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INVESTIGATION OF A SYSTEM OF HYPERBOLIC
EQUATIONS WITH NONLOCAL CONDITIONS

MISIR J. MARDANOV, YAGUB A. SHARIFOV, AND AYTAN R. MAMMADLI

Abstract. The article studies a system of hyperbolic equations defined
by point and integral boundary conditions, which is a perturbation of
the classical Goursat-Darboux problem. Necessary conditions for the
solvability of the problem are found. The Green function of the bound-
ary value problem is constructed and the boundary value problem is
reduced to an equivalent integral equation. Using the Banach contrac-
tion mapping principle, conditions for the existence and uniqueness of
a solution to the boundary value problem are found. Specific examples
are given illustrating the validity of the results obtained.

1. Introduction and Problem Statement

The theory of nonlocal boundary value problems is developing intensively and
it is an important section of the theory of partial differential equations. Of
great interest in this area are problems with nonlocal integral conditions. Such
problems serve as a convenient way to describe the conditions on the desired
solution in cases when it is impossible to directly measure important physical
quantities on the boundary of the region, but their average value inside is known.
Integral nonlocal conditions, in a sense, can be considered as a generalization of
discrete nonlocal conditions. Note that nonlocal boundary value problems are
usually called problems in which conditions are specified that relate the values of
the desired solution and (or) its derivatives at different points of the boundary,
or at points of the boundary and at some interior points. Problems of this
type arise in the mathematical modeling of various physical, chemical, biological
and environmental phenomena, when instead of classical boundary conditions a
certain relationship is specified between the values of the desired function on the
boundary of the region and inside it. Similar situations occur, for example, in the
study of: phenomena occurring in plasma, heat propagation, moisture transfer
in porous media, some technological processes, problems of mathematical biology
and demography [14,16,17,19].

Nonlocal condition boundary value problems arise while constructing mathe-
matical models of processes that occur in atomic and nuclear physics, demogra-
phy, heating processes and in other fields of natural science. The papers [15,
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21] study one-dimensional nonlinear hyperbolic equations given with integral
and multipoint boundary conditions. Sufficient conditions for the existence and
uniqueness of the problem are found.

In [12,13,20] a system of hyperbolic equations is studied within two-point and
integral conditions. The Green function of the problem is structured, the bound-
ary value problem is reduced to an equivalent integral equation, sufficient condi-
tions for the existence and uniqueness of the problem are found. There are a lot
of papers devoted to integral condition hyperbolic type equations. The papers
[1-11,18] illustrate the solvability of the classic and generalized boundary value
problem.

In the present work we give a Goursat-Darboux system with pointwise and
integral condition. A necessary condition for the solvability of the problem is
proved. The considered problem is reduced to an equivalent equation by means of
equivalent transformations. Sufficient conditions for the existence and uniqueness
of the solution are found by means of the Banach contraction mapping principle.

We consider a nonlocal problem with integral and point boundary conditions
for a Goursat-Darboux system in the domain @ = [0,T] x [0,1]:

2t = f(t,x, 2 (t,x)), (1.1)

2(0,2)+ [ n(t)z(t,x)dt = p(x),z €]0,1], (1.2)

z2(t,0)+ [ m(x)z(t,z)dx =(t),t € [0,T] (1.3)

Tt —— Tt

here z (t,z) = col (z1 (t,z), 22 (t,x),...,2zp(t,x)) is an unknown n-dimensional
vector-functions; f : Q x R™ — R™ is a given function; ¢ (), ¥ (t) are functions
that are differentiable on [0,77],[0,l] respectively. Matrix functions
n(t) € Lo [0,T], m(z) € L [0,1] are commutative, i.e., they satisfy the rela-
tions n (t) m (z) = m (z)n(t) for (t,z) € Q, moreover |n|, <1, |m|; <1

-1 —1
T !
Under these conditions (E + [n(t) dt) and (E + [m(z) dw) exist and
0 0

T -1

1
E—i—/n(t)dt — E+/m < — .
1—H 1— [|m]

0

By a solution of problem (1.1), (1.2) we mean a function z(¢,z) € C(Q, R")
possessing partial derivatives z;(t,z) € C(Q, R"), zx(t,x) € C(Q, R"), zt(t, ) €
C(Q, R"™), which satisfies equation (1.1) and conditions (1.2). Such solutions are
usually called classical.

2. Main results

In this section, it is shown that for the solvability of the problem (1.1)-(1.3)
the compatibility condition of functions ¢ (z) and v (t) is satisfied.
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Theorem 2.1. For the solvability of problem (1.1)-(1.3) it is necessary that the
compatibility condition

I T
0)+/m(w)gp(m)dm:1/1(0)+/n(t)w(t)dt
0 0

18 fulfilled.
Proof. We seek a solution of the equation (1.1) as follows:
t x
z(t,x) = +//f 7,8,z (7,s))drds. (2.1)
0 0

where the functions a (¢) and b (z) are unknown differentiable functions and are
determined in the intervals [0,77],[0,[] respectively. Require that the function
determined by the equality (2.1) satisfy the boundary conditions (1.2) and (1.3).
Then we obtain the relations

T t

a(O)—l—b(a:)—i—/n(t) a(t)—i—b(x)—i—//f(T,s,z(T,s))des dt =

0 0 0

T T
:a(0)+/n(t)a(t)dt+ E—l—/n(t)dt b(x)+
0

/n /t/mf (1,8,2(7,8))drdsdt = ¢ (x), = €]0,]]. (2.2)
00
O)+/lm(:n) ;E)—l—/t/mf(T,s,z(T,s))des] dx =
0 0

l l
(E+/m d$)a )+b6(0 +/m x) dx+
0 0
+/m
0

Applying conditions (1.3) to the expressions (2.2) and conditions (1.2) to (2.3),

we obtain
T
n(t)a(t)dt + (E+ /n(t) dt) b(0)+
0

8

o\#

/f 7,8,z (7,8))drdsdr = (t), te€0,T]. (2.3)
0

IS
e
+
o\q
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—|—/T/ln(t)m(:n)/t/xf(T,s,z(T,s))desdtdx:<p(0)+/lm($)<ﬂ(x)dx»
0 0 0
l
(E—l—/m dm)a )+06(0 —|—O/m x) dx+
(E+/m dac)a —i—(b /m )]dt—i—

/T/l”( //fTssz deSdtd:E_qj}()+/n(t)¢(t)dt.
00

0

[en]

l
X f(7,8,2(7,8))drdsdtdr = ¢ (0) + /m (x) f (z) dx,
0

(a(O)—i—/Tn(t)a(t)dt) (E+/lm(x)dx> + (b(O)—i—/lm(x)b(x)dx) X
0 0 0
X (E—{—/Tn ) + /ln af:)/t/xf(T,s,z(T,s))desdtd;U:
0 0 00

T
:w(O)—i-/n(t)w(t)dt.
0
The equality of the right hand side is derived from the equality of the left hand
side.
Theorem 2.1 is proved. O

St~

We construct a Green function for the problem (1.1) - (1.3). It is noted that
the problem (1.1)-(1.3) is reduced to an equivalent integral equation.

Theorem 2.2. The equivalent integral equation for the problem (1.1)-(1.3) is as

follows
! -1 T !
= (E—}—/m(x)dx) P (t) + (E+/n(t)dt) ¢ (z) -
0

0
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-1 T

l -1 l
- E—l—/m(m)da: E+/n(t)dt go(O)—i—/m(m)(p(a;)da: +
0 0

0

T 1
—i—O/O/G(t,:B,T, s) f(r,s,2)drds (2.4)

where
-1 T -1

l
G(t,x,7,8) = E—l—/m(a:)d:n E+/n(t)dt X
0 0

(E+bfn(a>da) (E+fm(5)d5), 0<r<t 0<s<a,
d

0
—<E+fn(a) a)}m(ﬁ)dﬁ, 0<7<t x<s<l,
0

—<E+jm(ﬂ)d6>fn(a)da, t<7<T, 0<s<ux,
0 T
fn(a)dajl"m(ﬁ)dﬂ, t<7<T, x<s<l.

Proof. The unknown functions a (¢t) and b (z) can be considered as solutions to
a system of linear algebraic equations defined by equalities (2.2) or (2.3). It is a
system of the n-th order. The sought functions a (t) and b (x) have dimension 2n.
It is clear that this system has an infinite set of solutions. We fix an arbitrary
solution. Let

be an arbitrary solution.
Then in the equalities (2.2) we find

0

T

T -1 T -1
b(x)= E-i—/n(t)dt) o (x) — E—l—/n(t)dt X
0
0

x /T n(t) j / F(r,8,2 (1, s)) drdsdt, (2.5)
0 0

-1

Taking b (z) and b(0) into account in the equality (2.3), we obtain
! T -1
E+/m(x)dx o (t) + E+/n(t)dt o (0)+
0 0
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-1

! T -1 l T
/m(x) (E+/n(t)dt> @(x)d:n—/m(:c) <E+/n(t)dt) «
0 0 0 0

T

St~

X n

o\N

/f T,8,2(7,s)) drdsdtdx+
0

xT

l t
+O/m O/O/fmzm drdsde = ().

o (v frias)

Hence,

l
/m x) dx+
0

I 2 -

+(E+O/m ) (E—I—O/n )
I T t oz

xo/o/m O/O/f 7,8,z (T,8)) drdsdtdz—

(E+/m ) /m /t/f (1,8,2(7,8))drdsdz. (2.6)
00

Taking into account the equalities (2 5) and (2.6) obtained for the functions b (z)
and a (t) in the equality (2 1), we have
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//f 7,8,z (7,8)) drdsdtdz—

-1 l T

- <E+/lm(:c) dm) /m(x)/t/f(T,S,Z(T,s))desdx
0 0 0

0

xT

T -1l 7 ¢
(m /n@dt) / / O/f oo (o)) s

//f T,8,2(7,s))drds, (t,z) € Q. (2.7)

We perform the same transformatlons in the equality (2.7).

/n O//fTszrs )) drdsdt =
T
(t/n dT) (1,8,2(7,s))drds,

/Tm(m)n(t)/t/f(T,s,z(T,s))desdtdx:
0 0 0
l

l
[
T 1 T
:// (/n(T) dT/m(s)ds) f(t,z,z(t, z))dtdx.
0 0 t

Taking into consideration these expressions in the equality (2.7), we can write

(E—F/Tln ) (E+/T ()dt>1cp(x)

0

! T -1 !
(E—i—/m(:c)dx) (E—l—/n(t)dt) [cp(())—i—/m(a:)w(x)dx]—i—
0 0
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l
n (1) dT/’I?’L (s)ds} ft,x,z(t,x)) dtde—

N e—

Z/O
B—

(2.8)

x T
(/n (1) dT) f(t s, z(t,s))dtds+

+/t/f(T,s,z(T,s))des, (t,z) € Q.
0 0

From the equality (2.8) we receive
!
z(t,x) = (E + /
0
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. 1
(E—i—o/m(a:)dx) X
T T !
X(E+/n(t)dt) x/n(a)da/m(ﬁ)dﬁ
. 0 7 . T S
- (E—I— / n(t) dt) / n (@) da] f(rs,2(7,5)) drds+
0

T 1 I T -1 T !
+t/x/ (E—i—!m(:c)da:) (E+/n(t)dt) x
!

T

xf(r,s,2(7,s))drds + /T/
t
-1

0

0
T

X /n(a) da/m(ﬁ) dﬁ] f(r,s,2(7,8))drds, (t,z)€ Q.

T

Taking these equalities into account, we can write

369

T - ! -1
E(E+/n(t)dt) /n(a)da(EJr/m(x)d:c) /m(ﬂ)dﬁ+
0 s

0 T
l

-1 T L or l
+E+ [ m(z) dx) (E + [ n(t) dt) n(a)da [ m(B)dp =
(-, fros) oo



370

SHARIFOV, AND AYTAN R. MAMMADLI

MISIR J. MARDANOV, YAGUB A.

4
—
4 T |
S, . & © a
NS ! — S- /W«\ N _ =+
g \m/ m T — X = X IS . = X
= = — & 7 = 7 s 5 7
= —~ 3 - —~~ =
BFRAON S E T~ E e~ 7 Ty 2
— = g & E TT—e = > = ¥ < o =
Q R T S + > “ X = — Lt =
= ~— o D T/ — N T? N - e N N
—~ IS ot e o — i & .
g~ —_ o o2+ /N + g + £ +
., | 5 ~— - S 3 S = = &
KN I g + _ ~— ~ ~ — 2 s —
~ N PN —~
> 5 = 4 s =2 .t 7 T8 8o
/ﬂ\ TfD (a\ ~ 1,. N \1@/ /0 \.JW/ ~ g — < 3
N 4 - N — T/O = + o — B T/T o~
#0 - /Tl_ lew + g (E\ g 3 h T O g
— — — — d nd
- 1(_ \.E} 8 €3 /O\) — = N = M ~—
~ T > = g - + g + S - S n
7/~ = Na ~ _ &3] — &3] g
x g = = o I~ T e — G S
< S o ! g . 8 s — h ) t/O(E\ _ * = Be—
- e
S ! 5 £ - X
o ~
@ _
n
<



INVESTIGATION OF A SYSTEM OF HYPERBOLIC EQUATIONS ... 371

T

/n(a

T

X

l
) da / m (8) dﬂ] F(r.5,2(r,8)) drds, (t,z) € Q. (2.10)

Thus, we proved the first part of the theorem, as we determined the matrix-
function G (t,z,7,s). Now we calculate the derivative of function z (¢, ) deter-
mined by the equality (2.10) with respect to ¢ and z

. -1 T -1
2t (t, ) = 8t8 |:( +/m ) (E—I—/n()dt) o (x) —
0 0

1 - I
0)+/m(m)g0(x)daz
L 0
! -1 T -1
(E+/m(x)dx E+/n(t)dt) X

(o frrs) o+ o) et
o I
] fres) (o] ) x
0 0
l
( +O n( da)/m d,@’] TSZ(TS))deS]
T ! . T -1
8t8a: |://(E+/m ) ( +/n(t)dt) X
t 0 0 0
( +/Sm dﬁ) /Tn(a)da] f(r,8,2(1,8))drds]+
0

T

e free) (e fooe)

0

S
><|:/n da/m ] f(r,s,2(7,8))drds =

o) e o)

X

8

¢
E+/n(a)da+
0
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+/$m(ﬁ)dﬁ+/tn(a)da/xm(5)d5+/lm(ﬁ)dﬁ‘f‘
0 0 0 r

l

+jn(a)da/m(ﬁ)dﬁ+jn(a)da+

x

+jm(5)d5jn(a)da+jn(a)da/m(ﬁ)dﬁ] X
J / o z

Xf(tyx,z(t,z))=f(t,x,z(t,x)).
Let us show that the function determined by the equality (2.8) satisfies nonlocal
boundary conditions (1.2) and (1.3)

} -1 T -1
(E—i—/m(x)dx) w(O)—l—(E—&-/n(t)dt) o (z)—
0

0

m@)dx)l(m [ ) !
I -1 T
+(E+O/m ) ( —|—O/n
l
n (T)dT/m(s) ds
(E+/Tn(t)dt) /T/x (/Tn(T)dT) f(t,s, z(t,s))dtds+
0 00

_l’_

|
/-~
e
_|_
O\N

m ( dx] +

e
o)

f(t,z,z(t,z))dtde—

Tt~
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m (s) ds) f(r,z,z(1,2))drdz—
l
(/m (s) ds) f(r,z, 2z (1,2)) drdzdt+

/

/
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l -1 T
(E—i—/m( ) |:¢ +/n dt]
0
T x T
// (/n ) f(tys,z(t,s))dtds—
0 00 \t
l -1y -1
(E+/m(ac)d:x> /m(:z:)cp(x)dx+(E+/m($)d:z:> X
0 0 0
TUL[T l
x//!/n dT/m ds]f(txz(tx))dtdm
0o Lt

T 1ot
O/n 0/0/</m ds) (1,2, 2 (1,2)) drdzdt+

o,
A/
Z
\’ﬂ

3

S

QU

\]
~

&H

=

w

N

—~

~

»

=

I8

=

o8

)

|

In a similar way, we can show that the pointwise and integral boundary condition

z (t,0) /m z(t,x)de =(t), t€[0,T]

is satisfied.
Theorem 2.2 is proved. U

3. Existence and uniqueness

It is seen from the proved theorem that the problem (1.1)-(1.3) is equivalent
to the integral equation
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+/T/G(t,x,7, s) f (1, s, z)drds. (3.1)

In order to prove the existence and uniqueness of the solution of the problem
(1.1)-(1.3) we determine the operator P:C(Q;R") — C(Q; R"™) as follows:

T -1
(P2)(t,z) = E+/m P (t) + E—I—/n(t)dt o (x) —
0
! -1 T -1 !
E+ | m(z)dx E+ [ n(t)dt )+ [ m x)dz | +
0/ [roe) o [

vl

It is known that solving the problem (1.1)-(1.3) or the integral equation (3.1)
is equivalent to finding the fixed point of the operator P. In other words, the
problem (1.1)-(1.3) has a solution if and only if the operator P has a fixed point.

!
/Gtxv's f(7,s,2)drds.
0

Theorem 3.1. Assume that the following conditions are valid:
|f(t,x, 20 — f(t,x,21)] < M|zg — 21|,V (t,z) € Q, z1,20€ R", M >0 (3.2)
and
=I{TSM < 1, (3.3)

where
S =maz ||G(t,z,T,s] .
QxQ

Then the problem (1.1)-(1.3) has a unique solution in Q.

Proof. Denote
-1 T -1

N:mgx E—l—/m(x)dz P (t) + E—|—/n(t)dt o (x)—
0 0
-1 -1

! T I
- E+/m(:1:)dx E+/n(t)dt <p(0)+/m(1:)gp(x)dx ,
0 0 0

t2,0) =M
Juax) |f(t,z,0)] f

and choose r > %ﬁﬂg . We show that the relation PB, C B, is valid, where
B, ={reC(Q,R") |z <r}.
For arbitrary z € B,
[ P2(t, z)|| < N+

T 1
+ [ 16 m 9115 (.27, = f (72500 +17 (7,5, 0)]) drds <
0 0
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T 1
<N+S//(M|zy+Mf)dtdx<N+SMrTz+Mszs<
0 0

< N+ M;TS

S— -1 °S
On the other hand, from condition (3.2) we obtain that for arbitrary zi, 29 € B,
the relation

T.

T 1
’PZQ _P21’ < //|G(t>$>7—78)| (|f(7—73722 (7’,8) - f(T78721(7—a S)’) <
0 0

T 1
< S//M |22 (t,z) — z1(t, x)| dtdx < MSTlm3X|ZQ (t,z) — z1(t,x)| <
0 0
< MSTI ||z — 2]
is valid. Hence we receive
P22 — Pz1|| < L[z2 — 21 -

Taking the condition (3.3) into account we obtain that the operator P is a
contraction. Thus, problem (1.1)-(1.3) has a unique solution. O

4. Application of the obtained results

Example 4.1. To illustrate the results obtained, consider the following nonlocal
boundary value problem for a system of hyperbolic equations

21tz (6,2) = 0,1 sinzy (¢, 2),
(t,z) = —Jatal (t,z) €[0,1] x [0,1] . (4.1)
22tz \U, L) = 1004z t,2)])
L )
21 (0,2) + Of sta(ta)dt =2, 0,1]. (4.2)
29 (0, [L‘) =,
L )
21 (¢,0) +0f§:m1 (t,z)de =15, _ 0,1]. (4.3)
z9 (t, 0) - t,

Obviously,

o= (4 ). mio= (¥ 2)
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2 52
(25407 072) ) srciozoc

2 2
_<0.16<1+4>(1—3) 0>70§T§t,x<8§1,

G (t,z,t,s) = ) N
.2 Lt
[ 0.16 (1 7)<1+4) 0),t§7§1,0<8§x,
0 1
<0.04(1 TO)(l s?) 8>,t§7§1,x<3§1.

Now we will estimate the parameters of the problem:

the norm of the Green function max |G(t,z, T, s|| < 1;

the Lipschitz constant M = 0.1;

contraction parameter L =1-0.1-1-1=0.1 < 1.

Thus, all the conditions of Theorem 3.1 are satisfied and therefore the boundary
value problem (4.1)-(4.3) has a unique solution.

Example 4.2. Now let us look at the system of differential equations (4.1) in

the square [O, g] X [0, g] with the following boundary conditions:

(20 ) [0 ) (2 )= (0) (03 6o
() [ ol ) (e )= ()22 (0)
It is clear that, (4.5)

sint 0 CoS T 0
n(t)—< 0 sint)’m(w)_< 0 cosa:)

E+/0gn(t)dt:<(2) g),E+/0gm(m)dx:<g 0).

and

G(t,z,t,s) =
(I+sint)(2—coss) 0
S w 0<t<t, 0<s<uw,
(1+sint)cos s 0
N 0 <1+n4t>> 0<t<t z<s<E
= (1—sint)§2—cosS) 0 )
B 0 usmt)4(2coss))vt<t§2,ogsgx,
S 0 . .
: < 0 (I_Shlt)mss)’ b<tzyp w<ssy

As seen S = max |G(t,z,t,s|| <1land L =1-0.1- %2 = Z—; < 1. Then the
equation (4.1) with boundary conditions (4.4), (4,5) has a unique solution.
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5. Conclusion

We obtain the following results:

- The Green function was structured to investigate the boundary value problem:;

- The conditions satisfying the initial data were found for the unique solvability
of the problem;

- A theorem on the existence and uniqueness of the solution based on the
contraction mapping principle was proved;

- The results obtained in a specific example were illustrated.

It is shown that all the conditions imposed in the initial data of the problem
are important for a unique solvability of the problem.
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