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SUFFICIENT CONDITIONS FOR A MINIMUM IN
NONSMOOTH PROBLEMS OF THE CALCULUS OF
VARIATIONS

MISIR J. MARDANOV, TELMAN K. MELIKOV, AND SAMIN T. MALIK

Abstract. In this paper, nonsmooth problems of the calculus of varia-
tions are investigated. The concepts of strong and weak extremals in a
nonsmooth variational problem are introduced. For the investigation of
these extremals for a minimum, a method is presented. With the help of
this method, various sufficient conditions for a minimum are obtained.
The effectiveness of the obtained results is demonstrated by examples.

1. Introduction

Consider the classical vector problem of the calculus of variations

S(() :/tlL(t,x(t),:i:(t))dt%min, (1.1)

0
z(ty) = xo, «(t1) =z, x0,21 €R", (1.2)

where R" is an n-dimensional Euclidean space, and zq, x1, tg, t1 are given points.
Here, with respect to the given function

L(): [to,tl] X R" x R" = R := (—o00, +00)

called the integrand, it is assumed that it is continuous with respect to the collec-
tion of variables; x(-) : [to,t1] =: I — R™ is a piecewise smooth vector function,
i.e. it is continuous, and its derivative is continuous everywhere on I except for
a finite number of points 7; € (tp,t1); moreover, at the points 7; the derivative
#(-) has discontinuities of the first kind (at the points tp and ¢;, the value of
the derivative Z(+) is understood as the finite right-hand and left-hand derivative,
respectively). The set of such functions will be denoted by KC!(I,R™).

Functions z(-) € KC(I,R") satisfying the conditions (1.2) will be called ad-
missible.

Let us recall (see the example on [5, p. 107]) several concepts that are more
characteristic of the classical calculus of variations. An admissible function z(-)
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is called a strong (weak) local minimum in the problem (1.1), (1.2) if there exists
a number ¢ > 0 such that the inequality

S(z(-) = S(2())

holds for all admissible functions z(-) for which

) = 3 ey < 8 (max {l2() = 2Ol gm » 18C) = FO) gz b < 6).

In such cases, we shall say that the admissible function Z(-) provides a strong
(weak) local minimum in the problem (1.1), (1.2) with a é-neighborhood. Further,
if for all admissible functions z(-) the inequality S(z(-)) > S(z(-)) holds, then we
shall say that the admissible function Z(-) is an absolute minimum in the problem
(1.1), (1.2).

It is clear that every strong local minimum is also weak, but the converse is
not always true (see the example [11]).

Let us also recall that the concept of a strong local extremum was introduced
into the calculus of variations by Weierstrass. He obtained a necessary condition,
as well as a sufficient condition, for a strong local extremum in smooth problems
of the calculus of variations (i.e. in problems in which, as a rule, it is at least
assumed that the integrand L(-) is continuously differentiable with respect to the
collection of variables). These conditions are formulated by means of a special
function called the Weierstrass function

E(t,z,y,z) = L(t,z,z) — L(t,x,y) — Lg(t, z,y)(z —y), (1.3)

where Ly (-) is the derivative of the integrand L(t, z,y) with respect to the variable
y, and the symbol T" denotes the transposition operation.

We shall call a variational problem nonsmooth if the integrand of this problem
is nondifferentiable with respect to at least one of its arguments.

It is important to note that problems of nonsmooth calculus of variations arise
in various problems of nonlinear mechanics, the theory of economic planning,
computer science, quantum mechanics, and other fields.

Analyzing a number of works [1-17,19-21] devoted to smooth and nonsmooth
variational problems, one can note that obtaining new sufficient conditions for an
extremum in the problem (1.1), (1.2) remains relevant even today. Naturally, it
becomes more important to obtain such results for the problem (1.1), (1.2) that
do not follow as consequences of the general theory of optimal control.

This idea is also implemented in the present work. In work [10], for the non-
smooth problem (1.1), (1.2), a necessary condition for a minimum was obtained,
which is formulated as follows: let the integrand L(t,z,4) be continuous with
respect to the collection of variables. Then: (i) if the admissible function Z(-) is
a strong local minimum in the problem (1.1), (1.2), then the inequality

Q(t,\,&x(1) >0, V(A& el x[0,1] x R™; (1.4)

holds; (ii) if the admissible function Z(-) is a weak local minimum in the problem
(1.1), (1.2), then there exists a number § > 0 for which the inequality

Q(tN&Z()) >0, V(A€ e x {0, ﬂ x Bs(0), (1.5)
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holds, where the set Bs(0) is the closed ball of radius § centered at the point
0 € R", and I} = [to,t1] \ {t}, where {t} is a finite set. Next, the function Q(-) is
defined as follows

Q(t. A\ &2() = ML(t,z(t), 2(1) +€) — L(t)]

(-2 [L (t,x(t),gb(t) + AA_15> - E(t)} )
(t,\,§) e x[0,1) x R".

where
L(t) == L(t, 2(t), 2(t)).

Definition 1.1. An admissible control Z(-) will be called a strong (weak) lo-
cal extremal in the nonsmooth problem (1.1), (1.2) if Z(-) is a solution of the
inequality (1.4) ((1.5)).

In the present work, a new approach is proposed for investigating extremals,
in the sense of Definition 1.1, for a minimum. As a result, sufficient conditions
are obtained for an absolute minimum, as well as for a strong and weak local
minimum.

The contents of this article are presented according to the following scheme.
In the second section, an increment formula for the functional (1.1) is obtained.
In the third section, various sufficient conditions for a minimum are obtained for
extremals in the sense of Definition 1.1. In the last, fourth, section, some analyses
of the sufficient conditions obtained in the third section are presented and are
confirmed by illustrative examples.

2. Increment formula for the functional (1.1)

Let the admissible function Z(-) be an extremal in the problem (1.1), (1.2), i.e
the inequality (1.4) ((1.5)) holds. We calculate the increment of the functional
(1.1) along z(+).

We have

As(rr20) = [ [B(e30.50 + b)) L) a

to

T
where h(-) € KC'(I,R") and h(ty) = h(t1) = 0.
Consider the identity of the form

/t1 jt [ (t)h(t) + KT () A(t)h(t)] dt =0, Vh(:) € KC'(I,R™), (2.2)

0

h(to) = h(t1) = 0,
where the vector function a(t), ¢t € I, and the matrix function A(t), ¢ € I, are
piecewise smooth; moreover, AT(:) = A(-), i.e. it is a symmetric matrix. Using
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the method developed in [12], we take the identity (2.2) into account in (2.1).
Then the increment AS(h(-); Z(-)) takes the form:

AS(h(); () = / 1{[13(75, E(8),5(t) + h(t) — L(t) + aT (t)h(t)]
+ [L(t,2(t) + h(t), #(t) + h(t)) — L(t,2(t), 2(t) + h(t))
+a” (t)h(t) + 20T (1) A@)A(E) + KT (H) At)A()] }dt. (2.3)

It should be noted that the increment formula (2.3) is important for obtaining
sufficient conditions in the nonsmooth problem (1.1), (1.2).

3. Sufficient conditions for a minimum
Based on the increment formula (2.3), we prove the following theorem.

Theorem 3.1. Let the integrand L(t,x,x) be continuous with respect to the col-
lection of variables on the set I x R™ x R™, and let the admissible function T(-)
be an extremal of the problem (1.1), (1.2) in the sense of Definition 1.1. In
addition, suppose that there exist a smooth vector function a(t) and a smooth
n X n-dimensional function A(t) for which the inequality
L(t,z(t),z(t) + &) — L(t) + a” ()¢
+ [L(t,2(t) +m,2(t) + €) — L(t, z(t),2(t) + €) + a’ (t)n
+2nT A()E] +nT Aty > 0,V € I, (3.1)

V(€,m) € R" x R™ (V(&,n) € R" x Bs(0) (V(€,m) € Bs(0) x Bs(0))),

holds. Then: (i) if the inequality (3.1) holds for all ({,m) € R™ x R™, then the
strong local extremal in the sense of Definition 1.1 is an absolute minimum in the
problem (1.1), (1.2); (i) if the inequality (3.1) holds for all (§,m) € R™ x Bs(0)
((¢&,m) € Bs(0) x Bs(0)), then the strong (weak) local extremal in the sense of
Definition 1.1 is a strong (weak) local minimum in the problem (1.1), (1.2).

Proof. By the assumptions of Theorem 3.1, the increment formula (2.3) is valid.
Therefore, taking into account inequality (3.1), we obtain the following inequality:

AS(h(-);T(-)) >0, Vh(-) € KC'(I,R™),
V(h(t), h(t)) € B5(0) x R™, te€ I,

V(h(t), h(t)) € Bs5(0) x Bs(0), te€l,
where
h(to) = h(t1) = 0.
The theorem is proved. U
Corollary 3.1. Let the functions L(-) and L, () be continuous with respect to the

collection of variables on the set I xR™xR™, and let the admissible function z(-) be
an extremal of the problem (1.1), (1.2) in the sense of Definition 1.1. In addition,
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suppose that there exists a piecewise smooth vector function a(t) € KC'(I,R")
for which the inequality

L(t,z(t),z(t) + &) — L(t) + a” ()¢
+ [LI(t,2(t) + On,2(t) + &) + a" (1)) n > 0,V0 € (0,1), (3.2)

V(t,g,’l’]) S X R" xR ((tvgan) €l x R™ x B5(0) ((tfﬂ?) € x R™ x B(S(O))) .

holds. Then:

(i) if the inequality (3.2) holds for all (t,&,n) € I1 x R™ x R", then the strong
local extremal Z(-), in the sense of Definition 1.1, is an absolute minimum in the
problem (1.1), (1.2);

(11) if the inequality (3.2) holds for all (t,&,n) € I1 x R™ x Bs(0), then the
strong (weak) local extremal T(-) in the sense of Definition 1.1 is a strong (weak)
local minimum in the problem (1.1), (1.2).

Proof. Let us take into account the assumptions of Corollary 3.1 and set
A()=0

in the increment formula (2.3). Then we obtain, by virtue of inequality (3.2) and
Taylor’s formula with the Lagrange remainder term, the inequality holds:

AS(h(-);z(-)) 20, Vh(-) € KC'(I,R"),
V(h(t), h(t)) € B5(0) x R™, te€ I,
V(h(t), h(t)) € Bs(0) x Bs(0), tel
Thus, the proof of Corollary 3.1 follows. 0
Corollary 3.2. Suppose that the functions L(-), Ly (-), and Ly () are continuous
with respect to the aggregate of variables on the set I x R™ x R™, and that the
admissible function Z(-) is an extremal of problem (1.1), (1.2). in the sense of

Definition 1.1. Moreover, suppose that there exists an n X n piecewise smooth
symmetric matriz A(t), t € I, for which the inequality

E(L)(t,z(t), z(t) + &) + [2§TA(t) + Ly (t, 2(t) + 0n, 2(t) + €)
= LT (6,2(2), 3()) |0+ 0" Alt)n 2 0, (3.3)
holds for ¥(t,0) € I; x (0,1), and

1
V(& n) € R" x R™ (V(€,n) € R" x Bs(0) (V(&,m) € Bs(0) x Bs(0)))

and, furthermore, along T(-) the first variation of functional (1.1), for all h(-) €
KCY(I,R™) with h(tg) = h(t1) = 0, is equal to zero; that is, the equality

/ [EE (20, #0)(0) + L (1, 2(0),3(0) )] dt = 0 (3.4)

to

holds.
Then:

(i) if inequality (3.3) holds for all (§,m) € R™ x R"™, then the strong local
extremal Z(-) is an absolute minimum in problem (1.1), (1.2);
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(it) if inequality (3.3) holds for all (£,m) € R"x Bs(0) ((€,n) € Bs(0)x Bs(0)),
then the strong (weak) local extremal Z(-) is a strong (weak) local minimum
in problem (1.1), (1.2).

Here the function E(L)(+) is defined by formula (1.3), namely in the form
E(L)(t, z(t), z(t) + &) = L(t, z(t),2(t) + ) — L(t, z(¢), 2(t))
- Lg(t7 j(t% j(t)) §

Proof. In view of assumption (3.4), instead of identity (2.2), we may consider the
identity

(3.5)

/ " {—Lf(t)h(t) —Th(bh(t) + % (KT () A(t)h(t)] } dt=0,  (3.6)
Vh(-) € KCYI,R"), h(to) = h(t1) =0,
where
Ly(t) = Ly(t,z(t),z(t)), y € {=, i},

Next, by Taylor’s formula, we obtain
L(t,(t) + h(t),T(t) + h(t)) — L(t,T(t),T(t) + h(t))
= LT (t,7(t) + 0h(t),7(t) + h(t))h(t), 0 € (0,1).
Let us take (3.5)—(3.7) into account in the increment formula (2.3). Then we

obtain a new form of the increment AS(h(-); Z(-)). Therefore, by inequality (3.3),
the following inequality is valid:

AS(h(-);Z()) >0,  Vh(-) e KC'(I,R™),

(3.7)

(V(h(t), h(t)) € Bs(0) x R", te Iy

(V(h(t), h(t)) € Bs(0) x Bs(0), te 11)) :
Corollary 3.2 is proved. O

4. Conclusion

First, let us discuss the obtained results. Thus:

1. The assumption used, z(-) € KC*(I,R"), is excessive. It can be weak-
ened.

2. A similar assertion, Corollary 3.2, was obtained in [12].

3. The results obtained in this work can be directly formulated for a varia-
tional problem depending on derivatives of higher orders, since, by means
of a change of variables, it is reduced to problem (1.1), (1.2) (see, for
example, [10]).

Now we also demonstrate the effectiveness of the obtained results by means of
examples.
Example 1.

Consider the problem

1
/0 [i? — z|sind| + |2|] dt — min, z(0) =z(1) =0, (4.1)
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where
L(t,z, &) = & — x|sin | + |z|, z(t) € KC'([0,1],R).

We investigate the admissible function z(-) = 0 for a minimum. First, we show
that it satisfies inequalities (1.4) and (1.5). It is clear that if Z(-) = 0 does not
satisfy inequality (1.5), that is, if it does not satisfy the necessary condition for
a minimum, then Z(-) = 0 is not a minimum in the nonsmooth problem (4.1).

We present the following calculations. Namely,

L(t, 2(t), 2(t) + §) — L(t) = €,

2
L (t,x(t),ab(t) + 1_)‘A§> —L(t) = (1i)\)2£2'

According to (1.6), we have

tNE T _)\2 )‘2 2
Q(7 ,{,.%'())— € +ﬁ€

Hence, we obtain that inequality (1.4) is valid. Therefore, by Definition 1.1,
the admissible function

z()=0
is a strong local extremal.
Next, for all

(t, A\, &) €[0,1] x [0,1] xR
along
z(-) =0,
inequality (3.1) is satisfied, that is, for the case
a(t) = A(t) =0, t € [0,1],
the following inequality holds:

22—

A
sin (5256) |+l 20, Ve A& € 0.1]x 0.1) X Rx R

Thus, by Theorem 3.1, we obtain that the strong local extremal z(-) =0 is an
absolute minimum in problem (4.1).
Example 2. Consider the problem

/1 [(1-4)%—2®+ |z[]dt - min,  2(0) ==(1) =0, (4.2)
0

where
Lt,z,i)=(1—2)> —2® +|z|,  =(t) € KC'([0,1],R).

We investigate the admissible function Z(¢) = 0 for a minimum. First, we show
that it satisfies inequality (1.4) or (1.5). It is clear that if Z(-) = 0 does not
satisfy inequality (1.5), that is, if it does not satisfy the necessary condition for

a minimum, then Z(-) = 0 is not even a weak local minimum in the nonsmooth
problem (4.2).
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We present the following calculations. Along Z(-) = 0, we have

L(t2(0),5() +€) — L) = (1 €2 — 1= €% %€,
2
L(t,z(t),f(t) + AA_1§> _ L) = (1 - AA_15> 9

A\, A
= (2= 2- " ¢
(323) @ o
According to (1.6), we obtain

2
.7 — \¢2 _

Consequently, inequality (1.4) is satisfied. Therefore, by Definition 1.1, the func-
tion Z(-) = 0 is a strong local extremal.

Now we verify the fulfillment of inequality (3.1). Let a(t) = 2, A(t) = 0,
t € [0,1]. Then

& =26+ a(t)e+ In| —n* +at)n + At)én + A(t)n®
:52_‘_‘77‘_772207 V(§,77)€R><[—1a1]-

Hence, by Theorem 3.1, we have that the strong local extremal Z(-) = 0 is a
strong local minimum in the nonsmooth problem (4.2).
Example 3.

Consider the problem

E+206>0,  Y(\E)e0,1] xR.

/1 (4% + |&] — &% + |z|] dt — min,  z(0) =z(1) =0, (4.3)
0

where
L(t,z,2) = & + || — 2>+ |z|,  z(t) € KC'([0,1],R).
We investigate the admissible function
z(t) =0, t €10,1],
for a minimum. In this case, inequality (1.5) has the form

)\3
Qt, A, & E(-) = A — mg?) + AlE]+ Al
&:i; +2)\E[ >0, VA€ [o, ;] . Vee[-1,1].

Therefore, by Definition 1.1, the admissible function
z()=0

=\

is a weak local extremal.
Next, let
a(t) = A(t) = 0.
Then it is not difficult to obtain that for all
(@fﬂ?) € [Oa 1] X [_171] X [_171]7
inequality (3.1) is satisfied; namely, the following inequality holds:
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Thus, by Theorem 3.1, we obtain that the weak local extremal

() =0

is a weak local minimum in the nonsmooth problem (4.3).

It should be noted that in problems (4.1)—(4.3), the integrands are not differ-
entiable with respect to x. Therefore, Pontryagin’s maximum principle [18] and
a number of well-known necessary as well as sufficient conditions are not directly
applicable.
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