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ON THE COMMUTATIVITY OF WEIGHTED COMPOSITION
AND COMPOSITION DIFFERENTIATION OPERATORS ON
THE HARDY SPACE
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AND MOHAMMAD MURSALEEN

Abstract. This work provides a complete characterization of when pairs
of fundamental operators, composition operators Cy, multiplication op-
erators My, differentiation operator D and their products commute on
the Hardy space H?(D). Using systematic functional equation analy-
sis, we prove that in most of the cases commutation typically occurs
only in trivial cases with inducing symbols ¢ constant with ¢(z) = z.
Among various operator pairs studied, DMy, and My D exhibit the most
flexibility (admitting all linear multipliers ¢(z) = az + b), while M, Cy
and DM, are most restrictive (essentially only identity solutions). The
commutativity of weighted composition operators pairs, J-symmetric
weighted composition operators, pairs consisting of weighted composi-
tion and composition differentiation operators, and pairs consisting of
weighted composition and the adjoint of weighted composition operators
is also characterized.

1. Introduction

A fundamental problem in operator theory is to characterize the conditions
under which two given operators commute. More precisely, given two bounded
linear operators T',.S : H — H acting on a Hilbert space H, one seeks to determine
when the operator equality

TS =ST

holds. Such commutation relations have deep implications in both the algebraic
and spectral analysis of operators.
The study of commutativity is central for multiple reasons:

e The set of all bounded linear operators B(#) forms a non-commutative
algebra. Families of commuting operators generate commutative subalge-
bras, which are often easier to analyze and classify. Understanding when

two operators commute allows one to identify maximal abelian subalge-
bras (MASAs).
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e Commuting normal operators can be simultaneously diagonalized via the
spectral theorem. More generally, commutativity is closely related to
the possibility of decomposing the Hilbert space into invariant subspaces
that reduce both operators simultaneously. Such decompositions provide
powerful tools to study operators via their joint spectra.

e For commuting operators, one can define a joint spectral measure that en-
ables a multivariable functional calculus, generalizing the single-operator
case. This enriches spectral analysis and has applications in quantum
mechanics, where observables correspond to commuting self-adjoint op-
erators.

e In applied mathematical fields including control theory, ergodic theory,
and dynamical systems, the commutativity of operators reflects the pres-
ence of symmetries and invariances within the underlying systems. De-
tecting and characterizing these commuting pairs can reveal structural
properties fundamental to the behavior of the system.

Thus, characterizing the commutativity of a class of operators is a theoretical
problem with deep implications towards understanding the operator algebra gen-
erated by these operators, along with their invariant subspaces and spectral prop-
erties. In this paper, we investigate the commutativity of weighted differentiation
composition operators acting on the Hardy space. Our aim is to relate the an-
alytic properties of the inducing maps to algebraic relations in operator compo-
sitions. Identifying when certain classes of operators commute involves blending
complex function theory with operator theory and operator algebra. To proceed,
we establish key notations and recall essential definitions and important results.

Let D be the open unit disk in the complex plane C. We denote by H (D) the
space of functions analytic on D). Among subspaces of H (D), the Hardy space
#2(D) holds particular significance. This space consists of analytic functions
f(z) =07y anz" for which the sequence of Taylor coefficients (a,)52 is square
summable, i.e., > °° o |a,|* < co. Equipped with the norm

. 1/2
IfIl = <Z !%!2) :
n=0

H?*(D) is a Hilbert space with the inner product (f,g) = Yo, anb,, where
f(2) =322 janz™ and g(z) = Yo% byz" belong to H2(D).

It is well-established that H2?(DD) itself is a reproducing kernel Hilbert space.
The reproducing kernel for evaluation at any point w € D is explicitly given by
Ky(z) = 1/(1 —wz). Moreover, the set of such kernel functions {K,, : w € D}
spans a dense subset in #2(D) (see [3, 13, 17, 15, 14]).

Given a holomorphic self-map ¢ € H(D) with ¢(D) C D, the corresponding
composition operator Cy : H*(D) — H?*(D) is defined by (Cyf)(2) := f(é(2)), f €
H?(D), z € D. For a fixed holomorphic function v € H(D), the multiplication
operator My : H*(D) — H*(D) is given by (Myf)(2) := ¥(2)f(2). The differ-
entiation operator D : H(D) — H(D) is defined by (Df)(z) := f'(z), where f’
denotes the complex derivative of f. Combining composition, multiplication and
differentiation in different order extended this to weighted differentiation compo-
sition operator. It is a classical result stemming from Littlewood’s subordination
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principle (see, e.g., [3]) that every analytic self-map ¢ of D induces a bounded
composition operator Cy on H?(D). The boundedness and compactness prop-
erties of weighted differentiation composition operator on Hardy and weighted
Bergman spaces have been extensively studied; see, for example, [12] and [16].

These operators arise naturally in diverse areas such as dynamical systems,
model theory, and control theory. For more details, we refer to [4, 1].

Recall that a conjugation on a complex Hilbert space H is an antilinear, iso-
metric involution J : H — H, that is J2 = I and (J f, Jg) = (g, f) for all f,g € H.
In the Hardy space H?(DD), the operator defined by (Jf)(z) := f(z), 2 € D is
a natural example of a conjugation. An operator T on H?(D) is said to be J-
symmetric or equivalently complex symmetric, if T'= JT*J. See [5, 6, 9, 7, 11]
and references therein for more about these type of operators.

Before we proceed to our main results, we state and recall the Denjoy—Wolff
Theorem which guarantees the unique fixed point « to which the iterates of the
analytic self-map ¢ converge (except the trivial elliptic automorphism case).

Theorem 1.1 (Denjoy—Wolff Theorem). Let ¢ be an analytic self-map of D that
is not an elliptic automorphism (i.e., not a rotation of the form ¢(z) = ez for
some § € R).

Then there exists unique point o € D (called the Denjoy—Wolff point) such
that:

(1) The sequence of iterates {¢"} defined by ¢™ = ¢ o "1 with ¢ = id
converges locally uniformly in D to the constant function a:
lim ¢"(z) =« for all z € D.
n—oo
(2) The Denjoy—Wolff point « lies either:
e in D, in which case ¢(a) = a and 0 < |¢/(a)| < 1, or
e on the boundary 0D, where ¢ has an angular (nontangential) limit

a and the angular derivative ¢'(a) exists with 0 < ¢'(a) < 1.

(3) No other fized point in D has derivative less than or equal to 1 in magni-
tude.

2. Main Results

Theorem 2.1. Suppose that the operators Cy and My are bounded on H2(D).
Then the following are equivalent:

(1) Cy and My commute;
(2) CF and My commute;
(3) ¢ and v satisfy the functional equation
Y =1vo9.
Moreover, the possible solutions to ¥ = 1 o ¢ are characterized as follows:
(i) If ¢ is not an elliptic autqmorphism, then 1 is constant on .
(ii) If ¢ is a rotation ¢(z) = €z, then 1 must satisfy the rotation invariance
V(z) = (e?2)  for all z € D.

In this case,
If % is 1rrational, then ¢ is constant.



82 A. SINGH, M. SHARMA, A. K. SHARMA, AND M. MURSALEEN

If o~ = g s rational in lowest terms, then ¢ is a function of 24, i.e.,

P(z) = Z arq2™.
k=0

Proof. Suppose that Cy and My, commute; that is, CyMy, = MyCy. Applying
both sides to an arbitrary function f and evaluating at z € D, we obtain

¥(2) f(9(2)) = P(e(2)) f((2)).
Since f(¢(z)) can be chosen arbitrarily, it follows that

P(z) = P(p(z)) forall z €D,
or equivalently,
Yop =1
Again taking inner products with an arbitrary f € H?:
(CoMyKy, f) = (MyKy, Cof) = (Y Ku, f 0 §).
Using the reproducing property,

(Vkw, f o @) = v(w)f(d(w)).
On the other hand,

(MyClkuw, [) = (Vkyy, [) = D(d(w)) f(p(w)).
Since this holds for all f, it follows that

PY(w) = P(p(w)) Yw e D.

This proves that (1), (2) and (3) are equivalent.
If ¢ is not an elliptic automorphism, then the Denjoy-Wolff theorem implies
¢"(w) converge to unique point « € D. Iterating the functional equation gives

P(w) = P(p(w)) = (¢ (w)) = - = P(¢" (w)).
Also notice that My is bounded on H?*(D), so ¢ € H®. Since ¢ is bounded
and analytic on D, it follows by standard complex analysis that 1 possesses
nontangential boundary limits almost everywhere on dD. In particular, given the
Denjoy-Wolff point a € D of ¢, the sequence of iterates ¢™(w) converges to «
for each w € I, and by continuity of ¢ in ID or existence of boundary limits, the
limit

Tlim (" (w)) = ()
exists as a finite complex number. Thus, 1 is constant on D.

If ¢ is an elliptic automorphism, then ¢(z) = ez and iterates ¢"(z) = ez
rotate indefinitely inside ID. The invariance implies

b(z) = P(e”z).
Writing ¢(z) = Y2 anz", we have

[e.9] o0
g anz" = g ane™ 2",
n=0 n=0

and so ‘
an(1 — ey =0 vn.
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If % is irrational, then a,, = 0 for all n > 1, so % is constant. If % = % rational
in lowest terms, then

wW_1 & neqZ,
so the only possibly nonzero coefficients correspond to n = kg, and we get

o
z) = g pg 2™
k=0

This characterizes ¥ as a function with g-fold rotational symmetry. This com-
pletes the proof. O

Theorem 2.2. Suppose that the operators Cy D and DCy are bounded on H2(D).
Then, CyD = DCy, on H*(D) if and only if ¢ is an identity map on D.

Proof. For any f € H*(D) and any 2 € D, we have (CyD)(f)(z) = (DCy)(f)(2).
For these to be equal for all f and z, we have

f(¢(2)) = f(6(2))¢' ().
Since f’ can assume arbitrary values at ¢(z), this implies ¢/(z) =1 Vz € D.
Integrating, we get ¢(z) = z + ¢, for some constant ¢ € C. Because ¢ maps
the unit disk D into itself, and the map z +— 2 + ¢ satisfies this property only if
¢ = 0; otherwise, some points in D are mapped outside the disk. Therefore, ¢ is

the identity map on D. Conversely, if ¢ is the identity map, then Cy = I, and it
trivially holds that CyD = D = DCj. O

Theorem 2.3. Suppose that the operators DMy and MyD are bounded on
H?(D). Then DMy = MyD if and only if 1 is constant.

Proof. For any f € H?*(D) and any z € D, we have (MyD)(f)(z) = (DMy)(f)(2),
whieh meens 1/(2)1(2) + V(21175 = V()L 2). Thus (2)1(2) = 0. Becanse

f(z) can attain arbitrary values for each z, it follows that ’(z) = 0. Hence, ¢
must be constant.

The converse is obvious since constant multiplication commutes with differen-
tiation. ]

Theorem 2.4. Suppose that the operators CyD and CyMy are bounded on
H?(D). Then CyD and CyM,, commute on H*(D) if and only if either ¢» = 0, or
Y is a nonzero constant and ¢ the identity map on D.

Proof. For any f € H*(D) and any z € D, Cy My, CyD(f)(2) = CyD Cp, My (f)(2).
Thus for all f and all z € D, the following equation holds

P (8(6(2)))0 (0(2)) F(0((2))) = [ (d((2))) (¥ ((2)) — ¢(¢(¢(2)))¢'(¢(Z)2%-1)
Choosing f(w) =1 gives:

W (p(4(2)))d (4(2)) =0 for all z € D

Since ¢ is non-constant, there exists 2o such that ¢'(¢(z0)) # 0, which implies
' (¢(¢(20))) = 0. By analytic continuation, v is constant. Let 1)(z) = ¢. Choos-
ing f(w) = w in equation (2.1) gives

c(1-¢'(6(2)) =0
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If ¢ = 0, then ¢ = 0, and we are done. If ¢ # 0, then ¢'(¢(z)) = 1 for all z, which
implies ¢'(w) = 1 for all w in the range of ¢. By analytic continuation, ¢'(w) = 1
for all w € D, so ¢(z) = z+ d. Since ¢ : D — D, we must have d = 0, hence

$(z) = z.
Conversely, if ) = 0 or if ¢ is constant and ¢(z) = z, direct computation shows
the operators commute. [l

Theorem 2.5. Suppose that the operators CyD and MyCy are bounded on
H?(D). Then CyD and MyCy commute on H*(D) if and only if 1 is constant
and either 1 =0, or ¢(z) = z (the identity map).

Proof. We can see that the operators commute if and only if

(¥(2) = $(9(2) ' (8(2)) f(#(6(2))) = ¥/ (@) F(#(6(2)))  (2:2)
for all f and all z € D. Choose f(w) =1 (so f'(w) =0), we get
P (p(z))=0 forallzeD

Since ¢ is non-constant, ¢(ID) contains an open subset of D). By the identity
theorem, ¢ = 0 on D, so ¢ is constant. Let ¢ (z) = ¢ for some constant ¢. Then
equation (2.2) becomes

0= (c—c¢/(¢(2))) f(D(6(2)) = c (1= ¢ (6(2))) f'(6((2)))

If ¢ = 0, then ¢ = 0 and we are done. If ¢ # 0, then we need ¢/(¢(z)) =1 for all
z € D. This means ¢'(w) = 1 for all w in the range of ¢. Since ¢ is non-constant,
its range contains an open subset of D. By analytic continuation, ¢/'(w) = 1 for
all w € D. Therefore, ¢p(z) = z+ b, b € C is a constant. Since ¢ is a self-map of
D, we have b = 0, giving ¢(z) = z.

Conversely, if ¢ = 0 or if ¢ is constant and ¢(z) = z, direct computation shows
the operators commute. ]

Theorem 2.6. Suppose that the operators CyD and DMy, are bounded on H2(D).
Then CyD and DM, commute if and only if ¢ is constant and either 1 =0, or
d(z) = z (the identity map).
Proof. The equality (CyD)(DMyf) = (DMy)(CyDf) for all f € H*(D) is equiv-
alent to

P'(2) [ (9(2)) + 1(2)¢' (2) " (8(2))

= U"(0(2)) f(8(2)) + 2¢'(6(2)) f'(6(2)) + ¥ (6(2)) f" (6(2))

which holds for for all f € H?(D) and all z € D. Therefore, we have
(V(2)9' (2) = D((2))) f"($(2))

+ ('(2) = 20'(6(2))) f(6(2)) — ¥"(6(2)) f((2)) = 0 (2.3)
Let f(w) = 1. (Then f'(w) = f"(w) = 0). Therefore for all z € D, we have
" (¢4(z)) = 0. Since ¢(D) contains an open set, " = 0, so ¥(z) = az + b.
Again, let f(w) = w (s0 /(1) = 1, [(w) = 0): 20/(6(2)) — '(2) = 0 2 — o =
0 = a = 0 Therefore, 1)(z) = b is constant. Further, let f(w) = w? (so
f(w) = 2w, f"’(w) = 2). Substituting into equation (2.3) with 1) = b, we have
2b(1 — ¢'(2)) =0 If b = 0, then ¢ = 0 and we’re done. If b # 0, then ¢'(z) = 1.
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This implies ¢(z) = z + ¢ for some constant c. For ¢(z) = z + ¢ to map D to D
is possible only if ¢ = 0. Therefore, c = 0 and ¢(z) = z.

Conversely, if ) = 0 or if ¢ is constant and ¢(z) = z, direct computation shows
the operators commute. ]

Theorem 2.7. Suppose that the operators CyD and DCy are bounded on H2(D).
Then CyD and DCy commute if and only if ¢(z) = az + b where a,b € C and
la| + 0] < 1.

Proof. For commutation, we need (CyD)(DCyf) and (DCy)(CyDf) for all f €
H?(D). Computing these, we get

(DCy)(CyDf)(2) = ["((6(2)))d (6(2))¢' (2) (2.4)
(CoD)(DCy[)(2) = ["($(d(2)))[0'(9(2))]* + f'(6(6(2)))d" (6(2))  (2:5)
Equating (2.4) and (2.5), and rearranging the resulting equation, we get

F(8(6(2)))0" (8(2)) + [ (8(6(2))) (¢ (6(2)))* — ¢ (6(2))¢'(2)) = 0
Taking f(w) = w (so f'(w) =1, f"(w) = 0): ¢"(¢(z)) = 0 for all z. Since ¢ is
non-constant, the image ¢(D) contains an open subset U C D. By the identity
theorem for analytic functions, if ¢”(w) = 0 for all w € U, then ¢”(w) = 0 for all
w € D. Thus ¢” = 0. Integrating twice: ¢'(2) = a (constant) and ¢(z) = az +b
for some a,b € C. For the constraint ¢ : D — D, we need |a| + |b| < 1.

Conversely, if ¢(z) = az + b with |a| + [b] < 1, then direct computation shows:

(CyD)(DCyf)(2) = a® f"(a*z + ab + b)
(DCy)(CyDf)(2) = a*f"(a*z + ab + b)

Therefore, the operators commute if and only if ¢(2z) = az + b with |a| + |b] <
1. O

Theorem 2.8. Suppose that the operators CyD and MyD are bounded on H2(D).
Then CyD and MyD commute if and only if 1 is constant and either ¢» =0, or
¢ is the identity map.

Proof. Using commutation of CyD and MyD, we can easily have (¢(z)¢'(z) —
Y(d(2)) " (P(2)) — ' (6(2)) f'(#(2)) = 0 Now, to ensure this to holds for all f,
we need the coefficients of f/(¢(z)) and f”(4(z)) to be zero independently, that
is, ¥'(¢(2)) = 0 and ¥ (p(z)) — ¥(2)¢'(z) = 0 for all z € D. From first among
these equations, using ¢ is non-constant and analytic, its range contains an open
set. Therefore ¢’ vanishes on an open set, so by the identity theorem, v’ = 0,
and so 1(z) = ¢ (constant). Substituting ¢(z) = ¢ into the second equation, we
have ¢(1 — ¢/(2)) = 0 for all z € D. This gives us two cases: ¢ = 0, so ¢ = 0.
Otherwise, ¢ # 0, so 1 — ¢/(z) = 0, which means for all z € D, ¢/(z) = 1. If
¢'(z) = 1, then ¢(z) = z + b for some constant b. Since ¢ : D — D, so b = 0.
Therefore, ¢(z) = z (the identity function).

If p =0, or if ¥(z) = ¢ # 0 and ¢(z) = z, then we can easily see that the
commutation holds. O

Theorem 2.9. Suppose that the operators CyMy and MyD are bounded on
H2(D). Then CyMy and MyD commute if and only if 1 is constant and ei-
ther v =0, or ¢(z) = z (the identity map).
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Proof. We seek to find conditions under which CyMy, and My D commute. For
commutation, set these expressions equal for all analytic f, we can easily have

U(2) ' (6(2))8 (2) F(9(2) + ¥ (2) ¥(9(2))9 (2) ' (¢(2)) = (¥(¢(2)))* f'(6(2)).
Therefore, we have 1(z) ' (#(2))¢'(z) = 0 and (Y(é(2)))? = ¥(2)(p(2))d (2)

From the first among these equations, if ¢(z) is not identically zero and ¢'(2) is
not identically zero, then ¢/(¢(z)) = 0, so ¥ is constant. From second one, if
is constant (say 1(z) = ¢), then ¢/(2) = 1, that is ¢(2) = 2z +¢. Since ¢ : D — D,
so c=0 and ¢(z) = z.
Conversely, the conditions 9 is constant and either ¢» = 0, or ¢(z) = z (the
identity map) easily confirm commutation.
0

Theorem 2.10. Suppose that the operators CyM, and DMy are bounded on
H?(D). Then CyMy, and DMy commute if and only if 1 is constant and either
=0, or ¢(z) = z (the identity map).

Proof. For all analytic f and all z, if CyMy and DM, commute, then we must
have

—¥'(2)¥(8(2)) — ¥(2)1'(6(2))¢ (2) + ¥ ((2))d' (4(2)) = 0 (2.6)

—(2)e(6(2)¢' (2) + (U(¢(2)))* = 0 (2.7)

for all z € D. If ¢ = 0, then we are done. If 1 is not identically equal to zero then

an application of the identiy theorem in (2.6) and (2.7) shows that 1 is a nonzero

constant function, say 1(z) = ¢ # 0. Then ¢’ =0, ¥(¢(z)) = ¢, and ¥(z) = ¢, so

from above equations ¢'(z) =1 So ¢(z) = z + q, i.e., ¢(z) is an affine map with
slope 1. The self-map restriction, then forces a = 0.

Conversely, the conditions v is constant and either ¢» = 0, or ¢(z) = z (the
identity map) easily confirm commutation. O

Theorem 2.11. Suppose that the operators Cy My and MyCy are bounded on
H?(D). Then CyMy and MyCy commute if and only if Y(2)1(¢?(2)) = (¥(9(2)))?
for every z € D.

Proof. An easy calculation yields the proof. We omit the details. O

Theorem 2.12. Suppose that the operators MyCy and MyD are bounded on
H*(D). Then MyCy and MyD commute if and only if either ¢ = 0, or ¢ is
constant and ¢(z) = z.

Proof. For any f € H?(D) and for any z € D, the equality (MyCy)(MyD)(f)(2)
= (MyD)(MyCy)(f)(2) easily yields $(2)¢'(2) f(d(2)) + (¥:(2))* f'(¢(2))¢' (2) =
»(2)Y(d(2))f (¢(2)), which on rearranging, we have
()¢ (2)f(8(2)) = ¥(2) f'(8(2)) (¥((2)) — ()¢ (2)).

Since this must hold for all f € H?(D), we test with specific functions. Take
f(w) = 1. Then f'(w) = 0, and so we have ¥(z)y/'(z) = 0 for all z € D. This
means: for each z, either ¥(z) = 0 or ¢/(z) = 0. Again take f(w) = w in the
main equation. Then f'(w) = 1, and (=)' (2)6(2) = v(2)((6(2)) - $(2)0/(2)).
If ¢ = 0, then we are done. Assuming ¥ (z) # 0, we have '(2)¢(z) = ¥(P(z)) —
B0 (2).
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From first condition for all z € D, we have (2)¢'(z2) = 0. If Z = {z ¢ D :
P(z) =0} and S = {z € D : ¢/(2) = 0}, then it implies that ZU S = D. If
Z =D, then ¥ = 0 and we are done. Otherwise, ¥ # 0. Since v is analytic and
Y # 0, the zero set Z is either empty or consists of isolated points. If Z = (), then
¥ (z) # 0 for all z, so from first condition, we have ¢'(z) = 0 for all z. This means
v is constant. If Z consists of isolated points, then using Z U S = D and 7 is
discrete, we must have that .S contains all points except those in Z. In particular,
S has an accumulation point.

But if ¢//(z) = 0 at an accumulation point of zeros of ¢/, then by the Identity
theorem, 1" = 0 on ID. This means ) is constant. However, if 1 is constant and
non-zero, then Z = (), contradicting our assumption that Z consists of isolated
points. Therefore, it is impossible, and so either ¢» = 0 or v is constant. Suppose
Y (z) = ¢ for some constant ¢ # 0. From second condition, then we have ¢(1 —
@'(z)) = 0 Since ¢ # 0, we have ¢/'(z) =1 for all z € D This means ¢(z) = z+b
for some constant b. Since ¢ : D — I, the map z — z -+ b must send D into itself.
This is only possible if b = 0. Therefore: ¢(z) = 2.

Converse is obvious.
0

Theorem 2.13. Suppose that the operators DCy and MyD are bounded on
H%(D). Then DCy and MyD commute if and only if for every z € D, we have

(¥(2) = ¥(6(2)))(¢'(2))? = 0 and 9(2)¢" (2) = V' ($(2))¢' (2).
Proof. An easy calculation yields the proof. We omit the details. O

Theorem 2.14. Suppose that the operators DMy and MyD are bounded on
H%(D). Then DMy and MyD commute if and only if for all z € D, " (z) = 0.
Equivalently, ¥(z) = az+b, a,b € C.

Proof. For f € H%(D) and z € D, we can easily have that
(My D)(DMy)(f)(2) = (2)3" (2) f () + 20 ()¢ (2) f'(2) + ((2))* f"(2)

and
(DMy)(MyD)(f)(2) = 2(2)¢' (2) f'(2) + ($(2))* " ().

Using commutation condition, we have

20(2)¢ (2) ' (2)+((2))2 " (2) = (200" (2) f(2) +20(2)9 (2) f (2)+((2)) 2 (2).

On canceling the terms 2t(2)y'(2)f'(z) and (¢(2))2f”(z) from both sides, we
have ¥(2)y"(2)f(z) = 0. Since this must be true for all f € H?(D), by taking
f(z) =1 we have ¢(2)¢"(z) = 0 for all z € D. We claim that ¢"(z) = 0 for all
z€D. Set Z:={z€D:9Y(2) =0},and U :=D\Z ={z€D:9y(2) #0}. OnU,
we have 1(z) # 0, so by the given equation, ¢”(z) = 0 for all z € U. Now, 9" is
analytic on D, and identically zero on the open set U. If U is non-empty (i.e., 9
is not identically zero), then by the identity theorem for holomorphic functions,

Y"(z) =0 for all z € D.

If U = &, then ¢(z) = 0 everywhere on D, then trivially ¢”(z) = 0 everywhere.
Therefore, in all cases, ¢ (z) = 0 for all z € D. So ¢ is linear, that is, (z) = az+b
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for constants a,b € C. Conversely, if ¢(z) = az + b with a,b € C. Then
(DMy)(f)(2) = ' (2) f(2) + ¥(2) f'(2) = af(2) + (az + b) f'(2)
(MyD)(f)(2) = 9(2)f'(2) = (az + ) f'(2)

Computing compositions, we have

(DMy)(MyD)(f)(2) = 2a(az +b)f'(2) + (az + b)* f"(2) (2.8)
and

(MyD)(DMy)(f)(2) = 2a(az +b)f'(2) + (az + b)*f"(2) (2.9)
The equality of expressions (2.8) and (2.9) assert that the given operators com-
mute. This completes the proof. O

Theorem 2.15. Suppose that the operators MyCy and DDMy, are bounded on
H?(D). Then the operators MyCys and DM, commute if and only if

P(9(2)) =2¢'(2) and P(8(2)) = ¥(z) ¢'(2)
for all z € D.

Proof. An easy calculation yields the proof. We omit the details. U

Theorem 2.16. Assume that the operators CyMy, and DCy are bounded on
H?(D). Then, the operators CyMy and DCy commute if and only if

#(z)=2z and Y =c for some constant c € C.

Proof. Suppose that Cy M, and DC, commute. Equating (CyMy)(DCy)f(2) =
(Cng)((f’OQS)-sf)’)(Z) = Cy(-(f'09)-¢')(2) = (¥09)(2)(f'0hod)(2)(¢ 0 9)(2)-
an
(DC)(CyMy) f(2) = ¥'(¢(8(2))) (6(2))¢' (2)(f © b 0 §)(2)
+ (W odod)(2)f (¢(6(2)¢(¢(2))d (2).
and splitting the equation into terms involving f and f’ gives two conditions that
must hold for all f, we have

and

(Yogog)(z) ¢ (4(2) ¢(2) = (Yo d)(z) ¢(e(2)).
Since DCy is bounded on H2, ¢ cannot be a constant function. For the product
to be zero for all z, and since ¢’ is not identically zero, we have that

P (d(¢p(2))) =0 for all z € D.

Because ¢(¢(D)) C D contains an accumulation point, analytic continuation im-
plies
Y'(w) =0 for all w e D.

Hence, 9 is constant: ¥(z) = c¢. With ¢ = ¢, the second equation reduces to
c=c-¢(2). If c=0, then CyMy is the zero operator, which trivially commutes
with every operator. Otherwise (¢ # 0), ¢'(z) = 1 for all z € D. The only
holomorphic self-map with constant derivative 1 are of the form ¢(z) = z. This
completes the proof. O
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Theorem 2.17. Suppose that the operators MyCy and DCy are bounded on
H2(D). Then MyCy and DCy commute if and only if

d(z) =z and P =c for some constant c € C.
Proof. An easy calculation yields the proof. We omit the details. O

Theorem 2.18. Suppose that the operators DCy and DM,y are bounded on
H2(D). Then DCy and DMy, commute if and only if for all z € D, ¢ and ¢

satisfy the equations: V'(¢(2)) = ¢'(2) and ¥(d(2)) = ¥ (2).
Proof. An easy calculation yields the proof. We omit the details. O

We end this paper by investigating the commutativity of weighted composition
operators including J-symmetric weighted composition operators, pairs consist-
ing of weighted composition and composition differentiation operators, as well as
pairs consisting of weighted composition operators and the adjoints of weighted
composition operators.

The proof of our next result is straightforward and therefore omitted.

Theorem 2.19. Let 91,19 € H(D) be analytic functions, and let ¢1, 2 be an-
alytic self-maps of D. Suppose that the weighted composition operators Wy, 4, ,
Wys.6s + H2(D) — H*(D) are bounded. Then, the operators Wy, s, and Wy, 4,
commute if and only if the following two conditions hold for all z € D:

(a) ¥1(2) ¥2(91(2)) = ha(z) Y1 (d2(2)),

(b) (d10¢2)(2) = (¢2 0 ¢1)(2).
Corollary 2.1. Let ¢ € H(D) be a univalent function and ¢1,¢2 be analytic
self-maps of D such that the weighted composition operators Wy, 4, and Wy, 4, are
bounded on H?*(D). Then the operators Wy.6 and Wy, 4, commute if and only if
1 = ¢2.

Proof. Assume that the operators Wy, 4, and Wy 4, commute. Then by (a) of
Theorem 2.19, we have 1(2)1(¢1(2)) = ¥(2)(p2(2)) for all z € D. Since 9 is
not identically zero, the identity theorem guarantees that 1(¢$1(2)) = 1¥(p2(2)).
Thus by the univalency of 1, we have

1(2) = ¢o(2) for all z € D.

The converse direction is straightforward. We omit the details. O

As applications of Theorem 2.19 and Corollary 2.1, we present examples of
commuting and non-commuting weighted composition operators.

Example 2.1. Let
az+b

wl(z) = 1?2(2) = m, with ad — be 75 0,
and define 8
a—z — 2
Sl A .

where |af,|8| < 1. By Corollary 2.1, the weighted composition operators Wy, 4,
and Wy, 4, commute if and only if o = 3.
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Example 2.2. Let ¢1(z) = z, 12(2) = 2%, ¢1(2) = 2/2, ¢2(2) = z/4. Then the
weighted composition operators Wy, 4, and Wy, 4, are commuting by Theorem
2.19.
Example 2.3. Consider
a—z 80—z
wl(z)_l_azv w2(2)_1—52,
with |a] = |5] < 1 but a # 3, and set

a—z

01(2) = d2(2) = 6(2) = T— 0 <la| <L
Then Wy, ¢, Wis gy # Waps 6 Wiy 61 -

Proof: Assume, for the sake of contradiction, that
Wisr.1 W .o = Wi 6o Wipy .41 - Then, by (a) of Theorem 2.19, we have

1 (2)a(P1(2)) = Yo (2)Y1(g2(2)) for all z € D.

Evaluating at z = 0, we get

Y1(0)1h2(¢1(0)) = ¥2(0)1h1(¢2(0)). (2.10)
Substituting 1 (0) = a, ¥2(0) = 3, and ¢1(0) = @ in (2.10), we have a-1¢z(a) = -
¥1(a), which expands to a(1—aa)(8—a) = B(1—Ba)(a—a). Upon expanding and
rearranging terms, this equality holds if and only if |a|? = 1. This contradicts the
assumption || < 1. Therefore, our initial assumption is false, and the operators
Wy, ¢, and Wy, 4, do not commute.

Theorem 2.20. Let 11(z) = az + b, ¥2(2) = cz + d be linear maps on D and
a—z

#(z) = == such that 0 < |a| < 1 be an automorphism on D. Then Wy, 4 and
Wy, ¢ commute if and only if ad — bc = 0.

Proof. Suppose that Wy, 4 and Wy, 4 commute. Then by (a) of Theorem 2.19,
we have

(az +b) <c +d> = (cz +d) (a

In particular, by letting z = 0 we get (bc — ad)a = 0. Since a # 0, we have that
the required condition holds. Conversely, suppose that ad — bc = 0. Then

(6 = (a4 0) (52 + )

— Qaz

o —z o —z

1—az

— +b) forall zeD.
1—az

acaz — acz? + adz — @adz + bea — bez + bd — abdz

1—-az
and

w@wwwr4m+@@f—z+g

— Qaz

acaz — acz® + bez — abez? + ada — adz + bd — abdz

1-az
Clearly, ¥1(2)1h2(¢(2)) = ¥2(2)Y1(¢(2)) for all  z € D, and so My, ¢ My, ¢ Kw(2)
= My, .My, $Ku(2). Since, span{K,, : w € D} is dense in H?*(D), it follows that
W sWips .6 = Wy W, . This completes the proof. g
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Proposition 2.1. Let Wy, 4, and Wy, 4, be two J-symmetric operators on H? (D)
where Jf(z) = f(Z). Then the following are equivalent.

(a) Wy, 6, and Wy, 4, commute.
(b) ¢1 and ¢a2 commute.

Proof. Given Wy, 4, and Wy, 4, are J-symmetric. By Theorem 3.3 in [9],

o« B a1z
Y1(2) = 1= a2’ ¢1(2)—a0+1_a0z

. /8 _ A12
ha(z) = = Aoz’ $2(2) = Ao+ 1— A2

= (b) follows from Theorem 2.19.
(b) = (a) Suppose that (b) holds. Then

d1(h2(2)) = ¢p2(p1(2)) forall ze€D.

Now,
a [ Ag + 1_411422
$1(P2(2)) = ag + ( : Z )
1—ag (AO + 171147;2)
Ay — A2 A
= o+ 5 Aal( 0 ET 212) (2.11)
— Apz —ap (A() — AOZ -+ Alz)
and
Ay (a0 + 1257
$a(1(2)) = Ao + (o0 +5255)
1= Ag (a0 + 1222
9
— Ayt A (ap — adz + a12) (2.12)

1—agz — Ag (ao — a%z + a1z)
From (2.11) and (2.12) we have that
ay (Ao — A3z + A1Z) Aq (ao — a3z + alz)

=A
a0+1—AQZ—a0(A0—A(2JZ+A12’) o+

1—agz — Ag (ag - a%z + a1z)
for all z € D. By letting z = 0, we get
ag — a%Ao +a1lg = Ag — A%ao + Ajag
Therefore, a straightforward calculation shows that

_ ap
1- Apag — Z(ao — Aoa% + CL1A0)

P1(2)¢2(d1(2)) = P2(2)1(d2(2))-

By virtue of Theorem 2.19, it follows that Wy, ¢ Wiy, ¢, = Wi, ¢ Wep, ¢, This

completes the proof. O

Corollary 2.2. In the above proposition if ¢1(0) = ¢2(0) # 0, Then Wy, 4, Wiy ¢, =
W 3o Wepi 6 Uf, and only if ¢1 = ¢a.
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Let ¢(z) = %is be a linear fractional self-map of D, then there exists an
associated linear fractional map o, again a self-map of D, given by
o(z) = woc
—bz+d

This map o is commonly referred to as Cowen Auxiliary function (or Krein adjoint
of ¢) and is uniquely determined by ¢. For more details, we refer to [2, 3].
These induce a weighted composition operator Wy, 4 : H*(D) — H?(D), where
Y = ak, () for some nonzero constant «, with K, denoting the reproducing
kernel at w.

The next result provides the necessary and sufficient conditions for two such
weighted composition operators to commute.

Theorem 2.21. Let ¢1(z) = fziz and ¢o(z) = giig be two linear fractional self-
maps of D, and Wy, 4, , Wy, ¢, be the weighted composition operators induced

by these maps. Then Wiy, o, Wi ds = Wi 0o Wan s, on H2(D) if and only if
(a) Qp+5q=qP +5Q
(b) Rg=rQ
(¢c) Sr+ Rp=Rs+rP
Proof. First assume that Wy, ¢, Wi to = Wiy 0oWer.er  0on H?(D). Then by
Theorem 2.19, we have ¢1 0 ¢o = @2 0 ¢1 and 11(2)ha(d1(2)) = VY2 (2)1(d2(2)) .

We can easily compute the following compositions:
(Pp+ Rq)z + (@p + Sq)

91(92(2)) = (Pr+ Rs)z + (Qr + Ss)’ (2.13)
and
_ (Pp+Qr)z+ (Pg+Qs)
92(01(2)) = (Rp+ Sr)z+ (Rq+ Ss) (2.14)
Equating (2.13) and (2.14) for all z € D, we obtain
(Pp+ Rq)z+ (@p+5q) _ (Pp+Qr)z+ (Pg+Qs)
(Pr+ Rs)z+ (Qr+Ss)  (Rp+ Sr)z+ (Rg+ Ss)
Substituting z = 0 gives
Qp+Sq  Pq+Qs (2.15)

Qr+Ss Rqg+Ss’
Using the Cowen auxiliary functions o1, 09 corresponding to ¢1, ¢2 and i, =
ap Ky, 0),k = 1,2, we have

P1(2)2(d1(2)) = a1 Ky, (0)(2) - 02Ky (0)(¢1(2))

_ a1 sz
C1-0(0)z 1-0a(0)én(2)
Using ¢1(z) = fiiz and 01(0) = —ZI, and similarly for ¢3 and 02(0), we obtain
Vi(22(01(2) = 7o R;ffés + Rg)’
and
V(W (02(2) = 2

(Rs+ Pr)z+ (Ss+Qr)’
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Equating these expressions yields
(St + Rp)z+ (Ss+ Rq) = (Rs + Pr)z + (Ss + Qr).
By comparing coefficients of z and the constant terms, we obtain
Sr+ Rp = Rs + Pr,
Rq = Qr. (2.16)
Using (2.16) in (2.15), we deduce that Qp+ Sq = Pq+ @Qs. Thus, conditions (a),

(b), and (c) hold.
Conversely, suppose (a), (b), and (c) hold. Then

(Pp+ Rq)z+ (Qp+Sq)  (Pp+Qr)z+ (Pg+Qs)

(9r092)(2) = (Pr+ Rs)z + (Qr + Ss) - (Rp+ Sr)z+ (Rq+ Ss)
= (¢20¢1)(2),
and
afBSs afSs
V1(z)ea(61(2)) = (Sr+ Rp)zﬂ%— (Ss+ Rq) - (Rs + Pr)zﬁ+ (Ss+Qr)
= ¥a(2)¢1(d2(2)).
Therefore, by Theorem 2.19, it follows that Wy, 4 Wiy, ¢, = Wy, ¢, Wep, 6, This
completes the proof. O

The following theorem provides the necessary and sufficient conditions for a
composition-differentiation operator Dy, and a weighted composition operator
Wy 6, to commute on the Hardy space H?(D).

Theorem 2.22. Suppose that the operators Cy, D and Wy, 4, are bounded on
H?(D). Then Cp, DWy 4, = Wi 4,Co, D if and only if
(a) ¥ is a constant function on D,

(b) @2 is the identity map on D.

Proof. First suppose that Cy, DWy, 4, = Wy 4,Cs, D. Then for all w,z € D,
Cy DWy 4o Kiy(2) = Wiy 4,C DKy (2). Easy calculation yields the following:

C¢1DW¢7¢2Kw(2) =Cy, D (%)
_ V(1(2) (1 —wa(41(2))) + Wep(d1(2)) P (¢1(2))
(1 = Wea(¢1(2)))

and

Ww7¢20¢1DKw(z) = Ww,¢2 < w ) — I/J(Z)@

(1 —wei(2))?) (1 —wer(da(2)))*

Equating above two equations, we have

¥ (01()) (1= W01 () + TGO E) __ vET o
(1 = Wa(¢1(2)))” (1 —wg1(¢2(2)))?

Set w =0 in (2.17) to get ¥'(¢1(2)) =0 for all z € D. Since ¢; is non-constant

analytic, the identity theorem implies

Y'=0 = 1=¢ forsomeceC)\{0}.
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Thus, 1 is constant, proving (a). Substitute ¢ = ¢ into (2.17), we get
cwShaiz) _ew
(1 —wWpa(h1(2)> (1 —W1(¢2(2)))?
Canceling cw # 0 (for w # 0) gives

Ph(¢1(z)) 1
(1 —wha(p1(2))* (1 —wehi(p2(2)))?’
Setting w = 0 yields ¢4(¢1(2)) =1, Vz € D. By the identity theorem and non-
constancy of ¢1, it follows ¢5(z) = 1, Vz € D. Therefore, ¢pa2(z) = z + ¢1, for
some constant c¢;. Because ¢9 is a self-map of D, the only possibility is ¢; = 0.
Hence, ¢2(2) = z, i.e., ¢ is the identity. This proves (b).
The converse is straightforward and thus omitted. O

for all w,z € D.

Theorem 2.23. Let 11,92 € H(D) be nonzero analytic functions, i.e., 11 Z 0

and Py # 0, with ¥2(0) # 0 (or ¥1(0) # 0), and let ¢1,¢2 : D — D be non-
constant analytic self-maps of the unit disk D satisfying ¢1(0 ) = ¢2(0 )
Suppose the weighted composition operators Wy, o1, Wby @ H2(D) — H*(D )

are bounded. Then Wy, ¢ Wy, o = Wy, 6, Wy, 4, » where Wi ,Kg = %Z)(B)Kgb(ﬁ)
if and only if

(a) 1(z) = anha(2);

(b) ¢1(2) = Boa(2),
where o and B are non-zero real numbers.

Proof. Assume that Wy, o, Wi, , = Wy, 6, Wy , . Applying both sides to the
reproducing kernel K, and evaluating at z € D, we get

Yo(w)i(z)  r(w)ya(2)
1— go(w)gi(2) 1 —r(w)ga(z)

Setting w = 0 gives

1(0)
¥2(0)

P1(z) = ape(z), where a = £ 0

Substituting back and simplifying yields

¢2( )p1(2) = ¢p1(w)pa(z) for all w, z € D.
Fixing w = wo with ¢2(wp) # 0 implies

¢1(z) = Bpa(z), where = £ 0.

$2(wo)
Conversely, if these conditions hold, we easily verify

W"l’l:d’l W$2,¢2Kw (Z) = W¢2:¢2 W’Lzl,(bl K'LU (Z) .
By density of kernel functions, the equality of operators follows. O
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