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DISTRIBUTION OF EIGENVALUES OF AN EVEN-ORDER
DIFFERENTIAL OPERATOR WITH OSCILLATING
COEFFICIENTS

ILFAT KH. KHUSNULLIN, YAUDAT T. SULTANAEV,
AND NURMUKHAMET F. VALEEV

Abstract. The paper considers a class of non-semi-bounded singular
differential operators of even order with irregular growth of the potential
at infinity. The asymptotics of the fundamental system of solutions
and the defect indices are investigated. Asymptotic formulas for the
eigenvalue distribution function are obtained in terms of the regular
part of the operator’s potential.

1. Introduction

This work is devoted to the study of the asymptotic behavior of the spectrum
of a non-semi-bounded differential operator Ly, generated in Ls(—00, +00) by the
differential expression

ly = (—1)"y® —q(a)y, n>1, @€ (=00, +00). (1.1)

In the monograph [3], asymptotic formulas were obtained for the function N(\)
— the eigenvalue distribution function of self-adjoint extensions of the minimal
differential operator Lo, generated in Lo(—o00,+00) by a differential expression
of the form (1.1) in the case when ¢;(x) is a “regular” function in the sense of
Titchmarsh—Levitain. Here and henceforth, the regularity of the function g;(x)
is understood as follows:

— the function ¢;(x) is twice continuously differentiable;

— the functions ¢}(z), ¢{(z) do not change sign for sufficiently large z,
|z| > R, where R > 0;

- q1(x) = 400 as |z| = +oo;

— qi(x) = o(q] (x)), [x] = +00, 0 <7 < §.

The aim of this work is to obtain asymptotic formulas for the function N(\)
in the case when the function ¢j(z) does not satisfy the Titchmarsh-Levitain
regularity conditions and is an oscillating function. Examples of such irregular
functions include, for instance, functions of the form ¢;(x) = g(x) + h(x), where
q(x) is “regular”, and h(x) contains oscillations of the form h(z) = > ax(x) -
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Sk(¢r(x)), where Si(t) are periodic functions, and ag(x), ¢r(x) are sufficiently
smooth monotonic functions.

Asymptotic formulas (both in z and \) for the fundamental system of solutions
(FSS) of equations of the form

—y" — (q(x) + h(z)) = Ay
with such potentials were studied in [4]. In the works [6] and [7], a new method
was proposed for constructing such asymptotic formulas as |x| — +oo for fourth
and sixth order equations.

In this work, we show that the proposed method allows obtaining asymptotic
formulas for the FSS of equation (1.1) as A — oo, A € T', where I' = {\ =
o+ir, 0 >0, £ <7 <07, £>0,0<~v < 1} uniformly in z € (—o0,+00),
which, in turn, yields asymptotic formulas for the function N(X) as A — £oo.

2. Asymptotic Formulas for the Fundamental System of
Solutions of the Equation

The main result of the work is the following

Theorem 2.1. Let the function q(x) satisfy the following conditions:

(1) g(x) = 400 as |x| = +oo;

(2) ¢'(x), ¢"(x) do not change sign for sufficiently large x, |z| > R, where

R > 0;
(3) ¢(2) = o(aS(x), Ja] — +00, 0 < ¢ < 2L,
Let the real function h(x) € Ly joc be such that

(4) [ o(t,\)dt =o(1)
as A — oo, A€l ={A=0+i1,0 >0,{ <7<07,£>0,0<~ <1}, uniformly
in x € (—oo,400), where

¢(x7 >‘) = h(JU) 2n—1 *
2n (q(x) + A) 2

Furthermore, let the functions

() [
() = s qﬁl(x,)\)/x 6(1,2) dt,

bale V) = [l Nn e, N) dt,
where u(t, \) main value of the root %/q(x) + X (—5- < arg*/q(x) + X < 5-),

satisfy the conditions

/Oow(t, N (b \) dt = o(1), /Oow(t, Nt \) dt = o(1),
. 1 - 2.1)
| @@+ 25 e 0 de = o)

as A\ — 00, A € I, uniformly in x € (—o0, +00).
Then the equation

(—1)"y@) — (q(z) + h(z))y =Ny, n>1 (2.2)
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has 2n linearly independent solutions, for which, as A — oo, A € I, the following
asymptotic formulas hold:

Y
)
Yj(x, \) = yj?] =
2n—1]
J
2.3
1+40(1) (2:3)
] WA [ g (g(a) + )% (1+o(1)
1
=———= | & a@)+N(1+o(1)
(q(z) +A) 4
2n—1
e a(x) + )72 (14 0(1))
uniformly in x € (—oo,+00), where j = 1,...,2n, €; are all distinct 2n-th roots of

(=1)", and y¥(z) are the quasi-derivatives of the function y(z) (see [5], Chapter
V, §15, p. 181).

We proceed from equation (2.2) to a system of linear equations. Denote Y =

(y,y!, ...,y 1T Then equation (2.2) can be written as a system
Y = (Ao, \) + A (@)Y, (2.4)
where

0 1 0 0 0 0 0
0 0 1 0 0 0 0
Ao(ib,)\): ,Al(x):
0 o o0 ... —1 0 0 0
gx)+Xx 0 0 ... 0 h(z) 0 0

The matrices Ag(z, A) and A;(x) are square matrices of order 2n, and in Ag(z, ),
the coefficients equal —1 starting from the n-th row (see [5], Chapter VII, §22, p.
313).

We find the eigenvalues of the matrix Ag(x, \),

det (Ao(z, \) — p(z, \)E) = 0,

where E is the identity matrix of the same size as Ag(z, A). From the last equa-
tion, we obtain

P (2, A) = (=1)"(q(2) + N). (2.5)
Denote the main value of the root p(z, A) := */q(z) + A, and let £ denote all
distinct 2n-th roots of (—1)", g1 = cos wJﬂsin W, k=0,1,...,2n—

1.
The eigenvalues of the matrix Ag(z, A) are denoted by ui(x,\) = e;u(x, \),
1=1,2,...,2n.
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Let
1 1 1 o 1
1 H2 K3 -ee o H2n
T=| wi W5 gy . py,
M%n 1 M%n 1 Mgn 1 o M%Z 1

be a square matrix of order 2n.
Then the matrix T transforms the matrix Ay into diagonal form T-'A¢T =

€1 0 0 . 0
A, A= pulAy, where Ag = 0 & 0 ... 0
0 0 0 ... ey
The following substitution
Y =TZ, 7= (z1,22,...,%mn)" (2.6)
transforms the system (2.4) into
7' = (T7' AT+ T 'A\T-T7'T) Z, (2.7)
where
TflADT = ulo,
€1 €1 &1 . €1
1A1T _ h(a?) _— H(], H() _ €9 £9 £9 . €92 :
2n(q(x)+)\) on o e o e o o e o e
Eoan €2n E2n ... E92n
2n—=1  fiz  fizg - fizm
iy ¢ (x) Fo. Fy— for 2n—=1 faz ... foom ’
dn(g(x) + N)
fon1  fon2  fonz ... 2n—1
where f; ; are complex numbers, and f; ; = ﬁ
We rewrite the system (2.7) as
Z' = (p(x, \) Ao + ¢(x, \)Hy — w(x, \) Fp) Z, (2.8)
where h) /()
x q(x
o(x,\) = — w(r, )= ———.
2n (q(z) + A) o dn(q(z) + A)
We impose the condition on the function ¢(z, \)
/ (1 A) dt = o(1) (2.9)
as A — 00, A € I, uniformly in x € ( , and denote

1z, ) / o(t,\) d

where, here and henceforth, the integral is considered for both positive and neg-
ative x.
The following substitution

Z = em1@NHoy (2.10)
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transforms the system (2.8) into
U' = eP1@NHo (12 N Ao — w(z, \)Fy) e~ 1@V Hogy,
We apply the Hausdorff formula [1] to the right-hand side of the last equation

g(z)An, —g(x)A _ 92(x)
B9 = By o)A, B+ LA LA B] +

where A, B are square matrices, and [A, B] = AB— BA is the matrix commutator.
We obtain

pu(, \)eP (N0 N g =01 @NHO — (32 NYAg + pu(a, N) i (z, A) [Ho, Ao

e N a1 170, 8 ..

and
w(m, \)e?1@NHo pe=d1@MNHo — 0 X)Fy + w(a, N1 (z, \)[Ho, Fo)
2(x, A
+ w(z, )\></>1(2)[H07 [Ho, Fol] + . ..
1 1 1
0 Ky niY h,
A0, A0 A0,
Hll == [H07A0] == 2,1 2,3 2,2n ) [H()a [H()aAOH = 07

S
N

where hz(»lj) are complex numbers, and 0 is the zero matrix of order 2n.

€1 €1 e €1
& e . £

Fi1=[Ho, Fo)=2—4n) | 2?2 2 2 | =(2—4n)H,,
€mn E2n --- E2n

[Ho, [Ho, Fo)] = 0.
From the last relations, we obtain a new system
U" = (u(x, N)Aotp(z, N)p1(z, \)Hi1 — w(z, N\ Fy
—w(x, \)o1(x, )\)FH)U.

For the function ¢;(x, \), we require the condition

/oo Lt N i (£, \) dt = o(1) (2.12)

as A — 0o, A € I, uniformly in z € (—o00,0), and denote

P2(x, A) := fxoo p(t, A (t, A)dt.
We make the following substitution

U = e 2@Ning (2.13)

and the system (2.11) transforms into

Q' = e# N (1, \) Ao — w(w, A Fy

(2.11)

(2.14)
- w(q:, )‘)d)l (SU, )\)F11> 6_¢2(I’)‘)H11 Q



8 I. KH. KHUSNULLIN, Y. T. SULTANAEV, AND N. F. VALEEV

Next, we require the conditions (2.1) to hold as A — oo, A € ', uniformly in

z € (—00,00).

Using the Hausdorff formula and conditions (2.9) and (2.12), we obtain

g, N)eP2 NN Ge=02@ N — )y (2 N)Ag + o, N2 (2, N) [H1, Ao]

2(z, X\
+ p(z, )\)%(2 )[Hll, [Hi1, Ao]] + .
= :u(x’ )‘)AO + ,U,(LL“, A)Qb?(xv )‘)H21’
2 2 2
(N I SARPP g
A0 n2 n2
Hyi = [Hit, A = | 721 2,3 22n [ [Hu, [Hix, Aol] = 0,
2 2 2
A A, A,
where 2% are complex numbers.

1,

w(z, )\)e‘”(m”\)HllFoe_@(m”\)H“ =w(z, \)Fy + w(z, A)opa(z, N)[H11, Fo

2
JA
+ w(x, ) ¢2(; )[Hm [Hi1, Fol] + .
= w(x, \)Fy + w(z, A)pa(x, \) Foy,
2 2 2
0 £2 A% . fi
© g (2
Fo1 = [Hyy, Fo) = | 721 23 22n | [Hyy, [Hi, Fo)) =
2 2 2
fQ(n),l 2(71,),2 fZ(n),S ce 0

2
where fi( j) are complex numbers.

w(@, N1 (z, N)e?2@NH1 By o= @2@NH — g0 XNy (2, \) F1+
w(z, N)o1(x, A\)d2(z, \)[Hit, Fi] + ...
=w(z, A)o1(z, A) F11,
[Hi1, Fi1] = 0.
After these transformations, the system (2.14) takes the form
Q' = (u(z, Ao — w(z,\)Fo + S(z,\) Q,
S(z, A) = plx, \)p2(x, ) Ho1 — w(z, A)ga(x, A) For — w(@, A)d1(z, A) Fi1.
Denote
Ao = (@, N Ao — (2n — Dw(z, \)E, Fy=Fy— (2n—1)E,
then the following equality holds
(N Ao — w(z, ) Fo = Ay — w(z, \) Fy.

Taking into account the last equality, we rewrite equation (2.15) as

Q = (7\0 — w(z, Ny + S(z, )\)) Q.

0,

(2.18)
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Let Ty be a constant matrix, which is a solution to the equation
A()TO - T(]AO = ,u(x, )\)F()

Then the matrix Ty (z,\) = zgiig Ty satisfies the equality

AoTi(z, A) = Ty (z, \) Ao + w(z, \) Fp. (2.19)

In the system (2.18), we make the substitution
Q= (E+Ti(z,\)W. (2.20)
Then
(B + Ti(z, \))W' =(Ao + AT (2, \) — w(z, \) Fo) W
+ (S(a, N (E + Ti(x,\) — w(z, N FoTy (z,A) — T} (z,\)) W.
By virtue of (2.19), from the last equality it follows
(B + Ty (z, )W =(E + Ti(x,\)) AgW
+ (S(z, N (E + Ti(x,\) — w(z, N FoTy (z,\) — T} (z,\)) W.
From this equality it follows
W' =AW+
(E + Ty (=, )\))71 (S(z, \)(E + Ty (z,\) — w(, N FoT(z, \) — Tl (z, )W
Denote
Si(z,A) = (E+Ti(z,\)) ! (S(z, \)(E+T1(2,\)) —w(z, N EFoTy(x,\) — T (x, A)).
Then we obtain the system
W' = AW + Sy(z, \)W. (2.21)
Setting in (2.21) for each fixed i, i = 1,2,...,2n
W = eJ (mN)—n-1wn) dry, (2.22)

where V' is a new unknown vector function and taking into account the equalities
(2.17), we arrive at a system of first-order equations

2n

d

%vk(x, A) = Yz, Nvg(z, \) + Zs,gl;(x, Mvj(z,N), k=1,2,...,2n, (2.23)
j=1

J
We formulate and prove an auxiliary statement.

2n
where the matrix Sq(z, ) = {3,(:)(3:, /\)}k

L and Vg (z, \) = pr(x, A) — pi(z, A).

Lemma 2.1. As A\ — oo, A € T, the following estimate holds uniformly in
x € (—00,00)

400 2n 2n
| Isi@ s =on), 81w =33 [st)wn] . @20

o0 k=1 j=1
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Proof. First, as A — 0o, A € T, we estimate |\ + g(z)|:

72

A+q(@)| = V(o +q@)2+ 72 = (U*q(”f))\/1 T ot d@)?
1 T ’ T i

Since ,
T < g _07_1, 0<y<l,
o+q(r) ~ o+qx)

)
we have A+ g(2)] = (o + ¢(2))(1 + o(1)).
By virtue of equation (2.16) and conditions (2.1), it follows that

40 2n 2n
/ 1S (z, \) |dx—ZZ/ sk (2, \)| dz = o(1). (2.25)
- k=1 j=1
We estimate the elements of the matrix T} = :’gi; To as A — 0o, A € I, where
To is a matrix with constant complex coefficients. From the estimate

‘w(wa)\)’ _ () ¢ (z) < o la@) + a)¢
p(@ )| dn(g(z) + ) 5 (q@) +0) 5~ (g(z) + )5
n 2 1
< Clg(z) +0) " F =o(1), 0<(< HQZ ’
as 0 — +oo, it follows that || T3] = “;(x/\ ‘ ITo]| = o(1).

Next, we estimate the following term

+o0 " " +oo wZ(x )\)
w(z, \VEoT1(z, \)|| dx = || FoTy / . ) dz,
J A e P e i e
where the matrix FyTy has constant coefficients,
+0o0 2 A +oo / 2
/ W, >‘ o / CAE5) S P
oo | M, A) —co | 16n2(q(x )+/\)

2n

+oo
C/_ (q(m) + O')C_

where C' is a constant independent of z and A. Let R be an arbitrary fixed

+oo / +oo C e
C/ 4n+1 C/ ) 4n_(,_1) dx =
x ) 2n

dn+1

g (x) dx,

number, then

[ oo ama={ [ " [ [ o

—00

By virtue of the continuity of ¢/(z) and as A — oo, A € T, for 0 < ¢ <

have 5 ()4
n q g n
| @+ o) F y@ar= [T 5 d= o),

—R g(—R)+o

C_4n+1

g (z) dx.

2n+1
o we
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as ¢ — 4o00. Similarly,

+oo Ant1 +oo "
/ (q(z) + O‘)C_ 3 ¢ (z)dr = / 15 dt = o(1),
R q(R)+o
—-R " g(—R)+o n
/ (q(x) + 0)4_42#(]’@) dx = / G Tl T o(1),
—0o0 —+o00

as 0 — 4o00. From the last relations, we obtain the estimate

+o00 -
/ lw(z, \)FoTi(z, A)||de = o(1), o — +o0.

—0o0

From the definition of the matrix 77, it follows that

4n+1

e A):< @) et )@ )T
U \ang@) £ 0BT sn2(gla) + 0 B

Then as A -+ 00, A€

+00 +oo
/ |7 (2, V) d = | o] /

/Jroo
—00

Integrating by parts, we obtain

(2n + 1)((1’(334))21

q//(x) -
dn(g(z) +N) 3 8n(q(x) +A) 5

¢"(z)

2n+1

An(q(z) + A) 20

—+o00 "
de < C q—(x) dx.
: /oo (q(x) + o) 2n

“+o00

11

(2.26)

/ % dr = &
J (g@)+0) (q(x) + o) 5 |

Then

-~ C ()
T, x,A dm S;‘AAAAAAAAAEEIT
[ ImE < S

oo (g(z) +0) 2

—00

“+o00

" Clg@) + o)

2n+1

0 Cg(a)

Cq'(z)

(q(z) +0) 5 | oo~ (q2) +0) 5 |00~ (qz) +0) 50 | oo
on41 +o0 on+t1 |
= Clg(x) + o) 3 | =Clg(x) +0) 5

+ CO(g(x) + 0)5~ B
-R

_ 2n+41

+ C(q(x) + U)C 2n

+oo +o00 / 2
e

= o(1),
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as ¢ — +00, 0 < ¢ < 2 and g(z) — +o0 as |z| — 400, R is an arbitrary

fixed number, and C is a constant independent of x and A. Similarly,

+00 +00 too
/ (@) / Cq‘(x)q'(z) . _ / Clg(z) +0)d (@)
) (q(x) + 4dn+1 —700 ( 4n+1 — 4n+1

o) = q(x) + o) 2n I (g(@)+o) =
+0oo R
_4n+1 _4n41
B /C(Q(JU)+U)C g (x) do = /C(Q(xHO’)C > g (x) de+
R +0oo
C*M , C74n+1 ’
[ @+ Fd@dr+ [ Claw)+0) T d@ e
R R
g(R)+o
/ th— B dt + / Ct 5 a4 / Cte "5 dt = o(1),
q(=R)+o

as 0 — 400, 0<C<2"+1.

Thus, as A > 00, A€, and 0 < ( < 2321, we obtain the estimate

+oo
/_ 1T (2, \)|| dz = o(1). (2.27)

From the estimate of the norm of the matrix 77 (x, \), it follows that |73 (x, A)|]
can be made arbitrarily small as A — oo, A € T', and hence less than 1/2.
Therefore, the matrix E+ T3 (x, \) is invertible, and the following estimates hold:

1B + Ti(z, V] < C,  |[(B + Ti(z, M) < C.

From the last two inequalities and the estimates (2.25), (2.26), (2.27), the validity
of the estimate (2.24) follows. The lemma is proved. O

Next, we complete the proof of Theorem 2.1.

From the proved lemma, it follows that all conditions of Lemma 1.1 (p. 166,
§1, Chapter V) from [3] for the system (2.23) are satisfied. Therefore, for the
solutions vg(x, A), the following asymptotic formulas hold uniformly with respect
to z € (—o0, +00):

Ui(l‘, )‘) =1+ 0(1)7
ve(z,\) =0(1), k#i, k=1,2,...,2n.
Applying the statement of this lemma for each fixed k, as [A\| = oo, A € T, and

returning through the equalities

ef()x :ui(tz)‘) di

(gla)+ N

and (2.22), (2.20), (2.13), (2.10), (2.6) to the vector Y, taking into account the
estimates (2.1) and (2.12), we obtain the asymptotic formulas (2.3) as A — oo,
A € I, uniformly in x € (—o0,+00). Theorem 2.1 is proved.

oo (uz t\) (2n—1)w(t,,\)) dt
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3. Green’s Function of the Real Self-Adjoint Extension of the
Operator Ly and Its Properties

The asymptotic formulas obtained in Theorem 2.1 allow us to address the
question of the defect indices of the minimal differential operator Ly generated
in La(—00,400) by the differential expression

ly = (—=1)"y*" — (q(x) + h(x))y, € (~o0,+00).

Theorem 3.1. Suppose all conditions of Theorem 2.1 are satisfied, and let
lq(z)] > clz|TTte, ¢>0, £>0, € (—o0,+00). (3.1)

Then the defect indices of the operator on the positive and negative half-azes are
(n+1,n+ 1), and on the entire axis, they are (2,2).

Proof. Indeed, for a fixed A, the roots of the characteristic equation (2.5) as
|x| — oo behave like the roots of the equation

It is easy to verify that among the roots of the last equation, there are exactly
two imaginary roots, both for even n and for odd n. Half of the remaining roots
have a positive real part, and the other half have a negative real part. From
condition (3.1), it follows that both solutions corresponding to purely imaginary
roots belong to La(—00,00). Solutions corresponding to roots with positive real
parts belong to Lo(—00,0), and those corresponding to roots with negative real
parts belong to L2(0,00). The theorem is proved. O

Consider the minimal non-semi-bounded differential operator Lg, generated by
the differential expression

ly == (=1)"y"*" — (q(x) + h(z))y, @ € (—o00,+00).

We enumerate €; and the corresponding 2n linearly independent solutions of
the equation ly = Ay as follows:

€1 =1, Ept1= —1,
€j4n = —¢j and Ree; <0 for j =2,...,n, (3.2)
€j—n=—¢cjand Reeg; >0for j=n+2,...,2n,

hence,
Y1(2,A), Ynt1(z,A) € Lo(—00, +00),
Y2z, A)y y3(@, A), -, yn(x, A) € L2(0, +00),
Ynt+2(®, A)y Ynt+3(2, A), -, Y20 (2, A) € La(—00,0).
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Repeating the arguments given in [3] (Chapter IX, §2), we show that the Green’s
function of the real self-adjoint extension of the operator Lg is

y1(2, D) hi(n, A) + Ynt1 (2, N ns1(n, A)

— 3 s € (@ Ny (0, A), x <,

K(x,m,A) = {112, A) (31U 41(n, A) + ha(n, M) (3.3)
FYnr1 (@, A) (Ens1y1(0, A) + hng1(n, A))

om0 €5y (@ Nyjin(n,A), @ >,
hl (777 )‘) =Y (77’ )‘)0(1) + Yn+1 (777 )‘)0(1)7

hn+1(777 )‘) = y1(777 )‘> 2 (1 + 0(1>) + yn+1(777 A)O(l)

1
n

4. Asymptotic Formulas for the Eigenvalue Distribution
Function N())

Henceforth, we assume that the following conditions are satisfied:

|Re ps(z, \)| <C ‘Rez’ qlx)+ A, s=1,n+1, €T, (4.1)
00 00 P
‘/ F(z,\)dx 20/ (o + q(:z:))_71 dr, NeT, X\ — oo, (4.2)
where
1 2n
F(z,\) = w li— D & |- (4.3)
2n(q(a:) + )\) 2n j=n+2
We show that as A € I'; A — o0,
/ K(z,z,\)dx ~ / F(x,\)dz. (4.4)

Indeed, due to the uniformity in z € (—o0, 00) of the quantity o(1) in the previous
estimates, for any preassigned § > 0, there exists N > 0 such that for A € T,
|IA| > N, o(1) < 6. Then

2n—1 0(1) d.T S 6 2n—1

> 1 > 1

Hence, as A € I'; A — oo,

/°° L dz=o0 /OO B
- (g(z) +A) = o (q(z) +A) >

Similarly to [3] (Chapter IX, §3), it can be shown that for A € T, A — oo,
s =1,n+ 1, the following estimates hold:

0o ewa s (t,\) dt oo 1
— (g(x) +A) — (g(z) + ) ™
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/OO —efox#stk)dt —dxr =0 /OO —1 —dz | . (4.7)
_oo(()+/\)2n —oo(()+)\)2n

Taking into account (4.5) and (4.6), this proves (4.4).
From the method of obtaining the function

() = / T (e ) do (4.8)

—0oQ
it is clear that p(A) is an analytic function in the A-plane with a cut along the
real axis, and p(\) = p()), and the function Im p(c + 47) has a limit as 7 — 40.

Denote by §(t) the function

1 t
d(t) == lim Im p(o +i7) do. (4.9)

0
All distinct 2n-th roots of (—1)" were denoted by ¢;, i.e., the roots of the
equation 2" = (—1)". Consider two cases. The first case is n = 2k — 1. Then we
obtain the equation ¢**=2 41 = 0, which can be rewritten as (2#~1 4 4) (21 —
i) = 0. If € is a root of this equation, then  is also a root of this equation. The

27rm

second case is n = 2k. In this case the equation e** = 1 has roots p;, = €' 4k |
k=0,1,...,4k—1. The root 7%-1 o L corresponds to the root 7r3’;;€r1 = (2 — W)
The correspondlng exponentials are symmetric with respect to the real axis, so
the term Z?Zn 42 in the function F'(z, A) will not contain imaginary parts.

Then
t oo
1 / / do dx B
~ onm an o
0 —o©
oo
f

<(q + o) 21n — (q(x))%> dr, t>0,

1
s

o f [, t <0.
0 g(z)+0>0 (q($)+0')

By the Stieltjes inversion formula
 do(N)
t) = —. 4.11
o= [ (411)

From the obtained asymptotic formulas (2.3), it also follows that the spectrum
of an arbitrary self-adjoint extension of the operator Ly is discrete and consists
of two series: {\, A} such that

/\;f—>—|—oo, as n — 0o,
A, — —00, as n — 00.

Theorem 4.1. Suppose all conditions of Theorem 2.1 and conditions (3.1), (4.1),
and (4.2) are satisfied. Set

1, A>0
N\ = ogal A0 (4.12)
—2 -2l A<O.
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Let the function 6(\) satisfy the Tauberian condition

5(—N)
cr s ‘W < 2 (4.13)
ad(A) < A'(N) < BO(N).
Then, as A — £oo, the following asymptotic formulas hold:
N(X\) ~do(N). (4.14)

Proof. On the one hand, by the Carleman formula, we have

/_‘:m,x,z)mz/” V()

b
o A—Z

which, by virtue of equalities (4.8), (4.11), and (4.4), leads to the formula

[y i wis

—00 —0o0

as z € I' and z — oo.

On the other hand, the conditions (4.13) allow the application of the Tauberian
theorem ([3], Theorem 4.1, Chapter X), according to which the formulas (4.14),
i.e., the statement of Theorem 4.1, follow from the equality (4.15). O

Remark. Similarly to what was done in the works [6] and [7], it is shown
that for the operator L with the model potential qi(z) = —2® 4 cz®sin(z?)
under the conditions % < @, 5, +2 < f3, the conditions of Theorems 2.1
and 3.1 regarding the asymptotics of the fundamental system of solutions and
the defect indices are satisfied. Moreover, since the regular part of the potential
q1(z) satisfies the conditions (4.1) and (4.3), the asymptotics of the eigenvalue

distribution function N (\) can be represented in the form (4.10).
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