 120 (2008), no. 4, 355-366.

F. Moricz, Absolutely convergent Fourier integrals and classical function spaces,
Arch. Math. 91 (2008), no. 1, 49-62.

S. Omri, Local uncertainty principle for the Hankel transform. Integral Transform.
Spec. Funct. 21 (2010), no. 9, 703-712.

S.S. Platonov, Bessel harmonic analysis and approximation of functions on the half-
line. Izv. Math. 71 (2007), no. 5, 1001-1048.

L. Rakhimi and R. Daher, Boas-type theorems for Laguerre type operator, J.
Pseudo-Differ. Oper. Appl. 13 (2022), no. 3, Art 42.

B. Selmi and C. Khelifi, Estimate of the Fourier-Bessel multipliers for the poly-
axially operator, Acta Math. Sin. Engl. Ser. 36 (2020), no. 7, 797-811.

B. Selmi and C. Khelifi, Linear and nonlinear Bessel potentials associated with the
poly-axially operator, Integral Transform. Spec. Funct. 32 (2021), no. 2, 90-104.
B. Selmi and M.A. Allagui, Some integral operators and their relation to multidi-
mensional Fourier-Bessel transform on L2 (R%) and applications, Integral Transform.
Spec. Funct. 33 (2022), no. 3, 176-190.



360

FETHI SOLTANI AND NOOMEN HOMRANE

[20] B. Selmi and R. Chbeb, Calderén’s reproducing formulas for the poly-axially L2-

multiplier operators, Integral Transform. Spec. Funct. 34 (2023), no. 10, 770-787.

[21] E. Shishkina and S. Sitnik, Transmutations, Singular and Fractional Differential

Equations With Applications to Mathematical Physics, Academic Press, London,
2020.

[22] F. Soltani, Hankel-type Segal-Bargmann transform and its applications to UP and

PDEs, Bol. Soc. Mat. Mez. 29 (2023), no. 3, Art 83.

[23] F. Soltani, Extremal functions and best approximate formulas for the Hankel-type

Fock space, Cubo Math. J. 26 (2024), no. 2, 303-315.

[24] F. Soltani, Hankel-type Segal-Bargmann transform and its connection with certain

special operators, J. Math. Sci. 289 (2025), no. 5, 642-656.

[25] F. Soltani and S. Aledawish, Generalization of Titchmarsh’s theorem for the mod-

ified Whittaker transform, Integral Transform. Spec. Funct. 34 (2023), no. 3, 261—
273.

[26] F. Soltani and M. Aloui, Lipschitz and Dini-Lipschitz functions for the Sturm- Li-

ouville transform, Integral Transform. Spec. Funct. 35 (2024), no. 11, 612-625.

[27] E.C. Titchmarsh, Introduction to the Theory of Fourier Integrals, Oxford University

Press, Amen House, London, E.C. 4, 1948.

[28] S. Volosivets, Boas type and Titchmarsh type theorems for generalized Fourier-

Bessel transform, J. Math. Sci. 271 (2023), no. 2, 115-125.

[29] G.N. Watson, A treatise on theory of Bessel functions, Cambridge, MA Cambridge

University Press, 1966.

[30] H. Yildirim, M.Z. Sarikaya and S. Oztiirk, The solutions of the n-dimensional Bessel

diamond operator and the Fourier-Bessel transform of their convolution, Proc. In-
dian Acad. Sci. (Math. Sci.) 114 (2004), no. 4, 375-387.

[31] M.S. Younis, Fourier transforms of Dini-Lipschitz functions, Int. J. Math. Math.

Sci. 9 (1986), no. 2, 301-312.

Fethi Soltani

1. Université de Tunis El Manar, Faculté des Sciences de Tunis, Laboratoire
d’Analyse Mathématique et Applications LR11ES11, Tunis 2092, Tunisia

2. Université de Carthage, FEcole Nationale d’Ingénieurs de Carthage, Tunis
2085, Tunisia
E-mail address: fethi.soltani@fst.utm.tn

Noomen Homrane

Université de Tunis El Manar, Faculté des Sciences de Tunis, Laboratoire

d’Analyse Mathématique et Applications LR11ES11, Tunis 2092, Tunisia

E-mail address: noomen.homran@etudiant-fst.utm.tn

Received: July 27, 2025; Revised: October 6, 2025; Accepted: November 2, 2025



